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Chapter 1

Introduction

The aim of this thesis is to study problems in multi-phase flow and phase sepa-
ration of binary fluids using a lattice Boltzmann approach.

For a long time the study of multi-phase flow has attracted much attention.
Starting from early experiments [62] of drop break-up under shear flow, aimed
at an understanding of the processes leading to emulsification, there has been a
constant interest in this fascinating and complicated field. With the rise of com-
putational fluid dynamics (CFD) ways to simulate two-phase flow were developed
[45]. The difficulty of combining the flow of bulk fluids and the deformation of an
interface, however, led to complicated numerical schemes that rely on tracking a
moving mesh through a grid on which the fluid-flow equations are simulated by
a finite difference-method.

Interfaces appear in a much more natural way as self-organized structures in

models that were introduced in the study of phase transitions. The interfaces
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between different phases occur as a natural consequence of the minimization of
a free energy. These systems, including the well-known Ising model, do not
include hydrodynamics. They can be studied numerically using Monte Carlo
simulations. These simulations lead to a proper equilibrium state, but the Monte
Carlo method generates an artificial dynamics which cannot be interpreted as the
real time evolution of the system.

The dynamics of such systems can be described by Thermodynamic mean
field theories like the Ginzburg-Landau free energy approach. It can be used
to define order parameter diffusion equations which give the time evolution of a
phase ordering process. These models have found many applications in the study
of critical phenomena [18].

Hydrodynamic systems can be studied by the lattice-gas method suggested in
the seminal paper by Frisch, Hasslacher and Pomeau [13]. Subsequently, phase-
separating lattice-gas automata have been developed [50] for immiscible fluids. In
this approach, however, the introduction of phase separation is purely empirical.

As an alternative to the lattice-gas approach the lattice Boltzmann method
was developed by statistically averaging the dynamics by analogy with the deriva-
tion of the Boltzmann equation in kinetic theory[36]. Early lattice Boltzmann
methods suffered from the exclusion principle (i.e., there can be at most one par-
ticle at a given site), leading to an anomalous pre-factor in the Navier Stokes
equation that breaks Galilean invariance [14]. Also, in both lattice Boltzmann
and lattice-gas models, the viscosity is determined by the choice of collision rules

for the lattice gas. This constraint was removed in the linearized lattice Boltz-
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mann model first introduced by Higuera and co-workers [24, 25, 26], where it was
observed that the collision operator can be linearized around a local equilibrium,
and need not correspond to the detailed choice of collision rules of the lattice gas
automata, provided it conserves mass and momentum. A further simplification
was introduced by Qian, d’Humieres and Lallemand [44] who proposed using the
Bhatnagar-Gross-Krook (BGK) approximation for the collision term in the lat-
tice Boltzmann method. This approximation writes the collision operator as a
function of the difference between the value of the distribution function and the
equilibrium distribution function. A first model for miscible binary flow using
the BGK approach was proposed by Flekkgy [12].

Since then the subject has grown in many directions. A pedagogical intro-
duction is given in the book by Rothman [52]. A recent review article by Chen
and Doolen [7] describes new developments of the lattice Boltzmann method.

Swift, et al. [57, 58] combined the BGK lattice Boltzmann method for an ideal
gas with the thermodynamic theory for a non-ideal gas, giving a thermodynam-
ically consistent scheme that includes hydrodynamics. Since all the thermody-
namic quantities entering the scheme are derived from a free energy, the method
is often referred to as the free energy approach to lattice Boltzmann simulations.
We use this terminology throughout the thesis.

The original scheme was introduced for a one-component Van der Waals gas
[57]. Orlandini et al. [41] extended this scheme for binary fluids. We will review
the free energy lattice Boltzmann scheme for binary mixtures in the next chapter.

In this thesis we use the free energy lattice Boltzmann scheme to study the
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physics of two-dimensional binary fluids. One problem that has received a lot
of attention recently is the scaling behaviour of the domain coarsening of two-
dimensional binary mixtures that undergo spinodal decomposition [35, 42, 67].
In the study of critical phenomena it has been discovered that many different
systems have similar properties. Hohenberg and Halperin [27] distinguished a
number of different universality classes, including a universality class for systems
with conserved order parameter (model B) and systems that have and additional
hydrodynamic degree of freedom (model H). It was suggested that the dynamics
of phase ordering would be a scale invariant process that are universal for each
class. But we find, in contradiction to all previous publications [35, 42], that the
popular scaling hypothesis for spinodal decomposition of binary mixtures with
hydrodynamics does not hold for two-dimensional systems. These results are
discussed in Chapters 3 and 4.

In Chapter 5 we show for the first time how Lees-Edwards’ boundary condi-
tions [33] for shear flow can be implemented for lattice Boltzmann methods. The
introduction of these boundary conditions requires major changes in the defini-
tion of the algorithm. We also introduce new measures for the orientation and its
defining two orthogonal length scales for the decomposition patterns in a sheared
system. We point out the differences between sheared spinodal decomposition
in systems with and without internal hydrodynamics. We also describe and ex-
plain an instability of the striped patterns which often form in sheared systems
undergoing spinodal decomposition.

It is well known that binary mixtures can be homogenized if a strong shear
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is applied. In Chapter 6 we describe the fate of a single drop in shear flow and
show that both break-up and dissolving can be simulated with the free energy
lattice Boltzmann method for binary mixtures. We describe a new mechanism
for the dissolving of drops that we call tip-streaming. A similar phenomenon has
been observed experimentally [56, and references therein] but it was interpreted
as a surfactant-induced phenomenon. Here we provide the first evidence for tip-
streaming in a two-component system.

The last chapter addresses some of the theoretical foundations of the lattice
Boltzmann method. Ever since the lattice Boltzmann method was developed
there has been speculation about the existence of an H-theorem analogous to
that for the Boltzmann equation. The proof of the H-theorem for the Boltzmann
equation, however, relies on detailed balance, which is absent in the lattice Boltz-
mann method. We have been able to prove under which circumstances a BGK
lattice Boltzmann method does obey an H-Theorem and show that conventional

lattice Boltzmann approaches do not obey these conditions.



Chapter 2

The free energy approach for the

lattice Boltzmann method

The free energy approach for the Lattice Boltzmann method was introduced in
1995 by Swift, et al. [57, 58] for non-ideal one component systems and extended
for binary mixtures by Orlandini, et al. [41] in the same year. We review the
justification of the method described in these papers and add some new insights

to the results presented there.

2.1 Bhatnagar-Gross-Krook lattice Boltzmann

The starting point for lattice Boltzmann simulations is the evolution equation,
discrete in space and time, for a set of distribution functions f; associated with a

velocity vector v;. For the sake of simplicity we consider a single relaxation time,



2.1. Bhatnagar-Gross-Krook lattice Boltzmann 7

the so-called BGK approximation [2, 44]. The evolution equation for the {f;} is
At o
filx +vilt t+ At) = filx, t) = —(fi = fi), (2.1)
1

where x is a lattice point, At is the time step, and viAt is normally constrained
to be a lattice vector. The single relaxation time is 7, and f? is the equilibrium
distribution. For a two-component system a second, equivalent equation is also
needed:
At
gi(x + Vit 1+ At) = gi(x, 1) = —(g; — 9:)- (2.2)

T2

Physical quantities are defined as moments of the distribution functions. For our

isothermal model for flow of a binary mixture of components A and B we choose

Zfi = n, (2.3)
ZfZVZ = nu, (24)
Zgi = o, (2.5)

where n is the total density field, u is the velocity field and ¢ is the field corre-
sponding to the difference in the density of A and B components. The physics
inherent in the simulation depends on the choice of the equilibrium distributions
{f?} and {¢?}. Usually the equilibrium distributions at a lattice point will de-
pend through the local macroscopic quantities n,u and ¢ and their derivatives
in a non linear way on the f; and ¢; at this lattice point and its neighbours.
Therefore equations (2.1) and (2.2) are highly non-linear.

We want to impose mass conservation for both components and momentum

conservation for the bulk. This is equivalent to the following constraints on the
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equilibrium distributions

SUP=fi)=0 = Zf? =n, (2.6)

7

2 —9)=0 = > g =¢ (2.7)

S =fi)vvi=0 = > fPvi=nu. (2.8)
The Navier-Stokes equations usually used for examining fluid flow are an approxi-
mation to second-order in the derivatives [31]. Higher order approximations (e.g.,
the Burnett equations) do not obviously add to the description. The continuous
partial differential equations that govern the evolution of the lattice Boltzmann
fluid are obtained by a Taylor expansion of the evolution equations. Guided
by the example of the Navier-Stokes equation we will perform this expansion to
second order in the derivatives.

Assuming that a continuum version of the fields f;(x) and g¢;(x) can be ex-

pressed as a Taylor series we expand equation (2.1) as

At)F A
Sl 0+ 0= 240 - 1) 29)

M]3

k

where Greek indices are spatial coordinates and the summation convention over
repeated Greek indices is implied. Retaining only terms up to second order in

the derivatives gives

(A)(; + via0a) fi + (AQ—t)Q(at + 0ia0a)? fi + 0(0%) = f—f(f? —f). (210

We want to express this equation in terms of the equilibrium distribution f?.

Since we are only interested in terms up to second order in the derivatives we
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need to expand f; to first order in the derivatives of the equilibrium distribution.
Using equation (2.10) to express f; in terms of f and its derivatives and iterating
once gives

fi= 2 =10 + via0.) 2+ O(9%). (2.11)
Substituting this result into equation (2.10) gives a second order differential equa-

tion for the equilibrium distribution:

%(f? — 1) = (0 + via0a) ) — w1(0y + viaa)? f{ + O(8%) (2.12)

and equivalently for the g¢;
1

—(97 = 9:) = (9 + viada)g) — w20 + viaa) 9! + O(°), (2.13)
where
At
Wi2 =T = 5 (2.14)

To obtain the partial differential equations governing the evolution of the macro-
scopic quantities we sum over the conserved moments defined in equations (2.6),
(2.7) and (2.8). We again neglect terms with higher than second order deriva-
tives. First summing equation (2.12) and using equation (2.6) for conservation

of the total mass we obtain

0=0n + d.nu, —w (8,5(8,571 + Janug) 4 0s(Omugs + 0, Z fZQviaviB)) + 0(63).
(2.15)
We see that the term dyn + J,nu, is of second order in the derivatives. Its

derivatives can therefore be ignored and the equation simplifies to

0= &n + 8anua — wlag(atnug + 6a Z fZ»OUmUZ'B) + 0(83) (216)
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Now summing equation (2.12) times an extra factor of v; and using the equation

of momentum conservation (2.8) we obtain, using similar arguments,

0 = Onu, + 05 Z fiovmvig — w1 0,(0; Z fiovmvm + 03 Z f?vmvigvm) + 0(63).
Z Z Z (2.17)
Equation (2.17) shows that the second term in equation (2.16) is of third order
in the derivatives. Hence, equation (2.16) gives the continuity equation to second

order in the derivatives
0 = O + donu, + O(9%). (2.18)
Summing over equation (2.13) and using (2.7) we obtain similarly

0= atS«Q + 6a Zg?vm — WQag(at Zgﬂ)ig + 6a Zg?vmvig) + 0(83) (219)

These are general equations for any two-component lattice Boltzmann scheme
with mass and momentum conservation. In order to proceed further we need to
define higher-order moments of the equilibrium densities. The choice within the

free energy lattice Boltzmann scheme for these moments is

Z fiovmvig = Pag + nusUg, (220)
Zg?vm = Qug,, (2.21)
Y dviavis = Tpdas + @uaug, (2.22)

where P,z is the pressure tensor, I' a mobility parameter, p is the chemical

potential for the density difference and ¢ is the Kronecker delta. The physical
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motivation of these constraints arises from a consideration of the thermodynamics
of a binary mixture and is discussed in more detail in the next section.
Using (2.20) to (2.22) we can now evaluate the macroscopic equations further.
For equation (2.19)
0 = i+ Oalpua) — w205(0u(pup) + 0a(T'pdap + uaus)) + O(0%)
= Oip + Oalpua) — w2V + 05((0r0 + Oalpua) Jus)
(Dt + uaOqug)) + O(0%). (2.23)
The term dyp + 0, (pu,) is second order in the derivatives and can be dropped
where its derivative is taken. The term dyu, + u,0,us can be rewritten with the
help of equation (2.17):
0(9%) = d(nua) + 095 fviavis
= (Om)ug + ndwug + 05 Pap + 0s(nug)u, + nugdsu,.  (2.24)
Using the continuity equation (2.18) gives
1
&ua + ugagua = ——85Pa5 + 0(82) (225)
n

Substituting this result into (2.23) we arrive at the convection diffusion equation

governing the evolution of the density difference

Orp + Oalpug) = wo (FVQ/,L — 03 (faapaﬁ)) ) (2.26)
n
This is a drift-diffusion equation with a diffusion constant I'wy;. There is an

additional term in the derivatives of the pressure tensor. A similar! term has

been used in a phenomenological model to describe flow-induced diffusion [10].

'The term used was 95€0, Pyp. In this approach ¢ was treated as a constant [10].
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The momentum conservation equation (2.17) can be written as

0 = dintg + O5(Pap + nuaug) — wi0,(9, Y [P00viy + 95 Y [Pviavigviy) + O(07).
Z Z (2.27)

Using the same analysis that led to equation (2.25) gives

Nt + nugdsua = —05Pap + w10:(0, Y fPviaviy + 95 Y [Pviavipviy) + O(9°).

Z Z (2.28)
The three-velocity moment cannot be evaluated without further knowledge of
the equilibrium distribution. In order to derive the compressible Navier Stokes

equation we would like to impose
Z FP0iavi5viy = Poptin + Postis + Paytig + nugus.,, (2.29)

but this is not possible for a nine-velocity model that we are using. The recovery of
the compressible Navier-Stokes equation which is achieved by (2.29) is described
in Appendix A. For the nine-velocity model (see Figure 2.4) the best possible
choice is

n

> fviavigviy = 5 (Uadpy + upday + tsdap). (2.30)

w

We will now show how the viscosity terms can be calculated in analogy to the
derivation of terms for the fully compressible Navier-Stokes equation presented
in Appendix A. We present this calculation in detail because it differs from the
calculations in [58]. Terms that vanish in the calculation for the compressible

case are underlined and contracted to give the correction terms. With equation



2.1. Bhatnagar-Gross-Krook lattice Boltzmann 13

(2.30) we get for the viscosity terms

O Z Fviavip + 0y Y [P0vipviy

= D(Pag + mitaus) + 0, (F8ust, + S0u5 + 305,u0) + ()

= 0, Pap0in + Oi(nuy)us + nu,Opug
+ (awg(saﬁ) 4 50,00, + (awg(sw) s+ 58,0, + (%g%) oo 85,0,
+O(?)

1
= —0,P.30,(nuy) — 0,( Py + nugty ) ug—nuy,—0, Psy — nusupdyu,
n

n n n n n
+ (angaaﬁ) (0,0, + S50, + (awgaw) s + b+ (awgam) .

+g56wawua + 0(62)

= —0,P.30,(nuy)—0, Poyus — Oy(nugus )us — nugusOyte,

+ (angaaﬁ) D, + gaaﬁawuﬁ (awgaw) ws + gawawuﬁ n

g(sﬁwawua + 9, (g(sﬁw - PBW) Uo + 0(62)

= —0,P.3(0,n)u, — 0, Papnoyu., + ang(sag(awn)uw

n n n n n
+§5aﬁawuw + g(sawawuﬁ + g(sﬁwawua + 9, (g(sﬁw - PBW) Uy + 0y (g(scw - Pcw) Up
_aw(nuauﬁuw) + 0(62)
= (ngaﬁ - nanpaﬁ) dyuy + g(scwawuﬁ + g(sﬁwawua
n n n
12, (g% - PM) o + 0, (gaw - PM) us + 0, (géw - Paa) w0y

— 0y (nusuguy) + 0(62). (2.31)

We see that, except for the 0, (nuyuguy) term, we recover the compressible Navier
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Stokes equations if we choose P53 = Zd,p (i.e., if the equation of state for the
bulk fluid is that for an ideal gas at temperature T' = 1/3). In the incompressible
limit with constant density and pressure we recover the incompressible Navier

Stokes equations for a non-ideal system

nOiug+nusdsu, = —0s Pap+ EO ., + Daup + qua) +0(5°)

(2.32)

nwlDa dap — 30, P,
3 7 D

where the viscosity is given by v = nw;D/3 where D is the number of spatial
dimensions.

This is, so far, a general framework for the two-component free energy lattice
Boltzmann method. The properties of the two components and the miscibility are
determined by two quantities: the pressure tensor F,3 and the chemical potential
. In the next section we describe how these two quantities can be derived from

a free energy functional.

2.2 Thermodynamics of a binary mixture

The free energy approach to lattice Boltzmann models simulates non-equilibrium
systems and relies on the assumption that the system can still locally be described
by equilibrium thermodynamic fields. The thermodynamic fields entering the
simulation are the pressure tensor and the chemical potential. They can be
derived from the free energy of a system. This makes the method a rather general
tool to study the dynamics of systems with a given free energy. The approach has

been used for a Van der Waals gas [57, 58] and a binary mixture [41]. The binary
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mixture model has been extended to include negative surface tension and, hence,
simulate lamellar phases. It would be interesting to consider other systems like
polymers by using a Flory-Huggins free energy.

We consider the free energy for a simple binary fluid comprising two compo-
nents A and B, where each of the components is an ideal gas. A-A and B-B
interactions are zero, but there is an A-B repulsion Ansnpg where ny and npg
are the number densities of A- and B-particles, respectively. This system can be

described by the Landau free energy functional

W= [ de(p.n,T)+ 5 (Ve)?) (2.33)

where T'is the temperature, n = n4+np, o = na—npg (as defined in the previous
section) and k is a measure for the interface free energy (surface tension). The

free energy density of the homogeneous system is [47]

An 2
¢(¢7n7T) = —(1—%)—TTL

4 n
) gt
5 ) t5n—¢)h

n —

—|—§(n—|—<p)ln< Lp) . (2.34)

From the free energy (2.33) we derive the local chemical potential x as the func-

tional derivative of the total free energy W with respect to the concentration

difference field ¢(x)

1= )

e T
S A (" + “0) — KV, (2.35)
v
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Wo.T) H(O.T) oo

Above the critical temperature 7. the free energy ¢ has a local maximum for ¢ = 0 and two
minima which are the equilibrium values for the order parameter .

The derivation of the pressure tensor is slightly more involved and is discussed in

Appendix B. We obtain

Pas = (006 90,00 — )55 + 6(0upllsg — 0100065 — 0,0,)
= (0T + ou’(2))das + £(DapOsp — % o0y pdas — 0y 0y0)
= (0T + pu())ios + #(DupDp — 50r0000.5) (23
where the first term is the ideal gas pressure, the second term is the osmotic

pressure with x° = 9410 and the third term is related to the surface tension as

discussed below. The osmotic pressure was omitted in the original definition of
the model [41, 58].

The bulk free energy of equation (2.34) is shown in Figure 2.1. For different
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temperatures the free energy has a transition from a form with only one minimum
at ¢ = 0 to a form with two minima. At the transition temperature, which is the
critical temperature T, for this system, the second derivative of the free energy

vanishes. For the second derivative

A nT

0= 8277/)| =0,7=T. = — 7 + . 2.37

et S o G D g,
Hence, the critical temperature is given by
A

T. = 2 (2.38)

Let us consider the stability of a homogeneous mixture at different temperatures
(initially neglecting the derivative terms in the free energy). Figure 2.1b shows the
bulk chemical potential p® for different temperatures. For 7' > 7. the chemical
potential is a monotonic function. The evolution of the density difference is given

by the drift diffusion equation 2.26. Without flow we have
Orp = Twe 0,04, () (2.39)

which is a diffusion equation that homogenizes any fluctuations in an initial den-
sity configuration. To examine the stability of a homogeneous mixture we can

linearize this equation around the homogeneous density difference ¢ = ¢
Orp = D(¢)0,0.¢ (2.40)

with D(¢) = Twa0,u(¢). But for T < T. a region around ¢ = 0 exists where
D(¢) < 0 inverts the diffusive process and fluctuations grow, leading to phase

ordering.
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The phase ordering process separates the phases until a stationary state is
reached where the order parameter in the domains takes on its two equilibrium
values ; and y. This equilibrium value is determined by two conditions. First,
because of the symmetry of the free energy with respect to ¢ — —¢ we have

w1 = —@s. Also, the chemical potential has to be constant

1(p1) = p(p2)- (2.41)

These conditions can only be fulfilled for 4 = 0. The equilibrium values for the
order parameter at coexistence are therefore given by the negative and positive
solutions of the equation

0=pu(p,T). (2.42)
The coexistence curve that plots the coexistence order parameter against the
temperature is shown in Figure 2.2.

The system is unstable against all fluctuations in the region where D(yp) is
negative. Outside this region, but inside the coexistence curve, a homogeneous
system is meta-stable and a finite fluctuation is needed to nucleate a phase or-
dering domain. The border of this region is given by d,u(¢) = 0. It is called the
spinodal line and is indicated by a dashed line in Figure 2.2.

The phase ordering process by which a homogeneous system phase separates
inside the spinodal line is called spinodal decomposition. The properties of this
process depend strongly on the average value of the order parameter ¢. Some
examples of spinodal decomposition for T' = 0.97. for different order parameter

are shown in Figure 2.2. We see that there is an important difference between
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T/Tcl

SRS

NN
RN

time=32000

Figure 2.2: The top figure is the coexistence curve for the free energy of equation 2.34 for binary
system. The dashed line indicates the spinodal line. Inside the area enclosed by the spinodal
line a homogeneous system is unstable. Outside this region a finite perturbation is needed to
seed a nucleation. The dotted line is at the temperature at which all simulations in this thesis
were performed. The arrows indicate the positions in the phase diagram at which the spinodal
decompositions in the bottom figure were performed. (See text for more detail.)
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critical ¢4, = 0 and off-critical ¢,, # 0 spinodal decomposition. For off-critical
spinodal decomposition a phase of droplets of the minority phase forms. For
the critical spinodal decomposition both phases are equivalent? and neither will
preferably form a droplet phase. Critical spinodal decomposition is discussed in
detail in Chapter 3 where we also discuss the effects of the hydrodynamic degree
of freedom.

Up to now we have neglected the surface free energy term. The surface free
energy term prevents sharp interfaces and introduces surface tension. The theo-
retical interface profile is determined by the condition that the chemical potential

s zero
n—+
n—e

A T

K
) — §6aaacp. (2.43)
In Figure 2.3 a) the numerical solution of this expression is compared to the
simulation results for two different values of the surface free energy parameter

kappa.

The surface tension for an interface orthogonal to the z-direction is [53, 4]

= m/_o:o (2—5)2 dz. (2.44)

We can rewrite equation (2.43) as

1. _ I+ _
=—-2—= In| —— | — 0,04 2.4
0 Tcp—l-n(l_(p) OO p (2.45)

?This is no longer true, if the two phases have different physical properties. Recent simu-
lations show that if say the A-rich phase has a higher viscosity the B-rich phase will form a
droplets surrounded by the higher viscosity A-rich phase.
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Figure 2.3: Graph a) shows the theoretical interface profile (—)and the simulation results for a

flat interface for k = 0.2 () and & = 0.02 (A). Graph b) shows the theoretical values for the

surface tension (—), the value for the summation of the squares of the discrete derivatives (<)
and the value calculated from Laplace’s law (A).(See text for more detail.)

where ¢ = ¢/n and 2’ = \/(kn)/T. We then calculate

UO(%)::m/j;(gg)zdz (2.46)

and get for the surface tension

o(k,n, T, )) = ag (%) E (2.47)

The surface tension can also be determined in simulations from Laplace’s law.
Laplace’s law states that the surface tension is given by the radius of a drop R

and the pressure difference AP between the inside and the outside of the drop as

o = RAP. (2.48)
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We performed simulations with a drop of radius 20 for different values of k. The
results are shown in Figure 2.3 b). We see that there is a good agreement for
wide interfaces that stretch over many lattice points, but some accuracy is lost

for thin interfaces.

2.3 Summary of the model

We will now collect all the ingredients for the free energy lattice Boltzmann
method for a binary mixture and define an explicit scheme. The evolution equa-

tions for the two-component lattice Boltzmann scheme are

At

fi(X—I_ViAtvt—l_At)_fi(th) = - (fio_fi)v (249)
G HVALTE A —g(xt) = (g~ g) (2.50)

The moments of the equilibrium distributions obey the equations

Yo =mn, Yo fivi=nu, Y fPoavig = Pag + nugug,
0 n
2 fviavigviy = 3 (Uadsy + Usday + Uy0ap);
7

Zg? =¥, Zg?vm = PUq, Zg?vmvm = [pbap + pusus  (2.51)

where n is the total density, u is the fluid velocity, ¢ = n4 — np is the density
difference of the two components of the binary mixture and I' is a mobility. The

chemical potential y and the thermodynamic pressure tensor P,z are given by

A T
u(x) = ——f—l——ln(n—l—(p)—/iV?cp, (2.52)
¥
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Figure 2.4: Our numbering of the velocity vectors in a nine-velocity model.

1
Ps = (0T + @p®(2))das + £(Dapdsp — 5%9%9%5 — 90,0,9045)2.53)

In this thesis, as in the original model, we neglect the osmotic pressure term
prl(z).

In the original model that satisfies these equations [41, 58] the equilibrium
distributions are given as an expansion in the velocities. We use a nine-velocity

model where the velocities vy ...9} are defined in Figure 2.4. For this model we

define [40]

fio - Ao’ + Bcruozvioz + Ccru2 + Dguauﬁviaviﬁ + Ggaﬁvio‘viﬁ7 (254)

fio = H,+ K u,v;o + Jgu2 + quau5viavig, (2'55)

where ¢ = v? € {0, 1,2} is an index to distinguish the coefficients for the densities

for different absolute values of the velocities.

A choice of these coefficients that ensures that the equilibrium distribution



2.3. Summary of the model 24

satisfies the constraints (2.53)

1
Ay = gpo(n,cp,V%o), AL =245, Ao =n—124,, (2.56)
By, = % B, = 4B,, (2.57)
n 3In
CQ — —E, Cl — 202, Co — —Z, (258)
Dy = g Dy = 4D,, (2.59)
K K
GQxx — E((axg‘o)z (%Lp) )7 G?xy — G?yx — gaxipay% G?yy - _GﬁngO)
Glxx — 4G2xx7 Glxy - Glygg = 4G2xy7 Glyy = 4G2yy7 (261)
I
Hy = op(ne, Vi), Hy=2M,, Hy=p— 121, (2.62)
K, = 2B, K =28, (2.63)
n n
JQ = fCQv Jl - fclv JO — fCO? (264)
n n n
Q2 = £D27 Q1 = Dy (2.65)
n n

To implement Lees-Edwards boundary conditions for the free energy lattice
Boltzmann scheme we shall introduce a different equilibrium distribution in Chap-
ter 5.

The differential equations simulated by the lattice Boltzmann method are to
second order in the derivatives and assuming incompressibility or 7' = 1/3, the
continuity equation

0= dn + dnug,, (2.66)

the Navier Stokes equations

nwy D

nytiy + nugdsu, = —03P,5 + 5

(95((dap — 300 Lo )Oytiy + Daus + Jpua)
(2.67)
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and the drift diffusion equation for the density difference

i + Du(pun) = wn (W?,,L _ (faapaﬁ)) , (2.68)
n

where

At
Wi2 =T = 5 (2.69)

This now completely defines the numerical scheme used for the simulations in the
following chapters.

This algorithm can be easily encoded into a numeric scheme. A sketch of a
Lattice Boltzmann program for a two-dimensional nine velocity model in C is

presented in Appendix C.



Chapter 3

Scaling of domain coarsening

after spinodal decomposition

3.1 Introduction

The theory of phase-ordering kinetics or “domain coarsening” following a tem-
perature quench from a homogeneous phase into a two-phase region has a history
going back more than three decades to the pioneering work of Lifshitz and Slyozov
[34] and Wagner [65]. Since that time, many excellent reviews have appeared,
including those by Gunton et al. [18], Binder [3], and Bray [4]. In this work it
has been established that for many different phase separating systems the domain
patterns look statistically similar to those at earlier times, apart from a global
change of scale. An example of this are binary mixtures without hydrodynamics

and Figure 3.5 shows an example of such a scale invariant domain coarsening

26
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process. The assumption that a system obeys this scale invariance is called the
“dynamic scaling hypothesis” which will be formalized below.

Among the systems for which dynamic scaling hypothesis has been made
are two-dimensional binary mixtures with hydrodynamic interactions. There was
some experimental [20], theoretical [4] and numerical [8, 42, 35] evidence that this
was indeed the case. Previous numerical and theoretical papers have predicted
different scaling regimes. For early times and high viscosities a scaling regime
with L ~ t7 has been observed [42], whereas for late times or lower viscosities
most numerical work agrees on seeing a L ~ 3 scaling law [16, 42, 35]. They use
Ry [41], the similar first zero of the correlation function [35], and both R® and R;
[16] as measures of the scaling length of the system.

All of the methods used by the authors above rely on structure functions,
correlation functions or dimensional analysis, but no direct observation of real
space structures. In this chapter we show that direct observation of the coarsening
of the domain structure for two-dimensional binary mixtures with hydrodynamics
suggests that the dynamic scaling hypothesis does not hold for this system. We
develop a measure that is able to capture the perceived breakdown of scaling
and give a descriptive explanation of why the coarsening mechanism is not scale
invariant. We also describe a new coarsening mechanism where the effect of

hydrodynamic coarsening is limited by capillary waves.
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3.2 Methods for testing scaling behaviour

We commence by summarizing the ideas of dynamic scaling. Then we introduce
a number of different length scales and test their scaling behaviour for two simple
test cases. In a case of trivial scaling all the length scales display the scaling. In
the more usual case where there are constant length scales like the interface width
some of these length scales will not show scaling. In some special cases (see 3.2.2)
the dependence of these length scales on the static length can be analysed and a
length scale that displays the scaling law can be derived. For binary mixtures, as
for most other systems, the interface width is constant during the evolution. We
find that scaling does not always hold in hydrodynamic spinodal decomposition
of binary mixtures in two dimensions. We explain why dynamic scaling does not
exist in these systems.

The dynamic scaling hypothesis states that a phase ordering system obeys
dynamic scaling if it evolves through statistically equivalent states except for a

change in length scale R(t). Furthermore, the growth law is often a power-law
R(t) ~ (t —10)” (3.1)

where « is the growth exponent and ¢y is a zero time that does not have to
coincide with the start of the simulation or experiment and can be used as a
fitting parameter. In practice we demand that the simulation time interval is
much larger than ¢y to ensure that fitting results are meaningful. In systems
which show power-law scaling o and time-independent shape functions like ® are

universal features of the growth kinetics.
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A length scale is a quantity which has the dimensions of a length and which is
independent of the size of the system. In a system which obeys dynamic scaling
all length scales should obey the same scaling law. Often in experimental and
numerical work [42] just one length scale is measured to extract a value for the
exponent « and the scaling hypothesis is assumed. More careful analysis [35]
checks the scaling properties of the structure function or the correlation function.
If, however, any two length scales do not obey the same growth law, the system
is not strictly scaling invariant.

During the domain growth process the interface width is constant. Therefore,
all measures that involve this length scale will show a different scaling than would
be expected from dimensional analysis and care must be taken to appreciate
this point when interpreting the data. We will see, however, that even dynamic
length have a different growth law for hydrodynamic spinodal decomposition in

two dimensions.

3.2.1 Definition of length scales

We will now define some widely used and some less obvious length scales and
demonstrate the points made above. Perhaps the most commonly measured
length scale is derived from the first moment [55, 49] of the radially averaged
structure function. Length scales which give more information about the fine
structure of the domains can also be derived from higher-order moments.

These are based on an analysis with Fourier transforms. But in computer
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simulations and in some directly observed systems the real space variables are
available. Therefore, it makes sense to also use more direct measures of the
length scales. One direct space measure that has been used [16, 37] is related to
the length of the interface. A second possibility can be derived from the total
number of domains in the system. This, as far as we are aware, has not been used
before because of the technical difficulty of obtaining this non-local variable.
We will now give detailed definitions of the measures of length which will be

calculated in the simulations.

1. Moments of the radially averaged structure factor.

The structure factor corresponding to the order parameter ¢ is [49]

sk, 1) = <%

where in two dimensions k = 2w (x/L,i, + y/L,7,) for a lattice with di-

Zx: e*p(x, t)‘> : (3.2)

mensions L, and L, and , and i, unit vectors in = and y directions. The

circularly-averaged structure factor is

S(k,t) = Lﬁgﬁ’”, (3.3)

with & =270/ Ly ,n € {0,..., Linin} and Ly, is the minimum of L, L.
The sum Y is over an annulus defined by n—1/2 < |k| L,/ (27) < n+1/2.

Length scales can easily be defined from the moments of the structure factor

2 kPS(k, )

[kp(1)]" = S S0k ) (3.4)
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We consider all possible combinations of the first three moments that give

a length scale:

R' ~ 21/ki R®~2n/ki R*~2mkifky R~ 27/ki

R ~ 2m(ki/ks)? R® ~2mk?/ks RT ~ 2mhky/ks. (3.5)

2. A real space expression for R’
For the measure Rs a special mathematical simplification applies. If Rs is
defined with the proper periodicity of the discrete Fourier transform, one
can show that

>k s(k)

Y ko sin(ky )sin(ky)s(k)

B Yo PX, 1)
= T 00(x, I, (3.6)

R52 ~ R*

where 97 denotes the symmetric discrete partial derivative in direction

alpha. It is easy to see equation (3.6) using

Z@ 854,9 )
= el i) = ek = L))ol ) — i)

_ _ZZ( (x+ia) k(x—ia)) qb(k)z(eik’(x-l—iﬂ) _eik’(x—iﬂ)) qb(k/)

- - Zk:%: ( _ ) (ek;g B e—k;g) S(K)(K') Z pilk+k)x
= — Zk: %: sin(k, ) sin B)Qb(k)qb(k')(S(k + k')

= Zsm )sin(ks) |o(k)|?, (3.7)
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where ¢(k) is the Fourier transform of ¢(x). Therefore, R5 can be evaluated
simply by adding real space derivatives. This makes it faster to evaluate

and also useful for non-periodic lattices.

3. Length of interface
The length of the interface between the domains L provides another length

scale:
L,L,
Li(t)

Ro(t) = . (3.8)

4. Number of domains
The total number of domains N scales with the system size and, therefore,

gives a further measure of length in real space:
L.L
R¥(t) = |2 3.9
=5 (3.9

3.2.2 Tests for the length scales

We have a large number of possible measures for length scales. In this section we
test their behaviour on two simple series of test patterns. Both series consist of
rectangular pattern of ¢ = 1 in a surrounding of ¢ = —1 connected by a linear
interface profile. In the first series the interface is scaled with the rectangular
pattern (see Figure 3.1), but it is kept constant in the second pattern (see Figure
3.2). This allows us to estimate how sensitive these measures are to static length.
All length scales give the same slope for the pattern without static length scales.

This result is shown in Figure 3.1. For the pattern with a static length the results
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Figure 3.1: Scaling graph for test pattern of n x n squares where the interface width scales
for 256x256 system with ¢ = 1/n for different measures for length. Solid lines represent +/R*
(upper line) and R°, R# (lower lines).
are shown in Figure 3.2. Only three length scales measure the dynamic length
scale correctly. They are R!', R° and R¥. Even for a very large pattern, when
one might expect the interface width to become unimportant, the slope of the
different length scales does not converge to the slope corresponding to the relevant

length scale.

In order to understand why a static length contributes to length scales derived
from the higher moments of the structure factor, even if it is very much smaller
than the large length scale we are interested in, we will consider R’ in detail.
The advantage of R® lies in the fact that it corresponds to v/R* which has a real

space representation. R* is defined in equation (3.6) in terms of a sum over the
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3.2. Methods for testing scaling behaviour

Z

Figure 3.2: Scaling graph for test pattern of n x n squares with constant interface width of one

= 1/n for different measures for length. Solid lines

represent /R* (upper line) and R°, R# (lower lines).

lattice spacing for 256x256 system with ¢

Figure 3.3: Same graph as Figure 3.2 but showing only R°, R# and R; and also R? and R*.
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derivatives of the order parameter. Therefore, the only contributions come from
the interface. It is clear then that the tensor should scale as the interface length.
The second factor to give the dimension of a (length scale)? for R* has to be the
width of the interface. If we plot not R® but R*° we see in Figure 3.3 that the
graphs now scale with the dynamic length. If we were to examine the different
powers of the interface width contained in the other length scales R, we could
collapse all the scaling graphs of Figure 3.2 onto one line.

It is important to notice that the measures B° and R* are by construction
insensitive to the behaviour of the interface width. Length scales that we use to

measure the dynamic length in our problem are R°,R#* R, and R*.

3.3 Testing the scaling behaviour

We now examine the growth behaviour of spinodal decomposition for a binary
mixture in two dimensions using the free energy lattice Boltzmann approach
discussed in the last chapter. We use Ry, R°, and R# to measure the dynamic
length scale and show real space pictures to illustrate our findings. We show that
the numerical data are consistent with a R ~ {3 scaling law in the limit of an
infinite viscosity. Numerical evidence shows, however, that the widely reported
scaling law for spinodal decomposition in two dimensions R ~ {7 is not exact.
While the frequently examined measures of the length scale R, and also the length
scale R° show exactly this scaling law the length scale that is derived from the

number of domains % follows a different growth law. This is due to the fact that
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Figure 3.4: Scaling graph for 256x256 system for length scales Ry (o), R° (A) and R# ().
Parameters are I' = 2, K = 0.002, 7; = 400,74 = 1.

the hydrodynamic effects which lead to an acceleration of the growth of R® ~ {5

do not affect the merging of domains in the same way. We will also show that

within the region where R° ~ Ry ~ {3 there exists a transition in the structure

of the spinodal pattern for small viscosities where capillary waves are enhanced

by the self-induced flow. All simulations are done with initial conditions u = 0,

n = 2 and ¢ = 0.02§ where £ is a uniformly distributed random number in the

interval between —1 and 1.

In Figure 3.4 we show the scaling behaviour of a system with extremely high

viscosity so that hydrodynamics becomes unimportant. Therefore, the system

now resembles a model B system in the language of critical phenomena. The
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time=48588

Figure 3.5: Real space picture for the evolution of a 256x256 system with parameters I' = 2,
&k =0.002, 7y = 400 and 74 = 1.
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Figure 3.6: Real space picture for the system shown in Figure 3.5 where only a cut-out region
with length of the side given by L = 256(t/tend)% is shown. We see that the evolution is
consistent with scaling.
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Figure 3.7: Scaling graph for 256x256 system for length scales R; (o), R°® (A) and R¥ ().
Parameters are I = 2, & = 0.002, 77 = | and 74 = 1.
measures of length R, and R° show very clearly a t3 growth law. The R# measure
also shows a clear R#* ~ {3 behaviour for small times, but for late times the
statistic becomes poor with only eight white and four black domains left for
t=48588. The picture is thus consistent with the usual scaling hypothesis with
R ~ (% for a model B system. In Figure 3.5 the real space pattern of this
system is shown. The coarsening of domains can clearly be seen. To illustrate
the scaling hypothesis we have shown details of the contour plots enlarged by
a factor of (fe,q/t)7 in Figure 3.6. The pictures show statistically equivalent
patterns, indicating the structure of the universal scaling state.

For intermediate viscosities, which we take to be viscosities that are small
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Figure 3.8: Real space picture for the evolution of a 256x256 system with parameters I' = 2,
£=0.002, 7; =1 and 74 = 1.
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Figure 3.9: Real space picture for the system shown in Figure3.8 where only a cut-out region
with length of the side given by L = 256(t/tend)§ is shown. We see a small increase of the
number of domains for late times.



3.3. Testing the scaling behaviour 42

enough to allow for the development of flow, but also large enough to damp
out capillary waves, we observe the well-known growth law with exponent % for
the length scales R, and R°. The growth law for R¥, however, crosses over to
R* ~ t3. The scaling graphs are shown in Figure 3.7. This means that the
number of domains decreases slower than it would if the system was in a scaling
state. This is seen in the scaled details shown in Figure 3.9 for the time evolution
of a system with medium viscosity. The number of domains increases in time
and the structure does not correspond to a scaling state. The physical reason for
this lies in the fact that in two dimensions a spinodal decomposition structure
cannot be bi-continuous for topological reasons. Therefore, a large number of
domains exist that can deform by a surface tension driven flow. We observe that
the induced flow does not increase the growth exponent for B# and, therefore,
the coalescence rate of domains. While the interface curvature of the domains
is rapidly decreased with the help of the flow the number of domains increases
not much faster than without the flow. This leads to an increasing number of
isolated circular domains within larger domains. These isolated circular domains
can now only change by diffusion or by coalescence. For both of these mechanisms
a growth law of R ~ ¢ has been predicted and observed.

Therefore, we observe a change in the structure of the spinodal decomposition
pattern towards a structure that consists of large, deformed domains that give
the largest length in the system R,,., and a growing hierarchy of domains within
domains contained therein on smaller length scales. The smaller the domains the

more circular they become and the gradients of the flow field that could enhance
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the coalescence process in this region vanish since the surface tension cannot
drive local flow in this region anymore. The vanishing of the circular domains,
therefore, has to be a slower process than the creation of circular domains on
larger length scales via the hydrodynamic mechanism. As a result, the depth of
the hierarchy of circular domains within circular domains has to increase with
time as the evolution progresses.

The structural change in the system is not heralded by a change in the growth
law for the measures of length scale Ry and R°. That is probably the reason why
this phenomenon has, to the best of my knowledge, not been described before
and scaling has been assumed [42]. The reason lies in the fact that Ry has
been constructed only to measure the largest non vanishing contribution to the
structure factor in order not to pick up contributions from the constant interface
width. So only the largest domain structure that continues to grow via the
hydrodynamic mechanism contributes to the growth law for R;. The measure
R° is derived from the interface length. Therefore, in the beginning when the
proportion of the interface length of the circular domains is small, compared to
the total interface length, R° is not sensitive to the structural change. For large
times one can just about see a decrease in the growth of R° in Figure 3.7.

The measure R#, on the other hand, relies on counting the domains. There-
fore, the contributions of many small domains dominate the contribution from
the few large ones. The small domains, however, only grow via diffusion and co-
alescence. This stresses the importance of R¥ as a very good measure of the fine

structure of the system that is nevertheless independent of the interface width.
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I thank Professor Cardy for pointing out that there exist scaling systems in
which the measure based on the number of domains does not scale!. A better
measure could be derived from the number of domains with a size larger than
a certain percentage of the domain size. In our system, however, even such a
measure would not scale. If we inspect Figure 3.9 we see that the number of
domains larger than say 1/4 of the typical domain width increases with time.

Another way of testing the violation of scaling would be to plot the circularly
averaged structure factor in the scaling form R(¢)72S(k) against kR(t¢), where
R(t) is the largest length scale (which could be taken as R;). Then scaling
violations would appear as a breaking away from a universal curve at some kL,
providing the break point occurs at some fixed kL, or even a decreasing kl., as
time increases. If, however, the break point is pushed to larger kI at later times,
the evidence for scaling violations would be weaker.

For even lower viscosities a transition occurs when the damping of capillary
waves becomes so small that the energy of the flow, due to the surface tension,
causes capillary waves on the interfaces. The oscillations reach the size of the
domain thickness leading to a rupturing and colliding of domains that slows the
domain growth. The surface tension accelerates the interfaces towards a constant
curvature, but the viscosity is so small that the relaxation process of the interface
overshoots. This overshooting process makes it difficult for the energy stored in

the interface to dissipate. This leads to complicated flow patterns that efficiently

T An example for this are percolation clusters near the percolation threshold. For this problem
the curve in Figure 3.7 would actually be asymptotically flat. Yet no-one would claim that this
problem violates scaling.
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Figure 3.10: Scaling graph for 1024x1024 system for length scales Ry (o), R° (A) and R# (%).
Parameters are I' = 2, & = 0.002, 77 = 0.56 and 4 = 1.

enhance the collision of droplets so that the growth law for the length B# derived
from the number of droplets is changed from R# ~ {7 to R#t%, as shown in Figure
3.10. The growth law for the two other measures is unchanged: Ry ~ R°® ~ t§7
although the multiplying factor is reduced for lower viscosities. The patterns
can only grow at a rate at which the kinetic energy is dissipated, allowing larger
domains to form.

The real space pictures of the spinodal decomposition patterns in Figure 3.11
do look very different from usual spinodal decomposition pictures. The domains
are rugged because of the massive capillary waves on the interfaces. Compared

to the medium viscosity pictures the number of isolated circular domains grows
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Figure 3.11: Real space picture for the evolution of a 1024x1024 system with parameters I' = 2,
k£ =10.002, s = 0.56 and 74 = 1.
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Figure 3.12: Real space picture for the system shown in Figure 3.11 where only a cut-out region
with length of the side given by L = 1024(t/tend)§ is shown. We see a small increase of the
number of domains for late times.



3.4. Summary 48

much less rapidly. An increase of these circular domains, however, is still clearly
visible in the scaling picture Figure 3.12 in accordance with the difference of the
growth laws of R° and R¥.

An interesting open question is the behaviour of the spinodal decomposition
patterns in the limit of a vanishing viscosity or an infinite surface tension. In
these cases the hydrodynamic processes cannot lead to domain growth because
the energy stored in the flow field will rupture and deform the domains so that
only diffusive contributions are possible. It is also possible that in this limit

domain growth does not occur at all.

3.4 Summary

Guided by the question how scaling states for dynamic phase ordering phenomena
differ for different growth regimes we were led to the conclusion that no scaling
states exist for hydrodynamically coarsening binary mixtures in two dimensions.
While the ordering phenomena without hydrodynamics lead to a scaling state,
the hydrodynamic ordering for intermediate viscosities produces a rich structure
of a growing hierarchy of circular drops within the deformed domains on the
largest length scale.

For small viscosities the coarsening mechanism excites capillary waves that
slow down the growth process. The capillary waves cause dynamic, irregular
domains that enhance the collisions of drops within the domains with the domain

walls and, therefore, partially cleaning the large domains of their included drops.
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We will see a similar process taking place for spinodal decomposition under shear
flow (see Figure 5.7 and discussion in text).

We were able to quantify our findings with the help of a new measure for a
length scale derived from the number of drops. It has the advantage of being
sensitive to small scale structure. Fourier methods that resolve smaller length
cannot distinguish between the small scale structure and the interface width,

which is a constant length and therefore is not expected to scale.



Chapter 4

Double phase transition

In this short chapter we report a first successful simulation of the phenomenon
of double phase separation, first identified by Tanaka [60] in 1994.

Normally in spinodal decomposition, nucleation of the domains is followed by
their growth. In experiments, however, a second round of phase nucleation is
sometimes observed in the phase-ordering domains. This phenomenon was first
described by Tanaka [60] in the quasi two-dimensional geometry of a binary mix-
ture confined in a narrow gap between two plates. In his paper he discusses several
possible explanations, including three-dimensional ones such as wall effects, but
clearly favours a purely two-dimensional explanation.

This explanation rests on the assumption of an unusually strong hydrody-
namic or a very long diffusive time scale. Consider a near symmetric quench of
a low-viscosity binary mixture where the hydrodynamic phase ordering process

is much faster than the diffusive phase ordering process. Then, in the spinodal
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decomposition, the hydrodynamic phase ordering can start to act long before the
diffusion establishes domains of near-equilibrium concentrations. This happens
because the surface tension of the interfaces can induce a flow that orders the
domains even before they are fully developed.

This results in large domains with order parameters that are still far from the
equilibrium concentrations corresponding to the quench temperature. Indeed,
the order parameter in the large domains can be so far from the equilibrium
value that a second phase separation, analogous to a nucleation for an off-critical
quench at this concentration, occurs. Tanaka called this process an interface
quench. It is not surprising that this very slow nucleation process is possible,
when one recalls that single circular bubbles are very stable within a domain
undergoing hydrodynamic coarsening as shown in the last chapter for spinodal
decomposition with an intermediate viscosity.

While this explanation is very plausible no one had been able to reproduce the
phenomenon in a simulation. Earlier work of Shinozake and Oono [54] did show
that it is possible for a hydrodynamic system not to reach the final equillibrium
value for the order parameter before phase ordering started, but a second phase
transition was not observed.

The lattice Boltzmann method has the advantage of being able to access a
large range of different values for the hydrodynamic and diffusive time scales.
In order to observe the interface quench we combine an intermediate viscosity
(7 = 0.65) with a very low mobility I' = 0.001 (i.e., a lower viscosity would lead

to capillary waves that would cause many nucleation sites to recombine at the
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— ® ! (]
time=32392 time=48588

Figure 4.1: Double phase separation after spinodal decomposition of a 250x250 system with
parameters I' = 0.001, x = 0.002, 7; = 0.65 and 74 = 1.
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Figure 4.2: Scaling graph of length scales R° (A) and R¥ (%) for system of Figure 4.1.

interface of the large domains). The other parameters are the same as in the last
chapter. The effect of the low mobility is to decrease the diffusion by a factor of
1/200 in comparison to the simulations in the last chapter.

The results of the simulations are shown in Figure 4.1. The double phase
separation caused by the interface quench is clearly seen in the snapshots of the
decomposition pattern. We first note that the phase separation is much slower
because of the low mobility. Until a time earlier than about 9000 the phase
separation pattern is similar to a pattern for a spinodal decomposition with a
medium viscosity. At time 21595 we see a nucleation of new drops in the large
domains. By the time 32392 the nucleation is almost complete, while the phase
ordering process has transformed almost all domains into compact shapes. At the

latest time the nucleation is over and even the newly nucleated drops have started
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to coarsen via coalescence and diffusion. This can also be seen in the scaling plot
for R° and R# in Figure 4.2. Especially R¥, depending on the number of domains,
is a very sensitive measure for the nucleation of new domains.

It may seem surprising that we have been able to observe nucleation in a lattice
Boltzmann simulation without noise. This is only possible because the domains,
coarsening via the hydrodynamic mode, already contain the fluctuations that are
the seeds for the nucleation. These are only growing very slowly via the diffusive
mode. Note the strong similarity between our simulation and the pictures of
experiments in [60]. We have recently received a preprint by Tanaka and Araki
[61] where they perform a finite difference simulation (with noise) of a Langevin
formalism of model H. There they succeeded in producing numerical evidence of
a second round of nucleation.

In conclusion, we want to emphasize the flexibility of our lattice Boltzmann
approach, which allows us to simulate with ease even such extreme situations as

Tanaka’s interface quench mechanism.



Chapter 5

Spinodal decomposition under

shear

In this chapter we examine the effects of an imposed shear flow on a system
undergoing spinodal decomposition. Such systems have received much interest in
the recent past[38, 30, 17, 32].

In 1988 Chan, Perrot and Beysens [6] performed an experiment in which they
examined a high viscosity polymer mixture undergoing spinodal decomposition
under shear flow. They found that a very large shear rate can prevent the phase
separation process. At a smaller shear rate their system does phase separate
and after an initial time the domains deform. The angle of the orientation of
the domains with the shear direction decreases from an initial 45° to 0° for large
times.

In 1990 Ohta and Nozaki [43] performed a two-dimensional computer simula-
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tion of domain growth under shear flow starting from a phase separated configu-
ration. The simulations were performed using the cell dynamic approach, a model
that simulates phase separation but does not include hydrodynamics. They ob-
served stretching and breaking of domains followed by colliding and merging of
domains.

In the same year Rothman [51] used a lattice gas model to investigate a
two-dimensional binary mixture in a V-shaped shear flow. This model has the
advantage of combining the phase separation with hydrodynamics. He reports an
increase in the overall viscosity for low shear rate (shear thickening) where the
interfaces are stretched by the shear flow and a decrease in the overall viscosity at
higher shear rates as the domains are breaking earlier (shear thinning). In 1995
Olson and Rothman [38] introduced a three-dimensional version of the model and
improved their shear boundaries to implement Lees-Edwards boundary conditions
which are explained in detail below.

The shear thickening and shear thinning phenomena were observed in an ex-
periment by Lauger [32], who also reports scaling of the deformation for different
shear rates. In the same year Hashimoto et al. [23] showed that domains in spin-
odal decomposition can be elongated into extremely long stripes under strong
shear flow. The shear flow stabilizes the string against their intrinsic surface ten-
sion instabilities. Many more recent results are summarized in a recent review of
Onuki [39] and references therein.

In this chapter we examine the effects of simple shear flow on the spinodal

decomposition of a binary mixture. We introduce different ways to implement
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a simple shear flow in a Lattice Boltzmann scheme. Because shear flow deforms
the domains we generalize the measures of length introduced in the last chapter.
The new measures give two length scales and the orientation of the non-isotropic
pattern. With these measures we examine the effect of internal hydrodynamics
on the sheared pattern and find different behaviour for high and intermediate
viscosities.

The two-dimensional equivalent of the strings observed by Hashimoto et al.
[23] are stripes that are stabilized by the shear flow. We examine the effect of shear
flow on such stripes and explain oscillations of stripes, observed in simulations.
In the conclusions we point out some unexplored problems and suggest further

improvements on the algorithm.

5.1 Shear boundary conditions

Possibly the easiest way to introduce shear flow in a Lattice Boltzmann simulation
is to include moving walls in a lattice direction. Even for a neutral wall with
neutral wetting, however, phase separation is strongly enhanced at the walls and
the wall effects easily dominate the phase separation process for all but the largest
systems. The effect of walls on the phase separation is an interesting phenomenon
in its own right, but it is not the problem we are interested in studying here.
We can overcome the problem caused by walls in a relatively simple and effi-
cient manner by introducing a Klein-bottle symmetry to the lattice. To simulate

shear flow the mixture is then forced along one line in the direction of the shear
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Figure 5.1: Schematic representation of a Lee Edwards boundary condition for a lattice Boltz-
mann method. The System is periodic in x-direction and is connected by a Galilean transfor-
mation in the y-direction. This leads to a time dependent off-lattice periodicity and a need to
transform the densities in velocity space.

flow to have a given velocity component in this direction. In a one-component
mixture this induces a linear velocity profile. For a two-component mixture,
however, there are non-local interactions and the dynamics is influenced by the
v-shaped velocity profile at the forcing line. We used this algorithm to produce
preliminary results but it has no advantages over the method derived below.
Therefore, these results are not presented here.

To produce a more regular shear flow we can build on the ideas of Lee and
Edwards to construct the equivalent of Lee-Edwards boundary conditions, widely
used in Molecular Dynamics [33], to the lattice Boltzmann simulations. Let us

first review the ideas of Lee and Edwards. To simulate shear boundary condi-

tions, for a shear in x-direction, in a simulation box of dimensions (L., L,) they
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introduce periodic boundary conditions for the walls in y-direction. Particles that
leave the box at the lower boundary at position (x,y = 0) reappear at the upper
boundary at position (2 4+ ut(modX ),y = Y') with a velocity that is changed by
v — v+ u.

To implement this idea for lattice Boltzmann simulations we are faced with
two difficulties. Firstly the densities are defined on a lattice and the boundary
conditions lead to densities defined between the lattice points. Secondly we need
to define a Galilean transformation for the densities which are streamed across
the lattice.

The non-fitting of the lattice is relevant for both the streaming and the calcu-
lation of derivatives at y = 0 and y = L, — 1. We solve this problem by a linear

interpolation scheme. For any density we define

Flevy = —1] = (1= R(ut)) e+ Hut).y = ¥ — 1]+ But) flo+ I(ut) 41y = ¥ 1]
(5.1)
where [(x) is the largest integer with I(z) < x and R(x) =« — I(x). If we pass

the break in the lattice from the other side we define similarly
fle,y=Y]=(1=R(ut)) fle—I(ut),y = Y]+ R(ut) flxa—(ut) =1,y = Y]. (5.2)

These formulae are used both for the streaming of the Galilean-transformed Boltz-
mann densities f; and for the calculation of density gradients.

It is rather more difficult to see how a Galilean transformation should be
defined. Let us consider the special case of a nine-velocity model where the ve-

locities are numbered as indicated in Figure 5.1. We need to perform a Galilean
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transformation on the {fs, f2, fo} and the {f7, f4, fs} velocities. To define the
transformation we demand mass conservation, an appropriate change in momen-

tum and a conservation of the local pressure. For the density this implies

n=fi+h+f=fHL+L+T (5.3)

and for the x-momentum

ux:f5;f6:fé;fé—u:u;—u. (5.4)

where the prime denotes the transformed quantities. For the pressure we require

1
= ﬁ(]%(n —ug)’ + falnug)® + fo(—n — nug)?
1
= LU B+ Rl (53

This system of equations can be solved to give a unique solution for the Galilean-

transformed densities f/

o= fa+2(fs — fo)u —nu’ (5.6)

fs = f5+(—gf5—%f2—l-%f6)u—l—gu2 (5.7)
fe = f6+(—%f5+%f2+gf6)u—l-gu2. (5.8)

In order for this transformation to make sense we need to make sure that equation
(5.4) is consistent with the definition of the equilibrium distribution. We will

now show that this is indeed not the case for any equilibrium distribution that is
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defined as a polynomial in second order in u. A generic expansion is
fio = A+ Buyv;, + Cu® + Dugupgvinvig + Gopvigvis. (5.9)

Again defining n = f5 + f; + f6 it follows that

=1 2B + 4Du,
n 3A+3Buy+3Cu?+3Du 4 2Du2 4 3Gy, + 2G.,

uf+%Gm/#ux+P,
(5.10)
where P is a velocity-independent term. The equilibrium distributions do not
transform under the Galilean transformation. In practice this leads to a step in
the u, profile at the boundary.
There is, however, no a priori reason to use a second-order expansion in the
velocity for the equilibrium distribution. All that is needed for a valid equilibrium
distribution are the conservation laws and the symmetry of the lattice. We will

demand the usual conservation laws for the densities

YR = X fi=n (5.11)
> flei = 3 fivi =, (5.12)

Zfioviozviﬁ - nTozB + nusUg, (513)

plus a set of additional constraints that ensure consistency of the Galilean trans-

formation for the velocity

=
R+R+73
fs =11
S+ R+ 1

= u,, (5.14)

= u, (5.15)
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and the pressure

B 1 = (5 + 18 + )N Tow + wpur) = 0, (5.16)
[+ 1= (5 + 15+ P (Tyy + uyuy) =0, (5.17)
S+ 17 = s + 17+ [T + wpus) = 0, (5.18)
fo + 17 = (fe + 17+ ) (Tyy + uyuy) = 0. (5.19)

(5.11)-(5.19) are a completely determined set of equations with the solution

fo = n(1 —Tm—ui)(l—Tyy—ufm

L= /2T +up +ul)(1 =Ty — ul),

f2o= /2Ty +uy + ug)(1 = Tow = ug),

f5 = /2T —up +u2)(1 =T, _ulz/)v

fi= 02Ty —uy + ug)(1 = Tow — uz),

fs = nfMToy + TooTyy + Tyy(ue + u?) + Too(uy + ) + ugtty (1 + ug + uy + uguy)),

fg = n/4(=Tpy + ToxTyy + Tyy(—uz + ui) + Ty (uy + uf/) — Uptty (1 — wy + 1wy — uzuy)),
f$ = n/4(Tyy + TexTyy + Tyy(—us + ui) + Tpu(—uy + uf/) + Uptty (1 — Uy — wy + uzty)),
fg = n/4(—=Tpy + ToxTyy + Tyy(us + ui) + Tpu(—uy + uf/) — Upty (1 + wp — uy — uzty)).

For this equilibrium distribution we now get

fg_fg —u, + Txl/
AR+ Tytu +ul’

which is consistent with the Galilean transformation. The additional term in the

(5.20)

velocity is due to the constraint of local momentum conservation so that the mass

and momentum transfer have to be coupled.
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For a two-component system we need a similar set of extra conditions for the

equilibrium distribution of the density difference. The usual conditions are:

20 = D gi=¢ (5.21)
DGvia = D Givia = PUa (5.22)

> Gviavis = Guln, o, Vo, Vi0)8as + Quaug. (5.23)

They are of the same structure as the equations (5.11,5.12,5.13) if we replace
nlys with Gud,s. The important difference is that n7,s is linear in n where
as Gud,p is not linear in ¢ and in particular can take a finite value for ¢ = 0.
This means that the equivalent equations for the ¢? are singular as ¢ — 0. For
a practical scheme we have to avoid these singularities. We can still impose the

additional constraints for the velocity

=1
A+ 13
fs =11
S+ 8+ fe

but we have to use a different last constraint to complete the system of equations.

= u,, (5.24)

= u, (5.25)

Guided by the Orlandini result I impose
go = ¢ = (Gp — p(ug +uj), (5.26)

where ( is a free parameter that can be used to improve stability (we choose

¢ =1). Solving this set of equations for the g; we get

go = ¢ —LGu() —p(ul +ul), (5.27)
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9= 1200 =1 = ue)Gu() + (1 + e — uy)pus), (5.28)
do = 1/2((0 =1 —u,)Gp() + (1 + uy — uz)puy), (5.29)
g5 = 1/2((0 = 1+ ue)Gu() — (1 = we — ug)pus), (5.30)
gi = L2000 = 1+ u)Gu() = (1 = uy — ug)puy), (5.31)
g = 142 = 0+ uy + ) Gu() + (1 + up + uy)puzuy), (5.32)
@R = 142 == up+u,)Gu() — (1 = ug + uy)pupuy),  (5.33)
@ = 1/4((2 — € — uy — uy)Gu() + (1 — up — uy)puzuy), (5.34)
g9 = 1/4((2 — 0+ up — uy))Gu() — (1 + up — uy)puzuy). (5.35)

The macroscopic equations determined by the Chapman-Enskog expansion are
unaffected by the choice of the further constraints (5.14) to (5.19) and (5.24) to
(5.24) or the detailed structure of the equilibrium distributions. Therefore, these
alterations in the model can change the stability and the behaviour of quanti-
ties like the spurious velocities, but they leave the evolution of the macroscopic
quantities unaffected, at least to second order in the derivatives. We only need
to take care with the three-velocity moments. With our choice for the {f;} we
get for these moments

0. .3 _
E: i Ve — Ny,

7

Z iovizxviy = uy(Pl’l’ —I_ nui),
7

Z fz%iwvizy = uy(Py + nugz/)v
7

D[, = nuy, (5.36)

K3



5.2. Measures for non-isotropic patterns 65

which reduces to (2.30) for P,, = P,, = n except for the third order terms in the
velocities. They cancel with the term in the third order of the velocities in (2.28),
which we had to neglect in Chapter 2. Therefore, we recover the Navier-Stokes

equations as well for P = n or, using (2.36), T' = 1.

5.2 Measures for non-isotropic patterns

To measure the features of phase separation under shear it is necessary to con-
struct measures to characterise the anisotropy of the sheared systems. Let us
consider which of the measures introduced in Section 3.2.1 can be generalized to
give information about non-isotropic patterns. All measures that are based on
Fourier Transforms cannot be easily used for sheared systems because the system
is no longer periodic. In the case of a Klein-Bottle topology, the lattice can be
duplicated to construct a periodic lattice, but the symmetry of this double system
prevents the determination of the orientation of the pattern.

Measures derived from derivatives do not, however, suffer from this problem.
Derivatives need to be evaluated for the algorithm and are readily available. We
can define a tensor that will allow us to extract two length scales and an angle
from the expression (compare (3.7))

_ Lk e, )05 p(x, 1)
Cxptxit)

dos (5.37)

where 97 is the symmetric discrete derivative in direction a.. Because the matrix

is symmetric it can be diagonalised to give two eigenvalues Ay, Ay and an angle



5.2. Measures for non-isotropic patterns 66

0*:
)\ — vy \/ vy d2 .
1 5 + 1 + di, (5.38)
)\ — vy \/ vy d2 .
2 5 + 1 +az, (5.39)
0 = tant [T (5.40)
D=, .
The two eigenvalues give us two orthogonal length scales
L
Ri(t) = N 5.41
1( ) Al(t) ( )
Rit) = L (5.42)
2 - )\Q(t) ” .

where L, is the interface width (see detailed discussion of the effect of the interface
width in Section 3.2.1). L, could in principle be anisotropic. That this is not a
strong effect can be seen by comparing these length scales with length scales that
are explicitly independent of the interface width. One such measure is introduced
in the next paragraph. The comparison (see e.g. Figures 5.4 and 5.6) shows very
little deviation of the two measures.

We can generalize the measure connected to the length of the interface to a
non-isotropic measure. The interface can be represented by a set of contours.

These contours consist of small line segments ;. So the length of the interface is

L=l (5.43)

In order to extract the preferred direction of the interface we define the vector

D=R" (Z R(Z»)) (5.44)
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where
cos(26)
R(¥) = |7 (5.45)
sin(26)
and
. (1.7
0° = cos — 1, (5.46)
||

i.e., the vector is rotated to have twice the angle with the x-axis.

The quantity D is a vector that is zero for isotropic objects and points in
the averaged direction of their interface for non-symmetric objects. One can
define two length scales and an angle from these measures that correspond to the

intuitive result for oriented rectangular objects. We define

L.L
R, = —— (5.47)
L;+|D|
L.L
Ry = ey (5.48)
L;—|D|
1,.D
H = Cos_l( - ) (5.49)
D

So now we have two independent measures for the structure of non-isotropic

patterns that we will use to examine the spinodal decomposition under shear.

5.3 Simulation results

Shear flow applied to a system undergoing spinodal decomposition stretches the
original pattern. This effect is only relevant if the deformation caused by the

flow is of the same order or larger than the deformation caused by the coarsening



5.3. Simulation results 68

" y N time=2844 X512 Y510 | -
Figure 5.2: Shear without internal dynamics with shear rate 4 = 1 for times ¢ =

0,1,2,3,4,5,6 and10.

process. This requires

Yt > 1 (5.50)

We therefore expect that we can observe the effect of the shear flow for ¢ > 1/4.
To understand the effect of shear-flow on a phase separating system let us
first consider a pattern without any internal dynamic that undergoes a shear

transformation. The shear transformation is defined as

T x4+ vty
= ) (5.51)
Y Y
and describes the effect of a simple shear flow on a system. The effect of this
transformation is illustrated in Figure 5.2 where we start with a spinodal decom-

position pattern and show successive iterations of the shear transformation with

4 = 1. The structure develops an orientation that slowly aligns with the shear
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Figure 5.3: High viscosity spinodal decomposition pattern in a strongly sheared system (y =
0.004, L, = 256, L, = 128, 7y = 100, other parameters as in Figure 3.8).
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Figure 5.4: Angle @, length scales Rf, (x), R, (o) and the scaling graph of length
R° (o), R (), R* (x) and R¥ in a strongly sheared system (¥ = 0.004, L, = 256, L, =
128, 7y = 100, other parameters as in Figure 3.8).

direction while the stretching increases the length of the structure and decreases

its width. Once the width of the domains is smaller than the original width of

the interface the system is effectively a homogeneous mixture.

This effect is known as shear-induced mixing and can be observed in our

system if the stretching effect of the shear flow is much faster than the growth

of the domains via diffusion. Numerically this can be achieved by choosing a
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very low mobility I'. Phase separation is now suppressed because of the mixing
properties of the shear flow unless the phase separating structure is aligned with
the shear direction. For finite lattices we observe at much later times a nucleation
of complete stripes that span the system and are periodic in the shear direction.
The time required to form these stripes depends on the system size and it seems
reasonable to assume that this phenomenon does not occur in infinite systems. It
has been described as a shift in the effective critical temperature T¢//(4)[39, 11].

We now consider systems with hydrodynamic and diffusive modes. The in-
ternal dynamics that lead to domain coarsening can also prevent a complete
mixing of the system. Figure 5.3 shows the spinodal decomposition pattern of
a high-viscosity binary mixture. The internal hydrodynamic degrees of freedom
can be neglected in comparison with the diffusive dynamics. For very short
times (¢ < 300) we observe the familiar spinodal decomposition pattern. It is,
however, coarsening in a new way via shear flow-induced collisions of the do-
mains. This process enhances domains oriented in the collision direction. Then
for 300 < t < 1000 the flow slowly turns the striped pattern and stretches it. For
t ~ 1000 the rupturing of domains starts to be important and for 1000 < 15000
there is a continuous stretching and rupturing that effectively stops the phase
ordering process. For ¢ > 15000 the system has developed stripes that span the
system. Because periodic stripes are unaffected by the shear flow if they are
completely aligned the system can now grow via the diffusion mechanism.

This evolution can be followed more quantitatively by measuring the orien-

tation angle § and the non-isotropic length scales shown in Figure 5.4. The first
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Figure 5.5: Intermediate viscosity spinodal decomposition pattern in a strongly sheared system
(¥ =0.004, L, = 256, L, = 128, 74 = 1, other parameters as in Figure 5.3).
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Figure 5.6: Angle, length scales Ri, (x), R, (o) and the scaling graph of length
R® (o), R' (¢), R* (%),and R* in a strongly sheared system (3 = 0.004, L, = 256, L, =
128, 71 = 1, other parameters as in Figure 3.8).
figure shows the angle as measured by 6* (eqn. 5.40) and 6° (eqn. 5.49). We
see that the two different measures for the orientation agree very well. The angle
oscillates at very early times (¢ < 2000) and then slowly aligns with the direction

of the shear flow as periodic stripes are created.
The second graph in Figure 5.6 shows the length-scales R, defined in equa-
tions (5.41,5.42) and the length scales R}, defined in equations (5.47,5.48). We
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very clearly see a separation of length scales and a good agreement of the two
different measures. A minimum of the larger length scale at ¢ ~ 17000 indicates
the creation of periodic stripes stretching the system. After this time the growth
of domains is no longer hindered by the continual breaking of stretched domains.

The third graph shows the scaling of the circularly averaged measures of length
that we used to characterise spinodal decomposition patterns in the isotropic case
in Chapter 3 (equations (3.5,3.8,3.9)) which can be compared to the results for
isotropic phase separation (see Fig. 3.4, 3.7 and 3.10). We see that all the
measures indicate a freezing in the domain growth. The measure R' is special
in that it shows a clear peak at ¢ ~ 7000 where there is an ordering of domains
orthogonal to the direction of the shear. This feature only occurs in the R!
measure because the interface, important for measures R° and R*, is not straight
and the number of domains, used to calculate B#, is unaffected. The behaviour

of R° and R* is dominated by the small length scale because

2
R = 35— (5.52)
R + RS
2
R = 4 (5.53)
Rf T RS

so that the long-range order of the pattern is not detectable in the scaling plot
of the isotropic length scales.

Let us now consider a system with a lower viscosity that allows for a hydro-
dynamic response of the domains to the shear flow. In Figure 5.5 we see a system
with an intermediate viscosity in the sense introduced in Chapter 3. It is imme-

diately obvious that the pattern differs from that in Figure 5.3. The final state
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Figure 5.7: Intermediate viscosity spinodal decomposition pattern in a weakly sheared system
(¥ = 0.0001, L, = L, = 512,74 = 0.8, other parameters as in Figure 3.8) The shear flow is
relevant for ¢ > 1/4 = 10000.
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Figure 5.8: Angle, length scales Rf, (x), Rj, (o) and the scaling graph of length
R° (o), R! (o), R* (x),and R# in a weakly sheared system (¥ = 0.0001, L, = L, = 512,74 =
0.8, other parameters as in Figure 3.8).
does not simply consist of periodic stripes, but dynamic structures that are con-
stantly stretched, broken and deformed by the flow so that the phase separation

“freezes” in this complex dynamic state.
The quantitative measures in Figure 5.6 show that after the early rotation

of the orientation of the system the pattern converges to a slightly fluctuating

orientation that is a finite angle to the shear direction. This phenomenon is similar
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Figure 5.9: Spinodal decomposition pattern in a sheared system (¥ = 0.0005, 7, = 1,L, =
L, = 512, other parameters as in Figure 3.8). The shear flow becomes relevant for time

> 1/5 = 2000.
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in a sheared system (4 = 0.0005, L, = L, = 512, 74 = 1, other parameters as in Figure 3.8).
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to the behaviour of a single drop in a shear flow that forms a finite angle to the
shear flow (see Chapter 6). In the graph of the non-isotropic length scales we
can again see the very clear distinction between the large and small length scales.
Because of the irregular structure of the pattern and the fact that the system is
so small that only a few domains are contained in the system the length-scales
oscillate strongly. The data suggest strongly that a state of dynamic equilibrium
is reached where the typical domain size remains constant.

The scaling graph in Figure 5.6 also shows that the growth process is stopped.
Two small peaks in the R' measure indicate intermediate states of higher spatial
order, similar to the peak in the scaling graph of Figure 5.4.

We have, so far, considered strong shear flow. Let us now consider an example
where the shear flow is so small that the early time spinodal decomposition is
unaffected by the flow. In accordance with equation (5.50) we define early times as
t < 1/4. In Figure 5.7 the spinodal decomposition under a shear with shear rate
4 = 0.0001 is shown for a system with intermediate viscosity. For timest < 1/4 =
10000 we see the typical spinodal decomposition pattern for intermediate viscosity
as described in Section 3.3 (see Figure 3.8). After this time the stretching of the
domains dominates over the isotropic domain growth and the pattern becomes
non-isotropic. By ¢t ~ 10000 the pattern comprises large-stripe like domains
together with the nested pattern of drops within drops in the large domains
(compare also Figure 3.8 for the result without shear flow). As the large domains
are stretched the drops inside them coalesce with the walls of the domains and

slowly the stripes are cleaned of the small included drops.
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These results also clearly show up in the measurements given in Figure 5.8.
After ¢ > 10000 the orientation slowly converges towards a tilting angle § ~ 7°,
the long and short length scales split and the R* ~ R® ~ R' ~ t3 growth law
breaks down. In the R# measure derived from the number of domains we see a
slight increase from the normal growth law corresponding to the process of shear
cleaning the stripes from drops.

At a higher shear 4 = 0.0005 the shear flow becomes important at the ear-
lier time ¢ = 1/4 = 2000, and because the phase separation process is not scale
invariant there are less small domains in the large structures. It might be pos-
sible, however, that the shear pattern recovers a scale invariant structure where
the length scale is related to the shear rate. In order to address this question,
simulations on a larger lattice will be necessary. The technical problems related

to this are discussed in Section 5.5.

5.4 Instability of stripes

In 1995 Hashimoto et al. [23] observed experimentally that phase-separating
fluids under shear can form a string phase. In this phase the shear flow stabilizes
the strings against their intrinsic surface tension instabilities. For the numerical
simulation of spinodal decomposition under shear in two dimensions one can often
observe the spontaneous formation of stripes, which are similar to the string phase
in three dimensions. In this section we show that in our simulations shear flow

can indeed stabilize the striped pattern, and comment on the observed dynamics
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Figure 5.11: The necking instability transformed by shear flow to the stable zig-zag mode.

of striped pattern in spinodal decomposition under shear.

In the numerical simulation of spinodal decomposition under shear one often

observes the spontaneous formation of stripes. These stripes can then become

unstable to oscillations and coalesce. This may lead to a formation of fewer,

but wider, stripes that are stable. This phenomenon has not only been seen in

our lattice Boltzmann simulations, but also in lattice gas simulations of binary

mixtures [9]. In order to understand this phenomenon we need to explain why a

stripe can be unstable, and given that it is unstable, why it can form in the first

place.

The instability of stripes in two dimensions may seem surprising since the

surface tension always tends to straighten deformed interfaces and a shear flow

along the stripes should not lead to an instability orthogonal to this direction. In

order to explain the instability it is important to keep in mind that our interfaces

are extended and attract each other. The interaction is strong only for stripes

not much wider than the interface width.

The stability of one stripe in a binary mixture under shear flow has been
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investigated analytically by Frischknecht [15]. The result of her analysis is that
shear flow tends to stabilize a single stripe. The attraction of the interfaces tends
to produce necks where the stripe breaks. In the presence of shear the two sides
of the neck are displaced by the flow so that the neck instability is transformed
to the stable zig-zag mode. This is shown schematically in Figure 5.11. In [15]
Frischknecht proved that a single domain will become stable in a large enough
shear flow.

In the presence of more than one stripe the situation is much more complicated
because the stripes interact via the flow field. An example of unstable stripes is
shown in Figure 5.12. We initialised the system with eight stripes of the A and
B rich phases. We also set up a flow field with small random disturbances to act
as a seed for the instability. We observed both necking and zig-zag deformations
of stripes because a necking instability in one stripe deforms the neighbouring
stripes in a zig-zag mode.

We then examined the effect of shear flow on the stripes. For a shear rate
of ¥ = 0.001 we observed a slower growth of the perturbations of the striped
pattern as shown in Figure 5.13. At a larger shear rate ¥ = 0.005 the growth of
perturbations is slowed down even more, so that the first breaking of domains
only occurs after 10000 time steps. A pattern of multiple stripes, however, is
never stable at very late times. This is because of the very slow effect that
smaller stripes shrink at the cost of larger stripes (similar to the Oswald ripening
of drops) and, the smaller a stripe, the stronger the necking instability becomes.

This ultimately leads to the instability of the small stripes.
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Figure 5.12: A striped system without shear shows an instability. This simulation is for a
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Figure 5.13: A striped system with shear is more unstable. This simulation i1s done for a system

with % = 0.001,T = 0.8,7; = 1, L, = 32, L, = 64.
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This leaves us with the question of how stripes can be formed in a shear flow
if they are unstable. The formation of the stripes occurs at a time when the
phase separation is not completed or when domains have been partly dissolved
by the shear flow. The formation of stripes is favoured by strong shear flow.
Also, the stripes are stabilised against fluctuations and break up by the shear-
induced stability discussed above. This often results in the formation of a striped
pattern in the early stages where the A and B rich phases are still far from the
bulk equilibrium values. The phase separation process, however, increases the A
and B concentrations in the A and B rich stripes, respectively, and the interface
grows. This also increases the attraction of the interfaces, and the striped pattern

becomes unstable.

5.5 Conclusions

In this chapter we have investigated the effects of shear flow on systems under-
going spinodal decomposition. In order to study these systems we introduced an
extension to the algorithm that allows us to simulate shear flow problems with
Lees Edwards boundary conditions. We find that the effect of shear flow on spin-
odal decomposition depends strongly on the viscosity of the fluid. Systems with
a very high viscosity tend to order in the shear directions, whereas systems with
an intermediate viscosity arrive at a dynamic stationary state where the domains
lie at a finite angle to the shear direction. We showed that the predicted and

experimentally observed stabilization of striped structures by shear flow can be
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observed in our numerical simulations.

There remain many unexplored problems concerning the structure of decom-
position under shear. It is interesting to investigate the transition between the
sheared and non-sheared patterns for different viscosities. What is the effect if
shear is only applied for some initial time? Are late-time decomposition patterns
statistically independent of an initial shear?

One of the problems with the simulations of spinodal decomposition under
shear is that the maximum possible shear rate is limited by the system size
because the lattice Boltzmann scheme imposes a maximum velocity. On the
other hand the shear flow induces long range correlations much faster than is the
case for un-sheared systems so that larger lattice sizes are required to examine
long-time behaviour. A possible solution of the problem of seemingly exclusive
high shear rates and large lattices may be to cut the lattice into slices in the
x-direction so that their width in the y-direction L, is small, so that L,y < 1.
In the most extreme case one cut could be included for all lines orthogonal to the
y-direction. We note that this procedure could also be generalized for all plane
flows, for example the flow profile through a pipe, so that the velocities simulated
are only the deviations from some defined flow like a linear or parabolic flow.
The introduction of this generalized lattice removes the usual restrictions of a

maximum velocity.



Chapter 6

Break-up and dissolving of drops

under shear

In this chapter we use a lattice Boltzmann simulation to examine the effects of
shear flow on a single equilibrium droplet in a phase separated binary mixture. We
find that large drops break up as the shear is increased but small drops dissolve.
We also show how the tip-streaming, observed for deformed drops, leads to a
state of dynamic equilibrium.

To understand the basic phenomena underlying this complex process we focus
our attention on the behaviour of a single equilibrium droplet in a two-dimensional
binary fluid under shear flow. Despite the simplicity of the model system it shows
rich behavior, both droplet break-up and droplet dissolution. We also suggest a
new explanation of tip streaming observed in our simulations.

Consider first an immiscible drop subjected to a shear flow. This problem
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has been studied extensively since the original experiments by Taylor [62]. Ex-
perimental, theoretical and numerical results are available in three dimensions
[45, 56, 46] and theoretical [48, 5] and numerical [21, 22] results in two dimen-
sions. These approaches consider drops with a singular interface and a conserved
volume. The drops are deformed by the shear flow while maintaining their vol-
ume. If the shear rate exceeds a certain critical value, which depends on the
volume of the drop, the drop will break up. Conversely, for a given shear rate,
there exists a volume above which the drop is unstable. We shall denote this
volume Vj.

For a partially miscible binary mixture a similar break-up of droplets is ob-
served if the droplets are large. There is now, however, a second volume scale V;
which sets a lower limit to the drop size. V; corresponds to the minimum size
of a nucleation seed. The reason for the existence of a lower limit of the drop
size lies in the free energy balance between the favourable creation of separate
phases in the super-saturated mixture and the unfavourable creation of the inter-
face separating them. Note that, because when a shear is applied a drop deforms
and increases its surface length, V; will depend on the shear rate. For shear rates
with V, < V; there are no stable drops in the system.

In the next Section of the chapter we describe the extensions to the free energy
lattice Boltzmann approach, described in Chapter 2 needed to treat shear flow.
Results for the break-up of a large droplet are presented in Section 6.2. In Section
6.3 we obtain an estimate for the volume V; below which small droplets dissolve

and discuss the effect of shear flow on the dissolution. Section 6.4 discusses



6.1. Method 89

tip streaming, the loss of material from the tips of the deformed droplet and

summarizes the results of the chapter.

6.1 Method

We consider a linear shear flow with velocity

, G
R I (6.1)

Uy 0

where G is the shear rate. If the fluid is homogeneous it is expected that equation
(6.1) describes the velocity field of the whole fluid. Inserting a droplet will disturb
the velocity field locally but equation (6.1) gives the far field solution.

To simulate the shear it is necessary to introduce boundary conditions! that
force the flow. After each streaming step we replace the collision step at the
boundary by a step that defines the variables of the lattice Boltzmann scheme to
take values that correspond to the required value of the velocity and densities.

Two different kinds of boundary conditions have been implemented:

periodic: The top and bottom edges of the lattice at y = +y; are the boundaries
and the velocity is constrained to be u = (§y,0). The side boundaries have
periodic boundary conditions. This corresponds to a shear confined by two

moving walls acting on a periodic array of drops.

Tt is, of course, possible to use the Lees-Edwards’ boundary conditions for lattice Boltzmann
developed in the last section. Since we are not interested in the effects at the wall, however, 1t
is algorithmically simpler to impose flow at the boundaries.
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Figure 6.1: Sketch of a deformed drop in a simple shear flow. For small shear rates the drop
has the form of an ellipse with axes 2A and 2B. The ellipse is inclined to the direction of the
shear flow by a shear strength dependent angle a.
forced: All the edges of the lattice are forced to have u = (4y,0). This eliminates
the effects of periodic images of the drop. The local values of n and ¢ are
replaced by their mean value averaged over the boundary. These bound-

ary conditions generalize for more complicated forced flows, for example,

hyperbolic shear flow.

For a homogeneous system both boundary conditions lead to the velocity profile
of equation (6.1) to within machine accuracy. In the presence of a drop both
boundary conditions are expected to give the same results for an infinite lattice.
A comparison of the two different boundary conditions, therefore, gives a measure
of the effect of the periodic images on the drop.

If a drop is placed in a shear flow it will be deformed by the forces acting
on it. The drop elongates and turns to lie at an angle o to the flow until in

the steady state the restoring force due to the surface tension balances the shear
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Figure 6.2: a) Deformation of a drop D and b) the tilting angle a for periodic (—) and forced
(- - -) boundary conditions against the shear rate ¥ = . The undeformed drop has a radius of
8 lattice spacings and the lattice size is 60x30.

forces acting upon the drop. This situation is sketched in Figure 6.1. For small

deformations the drop approximates well to an ellipse and its deformation can be
defined as
A-—B

-1 % (6.2)

where A and B are the major and minor axes, respectively. For drops of constant
volume the deformation and inclination angle depend only on a dimensionless

quantity, the capillary number[45]

g

where v is the viscosity, a the undeformed drop radius and o the surface tension.

Throughout this chapter we take v = 1/6 and ¢ = 0.046 (x = 0.002). This
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corresponds to an interface width ~ 3 lattice spacings. The simulations are
initialized with a circular domain with radius @ of equilibrium concentration ¢ = 1
in a surrounding with ¢ = —1 with an interface width of about two lattice
spacings. The other simulation parameters are n = 2, T' = 0.5, A = 1.1 and
I' = 0.8. Then the system is allowed to equilibrate for about 1000 time steps

before data are recorded.

6.2 Break-up

Typical results for large drops (V' > V;) are shown in figure 6.2 where D and
« are plotted as function of the shear rate. Results for forced and periodic
boundary conditions are compared. The results presented are for a lattice of size
60x30 with a drop of initial radius of eight lattice spacings. They were obtained
by equilibrating the fluid at each data point and then increasing the shear, re-
equilibrating to give the next point and so on.

There is a linear dependence of the deformation on the shear rate for small
shear rates, followed by a more rapid deformation as the shear increases, and fi-
nally break-up. The different boundary conditions lead only to small quantitative
differences in the result. The results are in qualitative agreement with the results
expected from comparison with three-dimensional experiments. For a drop of
constant volume and given ratio of the viscosity of the drop and the surrounding
fluid the deformation depends only on the capillary number [45]. The drops stud-

ied here do not have a constant volume and, therefore, deformation at break-up
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Figure 6.3: a) An equilibrium drop at 4 = 0.002246, b) the same drop at 4 = 0.002251 in the

first stage of breaking up. The drop in b) breaks up into two drops of equal size at larger times.

The arrows show the velocity at every third lattice point in each direction. The equilibrium
values of ¢ are —1 and 1. The contour lines are drawn for o € {—0.9,0,0.9}

should depend on the parameters of the system, but it is reasonable to expect

only a weak dependence. Indeed, we find D, ~ 0.65 for drops with undeformed

radii 8,13,20 in those cases where they break up.

It is known [56] that the second curvature is very important for the rupture
of three-dimensional drops. This mechanism does not exist in two-dimensional
systems. Therefore, we felt it was important to check the existence of the break-
up carefully, particularly as it is well known [56] that a sudden change in shear
strength can lead to rupture long before the critical shear rate. We performed
careful numerical simulations where we saved a stationary solution and then in-
creased the shear flow. If the drop ruptured instead of reaching a stationary state
we loaded the old configuration and increased the shear rate by only half the pre-

vious amount. We iterated this step until the increase in shear rate was smaller

than a lower bound. The shear rate never grew larger than a previously rejected
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Figure 6.4: The free energy plotted as function of the drop radius for a) a lattice with
10000 points for concentrations that without surface effects would correspond to drops of radii
R® =15,16,17,18 and 19; b) a system with R” = 19 and lattice sizes 10000, 12000, 14000, 16000,
18000 and 20000; c) a system of size 10000 and R° = 19 for shear rates 4 =0, 0.001, 0.002,
0.003, 0.004 and 0.005.
shear rate showing that the break-up is not due to non-equilibrium effects. We
then decreased the shear rate to check that the system is in equilibrium at every
point. No hysteresis effects were observed, showing that this is indeed the case.
It should be pointed out, however, that the rupture mechanism is very different
in two and three dimensions. Three-dimensional drops break up into two main

drops and satellite drops [56]. We observe that two-dimensional drops break up

into two drops of equal size as shown in Figure 6.3.

6.3 Dissolution

For given ny4, ng, T, if a binary fluid lies in the coexistence region it will sepa-

rate into two phases with, say, concentration differences ; and 3. Each phase
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occupies a fraction of the total volume of the system which is determined by
the densities and temperature. For a finite system the interface between the two
phases results in a finite positive contribution to the free energy and, if this is
too large relative to the gain in free energy due to the phase separation, the drop
is unstable.

For the model simulated here it is possible to obtain an estimate of the droplet
volume below which dissolution will occur. Ignoring the interface curvature the

surface tension for an interface orthogonal to the z-direction is (2.44)

a:m/_o:o (Z—f)z. (6.4)

Hence, using (2.33) the free energy of a drop of radius R in a volume V is
F=aR(e1,n,T)+ (V= 7R )(pa,n, T) + 27 Ro. (6.5)

This should be minimized with respect to R, ¢y and ¢y where one variable can

be eliminated by the constraint
TR*o1 +(V — nR*)py = . (6.6)

In Figure 6.4a the free energy, relative to that of a homogeneous system, is
plotted as a function of the drop radius for different concentrations of A and B
particles. The concentrations are chosen such that without the surface effects
drops of radii 15,16,17,18 and 19 would minimize the free energy on a lattice of
size 100x100. We will denote these radii by R°. Without the surface free energy

term there is only one minimum and this will always be reached. With surface
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effects the homogeneous phase (R = 0) is always stable and a finite deviation
from it is needed to reach the global minimum. This corresponds to the meta-
stability of some regions of phase space where a finite nucleation barrier prevents
immediate phase separation.

The lowest free energy curve in Figure 6.4a corresponds to R° = 19. The
figure shows that the effect of the surface free energy is to shift the minimum
from 19 to about 16.7. For smaller R® the minimum becomes a local minimum
at R® ~ 18. In systems with fluctuations this will eventually lead to the drops
dissolving. The lattice Boltzmann simulations reported here, however, do not
include noise, and a drop in a local minimum will be stable. For concentration
ratios that lead to a graph that has no local minimum (R° N 15.5) the drop will
dissolve. We observe, though, that the initial dynamics are very slow.

The radius below which drops dissolve depends not only on the size of the
drop but also on the total volume of the system. Results for the concentration
corresponding to R° = 19 for different system sizes are shown in Figure 6.4b.
Droplets are less stable in a larger system because more material from the drop
is needed to change the concentration outside the drop.

When shear is applied the droplets deform. They have a larger interface so
that the surface contributions are increased. For small shear rates the dependence

of the deformation on the shear rate is approximately linear and we can use
D~ 10vR (6.7)

where R is the radius of the undeformed drop with the same volume. Approxi-



6.3. Dissolution 97

0.8

R 04

02—

1 1 1 | 1 1 1 | 1 1 1 | 1 1 1 1
0 0.002 0.004 0.006 0.008

Figure 6.5: Deformation as function of shear rate for a drop of radius 8 for systems of size a)

60x30, b) 70x40. The drop in the smaller system breaks up while the drop in the larger system

dissolves. Because the mass of the drop decreases strongly at high shear rates its deformation
decreases under the increase of shear before it completely dissolves.

mating the shape of the deformed drop by an ellipse the length of the interface

L= ﬁ;:gff (_%) (6.9)

where E(k) denotes the complete elliptic integral of the second kind. This result

is given by

can be used to estimate the effect of shear flow on the free energy. The results
for R° = 19 for different shear rates are shown in Figure 6.4c. The minimum in
the free energy vanishes for high shear rates and no stable drops can exist. This

corresponds to the dissolution of a drop under shear.
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The effects predicted by the thermodynamic theory are observed in the sim-
ulations. In Figure 6.5 results for the simulation of a drop of R® = 8 on lattices
of size 60x30 and 70x40 are shown. For the smaller lattice V, < V; and the drop
breaks up. For the larger lattice the drop can exist to larger values of the shear,
but loses mass. Finally, as the shear is increased further, it dissolves.

It is interesting to note that the theory predicts that every drop will dissolve
under shear in a sufficiently large system. That is because the mass loss from
the drop has to change the concentration outside the drop in order to reach a
new equilibrium. This can, however, be very difficult to observe because there
is a separation of time scales. The time tp needed for diffusion to equilibrate
the system scales as tp ~ L? where L is the length of the system. This result
is altered under shear [28] and in the limit of very large shear rates tp ~ L2,
The time tp for the system to reach a steady flow and a new deformation of the
bubble scales as ty ~ L. Therefore, in large systems the time for the deformation

of the drop will be fast compared to the time for it to dissolve.

6.4 Discussion

In our previous discussion we have assumed that thermodynamic arguments for
equilibrium can be carried over to the stationary states of dynamic systems.
This is, however, not necessarily the case. We observe a deviation from this
assumption in a phenomenon which we will call “tip-streaming”. Mass is pulled

from the ends of the drop by the shear flow. The depletion of the concentration
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Figure 6.6: a) The density difference o and b) the chemical potential y for a highly deformed
drop.

in the drop leads to a reduction of the chemical potential in the drop. The non-
constant chemical potential leads to a diffusion current acting in the direction of
the chemical potential gradient which returns material to the drop. Equilibrium
is reached when the diffusion into the drop balances the tip streaming. The
chemical potential in dynamic equilibrium is shown in Figure 6.6b. Note that
this is a state of dynamic equilibrium, not thermodynamic equilibrium, as p is
not constant.

For a small diffusion constant a large chemical potential difference is needed

for equilibrium and, hence, a large amount of mass is pulled from the drop.
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This mechanism for the dissolving of a drop is distinct from the free energy
driven mechanisms explained earlier in the chapter. It depends on the diffusion
constant which is a dynamic quantity that does not enter the free energy. For
infinite diffusion, however, material is immediately returned to the drop and no
difference in the chemical potential is set up. A similar tip-streaming was observed
in experiments, but was interpreted as a surfactant effect [56].

Halliday et al. performed simulations on a droplet in a binary fluid using a
derivative of the the Gunstensen [19] algorithm. They obtain a similar break-up
behavior but there are some important differences in the results. In particular
in the simulations reported here all equilibrium drops are convex (see figure 6.3)
whereas Halliday et al. [22] report stationary drops that are constricted in the
middle. They also observe smaller inclination angles « at break up. The discrep-
ancies warrant further investigation. Another feature not reported by Halliday
et al. is the dissolution of drops under shear. This may be due the fact that
they work in a region where the two components are more strongly separated.
Nevertheless, small droplets should still dissolve. We caution that the time-scale
for dissolution can be much larger than that for the deformation of the droplet
to reach an equilibrium value.

Goldburg and Min [17] performed experiments on nucleation in a binary mix-
ture in the presence of shear. They observed the vanishing of drops under the
influence of shear as a sharp transition. This transition may be interpreted as
corresponding to the point where V, = V.

To conclude, in this chapter we have shown that drops under increasing shear
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flow can either break up or dissolve. We explained this behaviour with ther-
modynamic arguments. Tip-streaming was shown to lead to a state of dynamic

equilibrium for deformed droplets.



Chapter 7

An H-Theorem for lattice

Boltzmann

The only consistent microscopic derivation of an H-theorem has been given by
Boltzmann for the famous Boltzmann equation (see [29]). An H-theorem states
that a functional can be defined that is a strictly decreasing function in time. For

the continuous Boltzmann equation this is the famous H-functional

H(l) = / dx / dv f(x,v) In(f(x, v)). (7.1)

Boltzmann was able to prove that for his equation

dH (1)

<0. 7.2
dt  — (7:2)

This maps to the second law of thermodynamics which states that the entropy

is a monotonic function in time. In an isothermal situation where energy is not
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conserved the H-functional no longer corresponds to the entropy but rather to
the free energy, which has a monotonic time behaviour.

Because of the analogy between the continuum Boltzmann equation and the
lattice Boltzmann equation it has been widely speculated that the discretized
lattice Boltzmann equation might also obey an H-theorem, although no proof for
such an H-theorem has been found. The only H-theorem which has been proved
is a version for lattice gases which assumes semi-detailed balance [14]. In this
chapter we analyse the general conditions under which a BGK lattice Boltzmann
model can obey an H-theorem. We show that lattice Boltzmann schemes do
not automatically obey an H-theorem. It is possible, however, to define lattice

Boltzmann schemes that do obey an H-Theorem.

7.1 The lattice Boltzmann scheme

We will briefly review the BGK lattice Boltzmann scheme for a single component
fluid for which we want to find an H-theorem. The evolution equation for the

densities are, as before
JAN AR
S+ Vit Al = filx )+ — (J7 = filx.1). (7.3)

The local density n(x,t), the local net velocity u(x,t) and, for a thermal model,

the local kinetic energy €e(x,t) are given by:

N N N ,
n = Zf“ nu = Zfivi, ne = Zfz|vz| . (74)
=0 =0

=0
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In order for this approach to simulate the continuity, Navier-Stokes and, for a
thermal model, the heat equations the f? have to respect additional constraints,
namely higher order moments have to correspond to the higher order moments

of the continuum Boltzmann distribution.

7.2 The H-Theorem

Let us now consider whether or not this scheme can obey an H-Theorem. If we
have a functional that always decreases in time, then locally the functional must
be minimal if the distribution function is the equilibrium distribution.

A slightly more subtle point refers to the streaming step. Let us consider the
collision-less limit (7 — oo) where we have only streaming. In a periodic system
it follows that the time evolution also has to be periodic for N! steps if IV is the
number of lattice sites. Thus if this system obeys the H-theorem the streaming
step cannot change the H functional.

A different way of seeing that the H-functional has to be invariant under the
streaming step is to consider a system for which the H functional has the value H;
and then perform a streaming step to a new system for which the H-functional has
the value H;. If the evolution obeys an H-Theorem, it follows that H; > H,. We
then invert all the velocities. It seems reasonable to assume that this operation
should not change the value of the H-functional. If we now perform a streaming
step on the new system we arrive at the original system with inverted velocities

and we can conclude Hy; > H, and therefore H; = H,.
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In order for the H-functional to be invariant under the streaming operation
there can be no cross-terms between the densities in the H functional. It can

therefore be written as a sum of functions of the f; separately

HIEN@ = 33 hil{fid(xi,1)] (7.5)

=1 ¢

where L is the number of lattice points and [ is an index that numbers all points
of the lattice.

The equilibrium distribution f? is the distribution that minimizes the H-
functional under the constraints that its moments have the same values for the
conserved quantities of the distribution before the collision. We can eliminate
these constraints by introducing Lagrange multipliers into the the H-functional.
Then we minimize the functional and obtain an expression for the equilibrium

function in terms of the Lagrange multipliers
N N N N ,
HUN = S+ () +b (5 ) e (3 vl )
=0 =0 =0 =0

=0 L SHUf]

{fy={r23}
N
= D> 4f; (hi/(fi) +a+bv; + CVf)
=0
=o for f;=y°
= 7 = h'(—a—Dbv;—ev). (7.7)

This gives a unique definition for f° if the A’ are strictly monotonic, i.e., if
h; is convex. The Lagrangian multipliers are determined by the conservation

constraints

n= Zfio nu = ZfZ'OVz’, ne = ZfZ'OViVi- (7.8)
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For systems without energy conservation we recover the same conditions with

¢=0in (7.6) and the energy conservation constraint does not apply.

7.2.1 Local H-Theorem

We can now show that in the collision term with the equilibrium function 7.7 the
value of the H-functional decreases. We are only concerned with the collision term
and, therefore, drop the x dependence. We then get for the time development of

the H-functional

HU{S 4+ A0 — H{FHNG <0, v > L. (7.9)

We now provide the proof for this statement in mathematical terms. It is tech-
nically difficult to prove the H-theorem for discrete time steps. We therefore in-
troduce a continuation of the definition of the densities for continuous time. The
continuation is chosen so that the densities obey the conservation constraints at
all times. For these densities we can then prove an infinitesimal H-theorem over
which we integrate to obtain the exact H-theorem for discrete time.

ProoF:

We define for real s € [0, At]

filt+s) = fi(t) + ; (12— (). (7.10)

Observe that f? = f2(n,u,¢) is the equilibrium distribution for all f;(¢ + s) since

the conserved quantities are the same for all f;(f + s). A useful relation is

£ = filt) = a(s)(f7 = filt + 9)). (7.11)
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We see this by considering equation (7.10) from which we get

fi(t) = S J; S_) 3 2l (7.12)
Using this we see that
F=6t) = f7- e J; S_) - el

(=) =R s S
= —
= filt+s)
= = : .

= afs) = (1-?)_ (7.13)

and in particular a(s) > 0 Vs € [0, At]. This will turn out to be the reason
why we can only prove the condition for 7 > At¢. Now we can prove the local

H-theorem using the definition of H from (7.6):

At N
= / ds Z
0 =0

At N
/ ds Z

0 —

1=

HI{FHI(t+ At) — H[{f}])(1)

L M

(
/ftdsz e ) = D) % T i)
0

filt+s )‘|‘Cl‘|‘bVi‘|‘CVi2) X f?—fz’(t))

1=0
if A is a convex function.

filt+ )+ afi(t +s) +bfi(t+ s)vi+cfi(t + s)v — %(an + bnu -
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7.2.2 Global H-Theorem

Since we required that H be invariant under the streaming step nothing remains

to be done. The total entropy H[{f:}](t) defined as
L
HI{fi(x)}(t) = 32D ha( filxi, 1)) (7.15)
=1 :=0
where L is the number of lattice points and [ is an index that numbers all points
of the lattice, only changes in the collision step. We therefore have the global

H-theorem:

HILLON(+ AL = HILGO}OL <0 vr > 1. (7.16)

7.3 The Global Equilibrium Distribution

In statistical mechanics the H-theorem is used to prove the existence of a unique
equilibrium state of the system. It will turn out that for lattice systems this is
not necessarily the case. Demanding the existence of a well-defined ground state
gives us a constraint for the structure of the lattice. This is be equivalent to the
constraint that there are no spuriously conserved quantities.

Since we have a global H-Theorem and the H-Functional is bounded we know
that the scheme has to converge to some minimal value of the H-Functional. We
will now examine what information we can extract from our H-Theorem about
the final state.

Since, in the final state, the H-Functional does not change we know that it
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also cannot change locally in the collisions. It follows:

HIFI(E+ A = HIFI) = 0 (7.07)

= fit+s) = 0 (7.18)

N

(7.:1>4) /OAt dSZ (hil(fi(t i S)) . hi/( Z'O)) Oé(S)(

=0

All terms<

S0 (it 4 5)) — h(19)) 2L

P = fit+s) = 0(Vi(7)9)
= f() = f°. (7.20)

So in the final state all distributions have to be in local equilibrium. If all states
are local equilibrium states then they do not change in the collision step. There-
fore, we can conclude that for large ¢ the system converges to a state that has
local equilibrium distributions everywhere. The streaming step transforms one
such state to another (or the same) such state.

Whether these conditions force the global equilibrium to be homogeneous
depends on the lattice and the set of velocity vectors {v;}. This question is
related to the problem of spurious invariants (see for instance [1] and references
therein). Spurious invariants are conserved quantities that do not correspond to
any physical quantities. In a four-velocity model on a square lattice for instance
the total momentum of all even and odd lattice sites is separately conserved. If
the global equilibrium is constrained to be homogeneous then there can be no
spurious invariants. If, however, inhomogeneous final states are possible, then

these state can be characterized by at least one spuriously conserved quantity.
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7.4 A lattice Boltzmann scheme with H-theorem

If we use the classical choice for the H-functional

H({f:}) =223 filn(fi) (7.21)

for a thermal model, i.e., a model with mass, momentum and energy conservation,

we get for the equilibrium equation a Maxwell-Boltzmann distribution

o e (255 97) =

where N, U and T are the Lagrange multipliers. This scheme simulates the
continuity, Navier Stokes and heat equation to an approximation that depends on
the choice of lattice (because the higher order moments needed for the Chapman
Enskog expansion do not necessarily coincide for the discrete and continuum
case). Unfortunately, the Lagrange multipliers cannot be expressed analytically
in terms of the conserved quantities, but have to be found by numerically solving
the non-linear equation. For a regime where the Navier Stokes and heat equation
are recovered the Lagrange multipliers are well approximated by U ~ u and
T ~ 6 =1/d(e — nu?) where d is the number of spatial dimensions.

The advantage of this scheme is that it is numerically stable for 7 > At. This
is ensured by the H-Theorem, because numerical instabilities lead to inhomo-

geneities that would increase the H-functional.
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7.5 Why our lattice Boltzmann scheme does not
have an H-theorem

The usual BGK lattice Boltzmann schemes have a polynomial equilibrium distri-

bution. For an isothermal model it takes the form
2= A, + Byuavig + Cruguy + Dyugupvinvis, (7.23)

where o is an index distinguishing velocities with different magnitudes. If this
equilibrium distribution is to be derived from an H-functional it has to take the

form

fio = hi/_l(a + bozvioz)
= o, + 6a(a + bozvioz) + F)/cr(a + bozvioz)z
= (aa + 60a + 70a2) + (6 + QVU)bavia + Vababﬁviaviﬁ (724)

where the coefficients a,, 3, and 7, are constants that cannot depend on n or
u. To calculate the Lagrange multipliers b, we use the momentum conservation

and get for a nine velocity model

nue = 3 fPvie = (281 + 4B + 4y + 872)bs

= b, = 1t (7.25)
T 281 + 482 + 4y + 8y '

Therefore the coefficient of the v;,v;5 term has a n? dependence for any scheme

that obeys an H-theorem. Our scheme, however (as well as all other schemes of
which we are aware), has a simple n dependence for all coefficients and, therefore

can not obey an H-theorem.
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7.6 Discussion

In this chapter we have been able to prove that it is possible to define a lattice
Boltzmann scheme that minimizes an H-functional. Lattice Boltzmann schemes,
however, do not obey an H-theorem automatically. The condition for a lattice
Boltzmann scheme to obey and H-theorem is rather restrictive. We have been
able to prove that for our lattice Boltzmann scheme, as well as for all other
schemes of which we are aware, no functional exists that is a monotonic function
of time.

We are still investigating the possibility of defining other schemes that both
obey an H-theorem and fulfill the additional requirements needed to simulate the

continuity and compressible Navier Stokes equations.



Appendix A

Recovery of the compressible

Navier Stokes equations

It has not always been realized that lattice Boltzmann simulations can be derived
in a way that recovers the full compressible Navier-Stokes equation [1, 58]. It turns
out that the compressible Navier Stokes equations are recovered for the lattice
Boltzmann method if a specific form of the third-velocity moment is chosen.
This fact was first stated by Jorg Weimar [66]. We will derive the general set of
equations for the free energy lattice Boltzmann method.

The derivation of the macroscopic equations from the lattice Boltzmann evo-
lution equation 2.1 in Chapter 2 was completely equivalent to the derivation of
hydrodynamics from the continuum Boltzmann equation (see, for instance, [29]).

In kinetic theory the third moment is given by the condition that the heat flux

113
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for the equilibrium distribution vanishes. The discrete analog of this result is

0
2 [ (via = wa)(vig — up)(viy — ;) = 0. (A.1)
For the continuum result ), is replaced by [ dx. The third moment is then given
by
Z 2010050, = Paptiy + Poqug + Py + nugug.,. (A.2)
With this we can derive the usual viscosity terms for the Navier Stokes equation

from both kinetic theory and Lattice Boltzmann alike. For the viscosity terms

2.28 we get:

at Z fioviozviﬁ + aﬁ Z fZ'OUZ'aUZ'BUm

K3

= O Pap + nugug) + 05(Posus, + Poyus + Py + nugusgu,) + O(9?)
= 0,P.30m + Oi(nuy)us + nu,Oyug
+0y Pagtiy + PopOyuy + Oy Payug + PayOyup + 0y Poytia + Paydyua,
+0,(nusuguy) + 0(62)
= —0,P.30,(nu,) — 0,(Pay + nuauw)UB—nua%QWPBW — NUL U O U3
+0, Pop(0yn)uy + PopOytiy + Oy Poyug + PorOyus+0, Poytg
+ P50t + 0: (nugupuy) + 0(0?)

= —0,P.30,(nuy)—0, Poyus — Oy (nugus )us — nugt,0yug

+0, P (Oyn)uy + PopOyty+0y Payup + PorOyup +
P, 0yuq + 0 (nugusuy) + 0(62)

= —0,P.3(0,n)u, — 0, Pygnoyu, + 0, Pos(0yn)u.,
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+PopOytiy + PoyOyupg + Pgydyug + 0(62)

== (Pag — n@nPag)awuw + Pwawug + Pgwawua + 0(82) (Ag)

These are the viscosity terms for a general free energy lattice Boltzmann scheme
with a third moment given by (A.2). In the continuum case of an ideal gas
(po = nkT') or equivalently to zero order in the derivatives (assuming that we are

far from any interfaces) we have
P.s = podas. (A4)
Then we find for the viscosity terms
(po — n0yupo)Oyty, + Dpodaus + DpoOsus, (A.5)

where D is the number of spatial dimensions. This is a standard compressible
form of the viscosity terms in the Navier Stokes equation.
For a nine-velocity model, however, it is not possible to impose the condition

A.2. This is because for a nine-velocity model
Z f?vmvmvm = Zfiovm = nu, # 3Pu, + nui (A.6)

in general.



Appendix B

Derivation of the pressure tensor

In this appendix we show how the full pressure tensor (2.36) is derived. The
pressure of a homogeneous system is defined as the volume derivative of the
free energy. Writing the full volume dependence of the densities n = N/V and

¢ = (N4 — Np)/V explicitly we see that:

N NA — NB N NA NB
e o () (s (3 2 s
v L\ v v\ Vi v N0, +edyp—1p
(B.1)
For a non-homogeneous system the pressure is no longer a scalar but a ten-
sor. The correct form of the pressure tensor can be derived from a Lagrangian

expression for the free energy which is minimized in equilibrium:

L= [ (00n0)+ S0ue0up ) + ol [ 0 = (Na = Na) b pal [ 0= N). (B2

To obtain differential equations for the equilibrium we evaluate the Euler-Lagrange
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equations and get

He = _aw¢+’iaaaa¢v (B.3)

fn = —0ntb. (B'4)

We multiply these equations with dszp and Jsn, respectively, write it as a diver-
gence and sum the equations. Remembering that p, and p, are constants, this
yields

1
Os(ppe + 1hn) = =0a(tbdas + £(0apdsp — 5 0hp0hpdas))- (B.5)

We then substitute the expressions for the chemical potential back into the equa-
tions and subtract the right-hand side from the left-hand side to derive a tensor

o that has a zero divergence:

0u705 = Dul($0,00 4 n0u = )05+ K(Dusplag — 50,160,055 — 60.0y025).
(B.6)

For a uniform system o,3 = Pd,s reduces to the homogeneous pressure. The di-

vergence of the pressure tensor must vanish in equilibrium. We therefore identify

0.p with the pressure tensor P, 3.



Appendix C

Sketch of a lattice Boltzmann

program

In this Appendix we present a sketch of a lattice Boltzmann program for a two
dimensional nine velocity model. For numerical simplicity we decompose equa-
tions (2.1) and (2.2) into a streaming and a collision step. First the densities
are initialized and then the streaming and collision step are performed. For the
collision step the macroscopic variables need to be calculated so that the local

equilibrium distributions can be determined.

#define NOVEC 9 /* Number of velocity vectors */

#define X 126 /* x-dimensions of the lattice */

#define Y 126 /* y-dimensions of the lattice */

/* definition of the velocity vectors */

int iv[NOVEC] [2]={{0,0},{1,0},{0,1},{-1,0},{0,-1},
{1,133, {-1,1},{-1,-1},{1,-1}}

/* definition of the relaxation times */

double TAU_f=1,TAU_g=1;

/* definition of the fields for the simulation */

double f[X][Y][NOVEC],fc[X][Y][NOVEC],
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g[X] [Y] [NOVEC] ,gc[X] [Y] [NOVEC], /* two copies of f_i and g_i */

n[X][Y], /* total density */
phil[x][Y], /* density differencex/
dphi[X] [Y]1[2], /* gradient of density difference */
ddphi [X] [Y], /* Laplacian of density difference */
u[X][Y1[2]; /* velocity vectors */
main()
int 1i;

initialize();
for (i=0;i<ITERATIONS; i++){
streaming() ;
collision();
/* Here one should also do something with the simulation data */

+
+

/* The streaming moves the fc_i densities along the velocity vectors v_i
onto the f_i, and similarly the gc_i onto the g_i. Special care
must be taken to incorporate the appropriate boundary conditions at
the edges of the lattice. */

void streaming()

i .
int x,y,1;
for (x=0; x<X; x++)
for (y=0; y<¥; y++)
for (i=0; i<NOVEC; i++)

{
flx] [yl [i]=fc[x-iv[i] [0]] [y-iv[i] [1]] [i];
glx] [yl [i]l=gc[x-iv[i]l [0]] [y-iv[i] [1]1] [i];

b
+
/* The collision step performs the effects of the collision from the

f_1 onto the fc_i and the g_i on the gc_1i. */
void collision()

double feq[NOVEC],geq[NOVEC];
int x,y,];

calc_properties(f,g);
for (x=0;x<X;x++)
for (y=0;y<Y;y++)

{

calc_fg_eq(feq,geq,nlx] [yl,glx] [yl ,dglx] [y]l,ddg[x] [yl ,ulx] [yl);
for (j=0;j<NOVEC; j++)
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fclx] [yl [j] = £Ix] [yl [j] +1.0/TAU_f*(feql[jl-f[x]1[yl1[j1);
gclx1lyl[j1= glx1[yl[j] +1.0/TAU_g*(geq[jl-glx] [yl [j1);

+
+

void calc_properties(double fc[X][Y][NOVEC], double gc[X][Y][NOVEC])
{

int x,y,];

for (x=0;x<X;x++)

for (y=0;y<Y;y++)

{
n[x] [yl=g[x] [yl=ulx] [y] [0]=ulx] [y] [1]1=0;
for (j=0; j<NOVEC; j++)

n[x] [yl += fclx]lyl[j];
glx] [yl += gclx][yl[j1;
ulx] [yl [0] += fclx][y]l[jl*ev[j][0];
ulx] [yl [1] += fclx]lyl[jl*ev[j]1[1];

ulx] [yl [0]/= n[i];
, ulx] [yl [11/= n[i];

for (x=0; x<X; x++)
for (y=0; y<¥; y++)

/* Special care must be taken here to incorporate the appropriate
boundary conditions at the edges of the latticex/
dglx] [yl [0]=(glx+1] [yl-gl[x-1][yl)/2/dx;
dglx] [yl [1]1=(glx] [y+1]-g[x] [y-11)/2/dx;
ddgl[x] [yl=(glx+1] [yl-2*g[x] [yl+g[x-1] [y]) /dx/dx+
, (glx] [y+1]l-2*g[x] [yl+g[x] [y-11) /dx/dx;
+

void calc_fg_eq(double feq[NOVEC],double geq[NOVEC],double n, double g,
double dg[2],double ddg, double ul2])
{

double AO,A1,A2,B1,B2,C0,C1,C2,D1,D2,G1[2][2],G2[2] [2];
double HO,H1,H2,J0,J1,J2,K1,K2,Q1,Q2;
int 1i;
\* this routine calculates the equilibrium distributions according to
the (2.54)-(2.65). =\

void initialize()
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int x,y,];
double g,n,ul2],dgl[2],ddg;
double feq[NOVEC],geq[NOVEC];

for (x=0;x,X;x++)
for (y=0; y<¥; y++)
{

/* Introduce some initial macroscopic fields as starting condition.
Could be a random distribution, a drop, a stripe with an arbitrary
flow ﬁield; */

ul0]

ul1] .

g cee

dglol=....

dgl1l=....

ddg =....
calc_fg_eq(feq,geq,n,g,dg,ddg,u);
for (j=0;j<NOVEC;j++){
fclx]lyl [jl=feqlj];
gc[x%[y][j]=geq[j];
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