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Chapter 1Introdu
tionThe aim of this thesis is to study problems in multi-phase 
ow and phase sepa-ration of binary 
uids using a latti
e Boltzmann approa
h.For a long time the study of multi-phase 
ow has attra
ted mu
h attention.Starting from early experiments [62℄ of drop break-up under shear 
ow, aimedat an understanding of the pro
esses leading to emulsi�
ation, there has been a
onstant interest in this fas
inating and 
ompli
ated �eld. With the rise of 
om-putational 
uid dynami
s (CFD) ways to simulate two-phase 
ow were developed[45℄. The diÆ
ulty of 
ombining the 
ow of bulk 
uids and the deformation of aninterfa
e, however, led to 
ompli
ated numeri
al s
hemes that rely on tra
king amoving mesh through a grid on whi
h the 
uid-
ow equations are simulated bya �nite di�eren
e-method.Interfa
es appear in a mu
h more natural way as self-organized stru
tures inmodels that were introdu
ed in the study of phase transitions. The interfa
es1



CHAPTER 1. INTRODUCTION 2between di�erent phases o

ur as a natural 
onsequen
e of the minimization ofa free energy. These systems, in
luding the well-known Ising model, do notin
lude hydrodynami
s. They 
an be studied numeri
ally using Monte Carlosimulations. These simulations lead to a proper equilibrium state, but the MonteCarlo method generates an arti�
ial dynami
s whi
h 
annot be interpreted as thereal time evolution of the system.The dynami
s of su
h systems 
an be des
ribed by Thermodynami
 mean�eld theories like the Ginzburg-Landau free energy approa
h. It 
an be usedto de�ne order parameter di�usion equations whi
h give the time evolution of aphase ordering pro
ess. These models have found many appli
ations in the studyof 
riti
al phenomena [18℄.Hydrodynami
 systems 
an be studied by the latti
e-gas method suggested inthe seminal paper by Fris
h, Hassla
her and Pomeau [13℄. Subsequently, phase-separating latti
e-gas automata have been developed [50℄ for immis
ible 
uids. Inthis approa
h, however, the introdu
tion of phase separation is purely empiri
al.As an alternative to the latti
e-gas approa
h the latti
e Boltzmann methodwas developed by statisti
ally averaging the dynami
s by analogy with the deriva-tion of the Boltzmann equation in kineti
 theory[36℄. Early latti
e Boltzmannmethods su�ered from the ex
lusion prin
iple (i.e., there 
an be at most one par-ti
le at a given site), leading to an anomalous pre-fa
tor in the Navier Stokesequation that breaks Galilean invarian
e [14℄. Also, in both latti
e Boltzmannand latti
e-gas models, the vis
osity is determined by the 
hoi
e of 
ollision rulesfor the latti
e gas. This 
onstraint was removed in the linearized latti
e Boltz-



CHAPTER 1. INTRODUCTION 3mann model �rst introdu
ed by Higuera and 
o-workers [24, 25, 26℄, where it wasobserved that the 
ollision operator 
an be linearized around a lo
al equilibrium,and need not 
orrespond to the detailed 
hoi
e of 
ollision rules of the latti
e gasautomata, provided it 
onserves mass and momentum. A further simpli�
ationwas introdu
ed by Qian, d'Humi�eres and Lallemand [44℄ who proposed using theBhatnagar-Gross-Krook (BGK) approximation for the 
ollision term in the lat-ti
e Boltzmann method. This approximation writes the 
ollision operator as afun
tion of the di�eren
e between the value of the distribution fun
tion and theequilibrium distribution fun
tion. A �rst model for mis
ible binary 
ow usingthe BGK approa
h was proposed by Flekk�y [12℄.Sin
e then the subje
t has grown in many dire
tions. A pedagogi
al intro-du
tion is given in the book by Rothman [52℄. A re
ent review arti
le by Chenand Doolen [7℄ des
ribes new developments of the latti
e Boltzmann method.Swift, et al. [57, 58℄ 
ombined the BGK latti
e Boltzmann method for an idealgas with the thermodynami
 theory for a non-ideal gas, giving a thermodynam-i
ally 
onsistent s
heme that in
ludes hydrodynami
s. Sin
e all the thermody-nami
 quantities entering the s
heme are derived from a free energy, the methodis often referred to as the free energy approa
h to latti
e Boltzmann simulations.We use this terminology throughout the thesis.The original s
heme was introdu
ed for a one-
omponent Van der Waals gas[57℄. Orlandini et al. [41℄ extended this s
heme for binary 
uids. We will reviewthe free energy latti
e Boltzmann s
heme for binary mixtures in the next 
hapter.In this thesis we use the free energy latti
e Boltzmann s
heme to study the



CHAPTER 1. INTRODUCTION 4physi
s of two-dimensional binary 
uids. One problem that has re
eived a lotof attention re
ently is the s
aling behaviour of the domain 
oarsening of two-dimensional binary mixtures that undergo spinodal de
omposition [35, 42, 67℄.In the study of 
riti
al phenomena it has been dis
overed that many di�erentsystems have similar properties. Hohenberg and Halperin [27℄ distinguished anumber of di�erent universality 
lasses, in
luding a universality 
lass for systemswith 
onserved order parameter (model B) and systems that have and additionalhydrodynami
 degree of freedom (model H). It was suggested that the dynami
sof phase ordering would be a s
ale invariant pro
ess that are universal for ea
h
lass. But we �nd, in 
ontradi
tion to all previous publi
ations [35, 42℄, that thepopular s
aling hypothesis for spinodal de
omposition of binary mixtures withhydrodynami
s does not hold for two-dimensional systems. These results aredis
ussed in Chapters 3 and 4.In Chapter 5 we show for the �rst time how Lees-Edwards' boundary 
ondi-tions [33℄ for shear 
ow 
an be implemented for latti
e Boltzmann methods. Theintrodu
tion of these boundary 
onditions requires major 
hanges in the de�ni-tion of the algorithm. We also introdu
e new measures for the orientation and itsde�ning two orthogonal length s
ales for the de
omposition patterns in a shearedsystem. We point out the di�eren
es between sheared spinodal de
ompositionin systems with and without internal hydrodynami
s. We also des
ribe and ex-plain an instability of the striped patterns whi
h often form in sheared systemsundergoing spinodal de
omposition.It is well known that binary mixtures 
an be homogenized if a strong shear



CHAPTER 1. INTRODUCTION 5is applied. In Chapter 6 we des
ribe the fate of a single drop in shear 
ow andshow that both break-up and dissolving 
an be simulated with the free energylatti
e Boltzmann method for binary mixtures. We des
ribe a new me
hanismfor the dissolving of drops that we 
all tip-streaming. A similar phenomenon hasbeen observed experimentally [56, and referen
es therein℄ but it was interpretedas a surfa
tant-indu
ed phenomenon. Here we provide the �rst eviden
e for tip-streaming in a two-
omponent system.The last 
hapter addresses some of the theoreti
al foundations of the latti
eBoltzmann method. Ever sin
e the latti
e Boltzmann method was developedthere has been spe
ulation about the existen
e of an H-theorem analogous tothat for the Boltzmann equation. The proof of the H-theorem for the Boltzmannequation, however, relies on detailed balan
e, whi
h is absent in the latti
e Boltz-mann method. We have been able to prove under whi
h 
ir
umstan
es a BGKlatti
e Boltzmann method does obey an H-Theorem and show that 
onventionallatti
e Boltzmann approa
hes do not obey these 
onditions.



Chapter 2The free energy approa
h for thelatti
e Boltzmann methodThe free energy approa
h for the Latti
e Boltzmann method was introdu
ed in1995 by Swift, et al. [57, 58℄ for non-ideal one 
omponent systems and extendedfor binary mixtures by Orlandini, et al. [41℄ in the same year. We review thejusti�
ation of the method des
ribed in these papers and add some new insightsto the results presented there.2.1 Bhatnagar-Gross-Krook latti
e BoltzmannThe starting point for latti
e Boltzmann simulations is the evolution equation,dis
rete in spa
e and time, for a set of distribution fun
tions fi asso
iated with avelo
ity ve
tor vi. For the sake of simpli
ity we 
onsider a single relaxation time,6



2.1. Bhatnagar-Gross-Krook latti
e Boltzmann 7the so-
alled BGK approximation [2, 44℄. The evolution equation for the ffig isfi(x+ vi�t; t+�t)� fi(x; t) = �t�1 (f0i � fi); (2.1)where x is a latti
e point, �t is the time step, and vi�t is normally 
onstrainedto be a latti
e ve
tor. The single relaxation time is �1 and f0i is the equilibriumdistribution. For a two-
omponent system a se
ond, equivalent equation is alsoneeded: gi(x+ vi�t; t+�t)� gi(x; t) = �t�2 (g0i � gi): (2.2)Physi
al quantities are de�ned as moments of the distribution fun
tions. For ourisothermal model for 
ow of a binary mixture of 
omponents A and B we 
hooseXi fi = n; (2.3)Xi fivi = nu; (2.4)Xi gi = '; (2.5)where n is the total density �eld, u is the velo
ity �eld and ' is the �eld 
orre-sponding to the di�eren
e in the density of A and B 
omponents. The physi
sinherent in the simulation depends on the 
hoi
e of the equilibrium distributionsff0i g and fg0i g. Usually the equilibrium distributions at a latti
e point will de-pend through the lo
al ma
ros
opi
 quantities n,u and ' and their derivativesin a non linear way on the fi and gi at this latti
e point and its neighbours.Therefore equations (2.1) and (2.2) are highly non-linear.We want to impose mass 
onservation for both 
omponents and momentum
onservation for the bulk. This is equivalent to the following 
onstraints on the



2.1. Bhatnagar-Gross-Krook latti
e Boltzmann 8equilibrium distributionsXi (f0i � fi) = 0 ) Xi f0i = n; (2.6)Xi (g0i � gi) = 0 ) Xi g0i = '; (2.7)Xi (f0i � fi)vi = 0 ) Xi f0i vi = nu: (2.8)The Navier-Stokes equations usually used for examining 
uid 
ow are an approxi-mation to se
ond-order in the derivatives [31℄. Higher order approximations (e.g.,the Burnett equations) do not obviously add to the des
ription. The 
ontinuouspartial di�erential equations that govern the evolution of the latti
e Boltzmann
uid are obtained by a Taylor expansion of the evolution equations. Guidedby the example of the Navier-Stokes equation we will perform this expansion tose
ond order in the derivatives.Assuming that a 
ontinuum version of the �elds fi(x) and gi(x) 
an be ex-pressed as a Taylor series we expand equation (2.1) as1Xk=1 (�t)kk! (�t + vi���)kfi = �t�1 (f0i � fi) (2.9)where Greek indi
es are spatial 
oordinates and the summation 
onvention overrepeated Greek indi
es is implied. Retaining only terms up to se
ond order inthe derivatives gives(�t)(�t + vi���)fi + (�t)22 (�t + vi���)2fi +O(�3) = �t�1 (f0i � fi): (2.10)We want to express this equation in terms of the equilibrium distribution f0i .Sin
e we are only interested in terms up to se
ond order in the derivatives we



2.1. Bhatnagar-Gross-Krook latti
e Boltzmann 9need to expand fi to �rst order in the derivatives of the equilibrium distribution.Using equation (2.10) to express fi in terms of f0i and its derivatives and iteratingon
e gives fi = f0i � �1(�t + vi���)f0i +O(�2): (2.11)Substituting this result into equation (2.10) gives a se
ond order di�erential equa-tion for the equilibrium distribution:1� (f0i � fi) = (�t + vi���)f0i � !1(�t + vi���)2f0i +O(�3) (2.12)and equivalently for the gi1� (g0i � gi) = (�t + vi���)g0i � !2(�t + vi���)2g0i +O(�3); (2.13)where !1;2 = �1;2 � �t2 : (2.14)To obtain the partial di�erential equations governing the evolution of the ma
ro-s
opi
 quantities we sum over the 
onserved moments de�ned in equations (2.6),(2.7) and (2.8). We again negle
t terms with higher than se
ond order deriva-tives. First summing equation (2.12) and using equation (2.6) for 
onservationof the total mass we obtain0 = �tn + ��nu� � !1  �t(�tn+ ��nu�) + ��(�tnu� + ��Xi f0i vi�vi�)!+O(�3):(2.15)We see that the term �tn + ��nu� is of se
ond order in the derivatives. Itsderivatives 
an therefore be ignored and the equation simpli�es to0 = �tn + ��nu� � !1��(�tnu� + ��Xi f0i vi�vi�) +O(�3): (2.16)



2.1. Bhatnagar-Gross-Krook latti
e Boltzmann 10Now summing equation (2.12) times an extra fa
tor of vi and using the equationof momentum 
onservation (2.8) we obtain, using similar arguments,0 = �tnu� + ��Xi f0i vi�vi� � !1�
(�tXi f0i vi�vi
 + ��Xi f0i vi�vi�vi
) +O(�3):(2.17)Equation (2.17) shows that the se
ond term in equation (2.16) is of third orderin the derivatives. Hen
e, equation (2.16) gives the 
ontinuity equation to se
ondorder in the derivatives 0 = �tn+ ��nu� +O(�3): (2.18)Summing over equation (2.13) and using (2.7) we obtain similarly0 = �t'+ ��Xi g0i vi� � !2��(�tXi givi� + ��Xi g0i vi�vi�) +O(�3): (2.19)These are general equations for any two-
omponent latti
e Boltzmann s
hemewith mass and momentum 
onservation. In order to pro
eed further we need tode�ne higher-order moments of the equilibrium densities. The 
hoi
e within thefree energy latti
e Boltzmann s
heme for these moments isXi f0i vi�vi� = P�� + nu�u�; (2.20)Xi g0i vi� = 'u�; (2.21)Xi g0i vi�vi� = ��Æ�� + 'u�u�; (2.22)where P�� is the pressure tensor, � a mobility parameter, � is the 
hemi
alpotential for the density di�eren
e and Æ is the Krone
ker delta. The physi
al



2.1. Bhatnagar-Gross-Krook latti
e Boltzmann 11motivation of these 
onstraints arises from a 
onsideration of the thermodynami
sof a binary mixture and is dis
ussed in more detail in the next se
tion.Using (2.20) to (2.22) we 
an now evaluate the ma
ros
opi
 equations further.For equation (2.19)0 = �t'+ ��('u�)� !2��(�t('u�) + ��(��Æ�� + 'u�u�)) +O(�3)= �t'+ ��('u�)� !2(�r2� + ��((�t'+ ��('u�))u�)+'(�tu� + u���u�)) +O(�3): (2.23)The term �t' + ��('u�) is se
ond order in the derivatives and 
an be droppedwhere its derivative is taken. The term �tu� + u���u� 
an be rewritten with thehelp of equation (2.17):O(�2) = �t(nu�) + ��Xi f0i vi�vi�= (�tn)u� + n�tu� + ��P�� + ��(nu�)u� + nu���u�: (2.24)Using the 
ontinuity equation (2.18) gives�tu� + u���u� = �1n��P�� +O(�2): (2.25)Substituting this result into (2.23) we arrive at the 
onve
tion di�usion equationgoverning the evolution of the density di�eren
e�t'+ ��('u�) = !2 ��r2�� �� �'n��P���� : (2.26)This is a drift-di�usion equation with a di�usion 
onstant �!2. There is anadditional term in the derivatives of the pressure tensor. A similar1 term hasbeen used in a phenomenologi
al model to des
ribe 
ow-indu
ed di�usion [10℄.1The term used was �����P��. In this approa
h � was treated as a 
onstant [10℄.



2.1. Bhatnagar-Gross-Krook latti
e Boltzmann 12The momentum 
onservation equation (2.17) 
an be written as0 = �tnu� + ��(P�� + nu�u�)� !1�
(�tXi f0i vi�vi
 + ��Xi f0i vi�vi�vi
) +O(�3):(2.27)Using the same analysis that led to equation (2.25) givesn�tu� + nu���u� = ���P�� + !1�
(�tXi f0i vi�vi
 + ��Xi f0i vi�vi�vi
) +O(�3):(2.28)The three-velo
ity moment 
annot be evaluated without further knowledge ofthe equilibrium distribution. In order to derive the 
ompressible Navier Stokesequation we would like to imposeXi f0i vi�vi�vi
 = P��u
 + P�
u� + P�
u� + nu�u�u
; (2.29)but this is not possible for a nine-velo
itymodel that we are using. The re
overy ofthe 
ompressible Navier-Stokes equation whi
h is a
hieved by (2.29) is des
ribedin Appendix A. For the nine-velo
ity model (see Figure 2.4) the best possible
hoi
e is Xi f0i vi�vi�vi
 = n3 (u�Æ�
 + u�Æ�
 + u
Æ��): (2.30)We will now show how the vis
osity terms 
an be 
al
ulated in analogy to thederivation of terms for the fully 
ompressible Navier-Stokes equation presentedin Appendix A. We present this 
al
ulation in detail be
ause it di�ers from the
al
ulations in [58℄. Terms that vanish in the 
al
ulation for the 
ompressible
ase are underlined and 
ontra
ted to give the 
orre
tion terms. With equation



2.1. Bhatnagar-Gross-Krook latti
e Boltzmann 13(2.30) we get for the vis
osity terms�tXi f0i vi�vi� + �
X f0i vi�vi�vi
= �t(P�� + nu�u�) + �
(n3 Æ��u
 + n3 Æ�
u� + n3 Æ�
u�) +O(�2)= �nP���tn+ �t(nu�)u� + nu��tu�+��
 n3 Æ���u
 + n3 Æ���
u
 + ��
 n3 Æ�
�u� + n3 Æ�
�
u� + ��
 n3 Æ�
�u� + n3 Æ�
�
u�+O(�2)= ��nP���
(nu
)� �
(P�
 + nu�u
)u��nu� 1n�
P�
 � nu�u��
u
+��nn3 Æ��� (�
n)u
 + n3 Æ���
u
 + ��
 n3 Æ�
�u� + n3 Æ�
�
u�+��
 n3 Æ�
�u�+n3 Æ�
�
u� +O(�2)= ��nP���
(nu
)��
P�
u� � �
(nu�u
)u� � nu�u��
u
+��nn3 Æ��� �
u
 + n3 Æ���
u
+��
 n3 Æ�
�u� + n3 Æ�
�
u� +n3 Æ�
�
u� + �
 �n3 Æ�
 � P�
�u� +O(�2)= ��nP��(�
n)u
 � �nP��n�
u
 + �nn3 Æ��(�
n)u
+n3 Æ���
u
 + n3 Æ�
�
u� + n3 Æ�
�
u� + �
 �n3 Æ�
 � P�
�u� + �
 �n3 Æ�
 � P�
�u���
(nu�u�u
) +O(�2)= �n3 Æ�� � n�nP��� �
u
 + n3 Æ�
�
u� + n3 Æ�
�
u�+�
 �n3 Æ�
 � P�
�u� + �
 �n3 Æ�
 � P�
�u� + �n �n3 Æ�� � P���u
�
n��
(nu�u�u
) +O(�2): (2.31)We see that, ex
ept for the �
(nu�u�u
) term, we re
over the 
ompressible Navier



2.2. Thermodynami
s of a binary mixture 14Stokes equations if we 
hoose P�� = n3Æ�� (i.e., if the equation of state for thebulk 
uid is that for an ideal gas at temperature T = 1=3). In the in
ompressiblelimit with 
onstant density and pressure we re
over the in
ompressible NavierStokes equations for a non-ideal systemn�tu�+nu���u� = ���P��+n!1D3 ��  Æ�� � 3�nP��D �
u
 + ��u� + ��u�!+O(�3)(2.32)where the vis
osity is given by � = n!1D=3 where D is the number of spatialdimensions.This is, so far, a general framework for the two-
omponent free energy latti
eBoltzmann method. The properties of the two 
omponents and the mis
ibility aredetermined by two quantities: the pressure tensor P�� and the 
hemi
al potential�. In the next se
tion we des
ribe how these two quantities 
an be derived froma free energy fun
tional.2.2 Thermodynami
s of a binary mixtureThe free energy approa
h to latti
e Boltzmann models simulates non-equilibriumsystems and relies on the assumption that the system 
an still lo
ally be des
ribedby equilibrium thermodynami
 �elds. The thermodynami
 �elds entering thesimulation are the pressure tensor and the 
hemi
al potential. They 
an bederived from the free energy of a system. This makes the method a rather generaltool to study the dynami
s of systems with a given free energy. The approa
h hasbeen used for a Van der Waals gas [57, 58℄ and a binary mixture [41℄. The binary



2.2. Thermodynami
s of a binary mixture 15mixture model has been extended to in
lude negative surfa
e tension and, hen
e,simulate lamellar phases. It would be interesting to 
onsider other systems likepolymers by using a Flory-Huggins free energy.We 
onsider the free energy for a simple binary 
uid 
omprising two 
ompo-nents A and B, where ea
h of the 
omponents is an ideal gas. A{A and B{Bintera
tions are zero, but there is an A{B repulsion �nAnB where nA and nBare the number densities of A- and B-parti
les, respe
tively. This system 
an bedes
ribed by the Landau free energy fun
tional	 = Z dr( ('; n; T ) + �2 (r')2) (2.33)where T is the temperature, n = nA+nB, ' = nA�nB (as de�ned in the previousse
tion) and � is a measure for the interfa
e free energy (surfa
e tension). Thefree energy density of the homogeneous system is [47℄ ('; n; T ) = �n4  1 � '2n2!� Tn+T2 (n+ ') ln�n+ '2 �+ T2 (n� ') ln�n� '2 � : (2.34)From the free energy (2.33) we derive the lo
al 
hemi
al potential � as the fun
-tional derivative of the total free energy 	 with respe
t to the 
on
entrationdi�eren
e �eld '(x)�(x) = Æ	Æ'(x)= ��2 'n + T2 ln n+ 'n� '!� �r2': (2.35)
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ϕ/n /nFigure 2.1: Free energy  ('; T ) and 
hemi
al potential �('; T ) for temperatures T = 1:1T
(|||||), T = T
 ({ { { { { {), T = 0:9T
 (| | | |), and T = 0:7T
 (| { | { |).Above the 
riti
al temperature T
 the free energy  has a lo
al maximum for ' = 0 and twominima whi
h are the equilibrium values for the order parameter '.The derivation of the pressure tensor is slightly more involved and is dis
ussed inAppendix B. We obtainP�� = (n�n + '�' �  )Æ�� + �(��'��'� 12�
'�
'Æ�� � '�
�
')= (nT + '�0(x))Æ�� + �(��'��'� 12�
'�
'Æ�� � '�
�
')= (nT + '�(x))Æ�� + �(��'��'� 12�
'�
'Æ��) (2.36)where the �rst term is the ideal gas pressure, the se
ond term is the osmoti
pressure with �0 = �� and the third term is related to the surfa
e tension asdis
ussed below. The osmoti
 pressure was omitted in the original de�nition ofthe model [41, 58℄.The bulk free energy of equation (2.34) is shown in Figure 2.1. For di�erent



2.2. Thermodynami
s of a binary mixture 17temperatures the free energy has a transition from a form with only one minimumat ' = 0 to a form with two minima. At the transition temperature, whi
h is the
riti
al temperature T
 for this system, the se
ond derivative of the free energyvanishes. For the se
ond derivative0 = �2' j'=0;T=T
 = � �2n + nT(n� ')(n+ ') �����'=0;T=T
 : (2.37)Hen
e, the 
riti
al temperature is given byT
 = �2 : (2.38)Let us 
onsider the stability of a homogeneous mixture at di�erent temperatures(initially negle
ting the derivative terms in the free energy). Figure 2.1b shows thebulk 
hemi
al potential �0 for di�erent temperatures. For T > T
 the 
hemi
alpotential is a monotoni
 fun
tion. The evolution of the density di�eren
e is givenby the drift di�usion equation 2.26. Without 
ow we have�t' = �!2����; �(') (2.39)whi
h is a di�usion equation that homogenizes any 
u
tuations in an initial den-sity 
on�guration. To examine the stability of a homogeneous mixture we 
anlinearize this equation around the homogeneous density di�eren
e ' = '̂�t' = D('̂)����' (2.40)with D('̂) = �!2�'�('̂). But for T < T
 a region around '̂ = 0 exists whereD('̂) < 0 inverts the di�usive pro
ess and 
u
tuations grow, leading to phaseordering.



2.2. Thermodynami
s of a binary mixture 18The phase ordering pro
ess separates the phases until a stationary state isrea
hed where the order parameter in the domains takes on its two equilibriumvalues '1 and '2. This equilibrium value is determined by two 
onditions. First,be
ause of the symmetry of the free energy with respe
t to ' ! �' we have'1 = �'2. Also, the 
hemi
al potential has to be 
onstant�('1) = �('2): (2.41)These 
onditions 
an only be ful�lled for � = 0. The equilibrium values for theorder parameter at 
oexisten
e are therefore given by the negative and positivesolutions of the equation 0 = �('; T ): (2.42)The 
oexisten
e 
urve that plots the 
oexisten
e order parameter against thetemperature is shown in Figure 2.2.The system is unstable against all 
u
tuations in the region where D(') isnegative. Outside this region, but inside the 
oexisten
e 
urve, a homogeneoussystem is meta-stable and a �nite 
u
tuation is needed to nu
leate a phase or-dering domain. The border of this region is given by �'�(') = 0. It is 
alled thespinodal line and is indi
ated by a dashed line in Figure 2.2.The phase ordering pro
ess by whi
h a homogeneous system phase separatesinside the spinodal line is 
alled spinodal de
omposition. The properties of thispro
ess depend strongly on the average value of the order parameter '. Someexamples of spinodal de
omposition for T = 0:9T
 for di�erent order parameterare shown in Figure 2.2. We see that there is an important di�eren
e between
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Figure 2.2: The top �gure is the 
oexisten
e 
urve for the free energy of equation 2.34 for binarysystem. The dashed line indi
ates the spinodal line. Inside the area en
losed by the spinodalline a homogeneous system is unstable. Outside this region a �nite perturbation is needed toseed a nu
leation. The dotted line is at the temperature at whi
h all simulations in this thesiswere performed. The arrows indi
ate the positions in the phase diagram at whi
h the spinodalde
ompositions in the bottom �gure were performed. (See text for more detail.)
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riti
al 'av = 0 and o�-
riti
al 'av 6= 0 spinodal de
omposition. For o�-
riti
alspinodal de
omposition a phase of droplets of the minority phase forms. Forthe 
riti
al spinodal de
omposition both phases are equivalent2 and neither willpreferably form a droplet phase. Criti
al spinodal de
omposition is dis
ussed indetail in Chapter 3 where we also dis
uss the e�e
ts of the hydrodynami
 degreeof freedom.Up to now we have negle
ted the surfa
e free energy term. The surfa
e freeenergy term prevents sharp interfa
es and introdu
es surfa
e tension. The theo-reti
al interfa
e pro�le is determined by the 
ondition that the 
hemi
al potentialis zero 0 = �(x) = � �2n'+ T2 ln n+ 'n� '!� �2����': (2.43)In Figure 2.3 a) the numeri
al solution of this expression is 
ompared to thesimulation results for two di�erent values of the surfa
e free energy parameterkappa.The surfa
e tension for an interfa
e orthogonal to the z-dire
tion is [53, 4℄� = � Z 1�1  �'�z !2 dz: (2.44)We 
an rewrite equation (2.43) as0 = �2T
T �'+ ln 1 + �'1 � �'!� ��0��0 �' (2.45)2This is no longer true, if the two phases have di�erent physi
al properties. Re
ent simu-lations show that if say the A-ri
h phase has a higher vis
osity the B-ri
h phase will form adroplets surrounded by the higher vis
osity A-ri
h phase.
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Figure 2.3: Graph a) shows the theoreti
al interfa
e pro�le (|)and the simulation results for a
at interfa
e for � = 0:2 (3) and � = 0:02 (4). Graph b) shows the theoreti
al values for thesurfa
e tension (|), the value for the summation of the squares of the dis
rete derivatives (3)and the value 
al
ulated from Lapla
e's law (4).(See text for more detail.)where �' = '=n and z0 = q(�n)=T . We then 
al
ulate�0  �T ! = � Z 1�1  � �'�z0!2 dz0 (2.46)and get for the surfa
e tension�(�; n; T; �) = �0  �T !s�Tn : (2.47)The surfa
e tension 
an also be determined in simulations from Lapla
e's law.Lapla
e's law states that the surfa
e tension is given by the radius of a drop Rand the pressure di�eren
e �P between the inside and the outside of the drop as� = R�P: (2.48)



2.3. Summary of the model 22We performed simulations with a drop of radius 20 for di�erent values of �. Theresults are shown in Figure 2.3 b). We see that there is a good agreement forwide interfa
es that stret
h over many latti
e points, but some a

ura
y is lostfor thin interfa
es.2.3 Summary of the modelWe will now 
olle
t all the ingredients for the free energy latti
e Boltzmannmethod for a binary mixture and de�ne an expli
it s
heme. The evolution equa-tions for the two-
omponent latti
e Boltzmann s
heme arefi(x+ vi�t; t+�t)� fi(x; t) = �t�1 (f0i � fi); (2.49)gi(x+ vi�t; t+�t)� gi(x; t) = �t�2 (g0i � gi): (2.50)The moments of the equilibrium distributions obey the equationsXi f0i = n; Xi f0i vi = nu; Xi f0i vi�vi� = P�� + nu�u�;Xi f0i vi�vi�vi
 = n3 (u�Æ�
 + u�Æ�
 + u
Æ��);Xi g0i = '; Xi g0i vi� = 'u�; Xi g0i vi�vi� = ��Æ�� + 'u�u� (2.51)where n is the total density, u is the 
uid velo
ity, ' = nA � nB is the densitydi�eren
e of the two 
omponents of the binary mixture and � is a mobility. The
hemi
al potential � and the thermodynami
 pressure tensor P�� are given by�(x) = ��2 'n + T2 ln n+ 'n � '!� �r2'; (2.52)
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vFigure 2.4: Our numbering of the velo
ity ve
tors in a nine-velo
ity model.P�� = (nT + '�0(x))Æ�� + �(��'��'� 12�
'�
'Æ�� � '�
�
'Æ��):(2.53)In this thesis, as in the original model, we negle
t the osmoti
 pressure term'�0(x).In the original model that satis�es these equations [41, 58℄ the equilibriumdistributions are given as an expansion in the velo
ities. We use a nine-velo
itymodel where the velo
ities vf0;���;9g are de�ned in Figure 2.4. For this model wede�ne [40℄f0i = A� +B�u�vi� + C�u2 +D�u�u�vi�vi� +G���vi�vi�; (2.54)f0i = H� +K�u�vi� + J�u2 +Q�u�u�vi�vi�; (2.55)where � = v2i 2 f0; 1; 2g is an index to distinguish the 
oeÆ
ients for the densitiesfor di�erent absolute values of the velo
ities.A 
hoi
e of these 
oeÆ
ients that ensures that the equilibrium distribution



2.3. Summary of the model 24satis�es the 
onstraints (2.53)A2 = 18p0(n;';r2'); A1 = 2A2; A0 = n� 12A2; (2.56)B2 = n12 ; B1 = 4B2; (2.57)C2 = � n16 ; C1 = 2C2; C0 = �3n4 ; (2.58)D2 = n8 ; D1 = 4D2; (2.59)G2xx = �16((�x')2 � (�y')2); G2xy = G2yx = �8�x'�y'; G2yy = �G2xx;(2.60)G1xx = 4G2xx; G1xy = G1yx = 4G2xy; G1yy = 4G2yy; (2.61)H2 = �8 �(n;';r2'); H1 = 2H2; H0 = '� 12H2; (2.62)K2 = 'nB2; K1 = 'nB1; (2.63)J2 = 'nC2; J1 = 'nC1; J0 = 'nC0; (2.64)Q2 = 'nD2; Q1 = 'nD1: (2.65)To implement Lees-Edwards boundary 
onditions for the free energy latti
eBoltzmann s
hemewe shall introdu
e a di�erent equilibriumdistribution in Chap-ter 5.The di�erential equations simulated by the latti
e Boltzmann method are tose
ond order in the derivatives and assuming in
ompressibility or T = 1=3, the
ontinuity equation 0 = �tn+ ��nu�; (2.66)the Navier Stokes equationsn�tu� + nu���u� = ���P�� + n!1D3 (��((Æ�� � 3�nP��)�
u
 + ��u� + ��u�)(2.67)



2.3. Summary of the model 25and the drift di�usion equation for the density di�eren
e�t'+ ��('u�) = !2 ��r2�� �� �'n��P���� ; (2.68)where !1;2 = �1;2 � �t2 : (2.69)This now 
ompletely de�nes the numeri
al s
heme used for the simulations in thefollowing 
hapters.This algorithm 
an be easily en
oded into a numeri
 s
heme. A sket
h of aLatti
e Boltzmann program for a two-dimensional nine velo
ity model in C ispresented in Appendix C.



Chapter 3S
aling of domain 
oarseningafter spinodal de
omposition3.1 Introdu
tionThe theory of phase-ordering kineti
s or \domain 
oarsening" following a tem-perature quen
h from a homogeneous phase into a two-phase region has a historygoing ba
k more than three de
ades to the pioneering work of Lifshitz and Slyozov[34℄ and Wagner [65℄. Sin
e that time, many ex
ellent reviews have appeared,in
luding those by Gunton et al. [18℄, Binder [3℄, and Bray [4℄. In this work ithas been established that for many di�erent phase separating systems the domainpatterns look statisti
ally similar to those at earlier times, apart from a global
hange of s
ale. An example of this are binary mixtures without hydrodynami
sand Figure 3.5 shows an example of su
h a s
ale invariant domain 
oarsening26



3.1. Introdu
tion 27pro
ess. The assumption that a system obeys this s
ale invarian
e is 
alled the\dynami
 s
aling hypothesis" whi
h will be formalized below.Among the systems for whi
h dynami
 s
aling hypothesis has been madeare two-dimensional binary mixtures with hydrodynami
 intera
tions. There wassome experimental [20℄, theoreti
al [4℄ and numeri
al [8, 42, 35℄ eviden
e that thiswas indeed the 
ase. Previous numeri
al and theoreti
al papers have predi
teddi�erent s
aling regimes. For early times and high vis
osities a s
aling regimewith L � t 13 has been observed [42℄, whereas for late times or lower vis
ositiesmost numeri
al work agrees on seeing a L � t 23 s
aling law [16, 42, 35℄. They useR1[41℄, the similar �rst zero of the 
orrelation fun
tion [35℄, and both RÆ and R1[16℄ as measures of the s
aling length of the system.All of the methods used by the authors above rely on stru
ture fun
tions,
orrelation fun
tions or dimensional analysis, but no dire
t observation of realspa
e stru
tures. In this 
hapter we show that dire
t observation of the 
oarseningof the domain stru
ture for two-dimensional binary mixtures with hydrodynami
ssuggests that the dynami
 s
aling hypothesis does not hold for this system. Wedevelop a measure that is able to 
apture the per
eived breakdown of s
alingand give a des
riptive explanation of why the 
oarsening me
hanism is not s
aleinvariant. We also des
ribe a new 
oarsening me
hanism where the e�e
t ofhydrodynami
 
oarsening is limited by 
apillary waves.



3.2. Methods for testing s
aling behaviour 283.2 Methods for testing s
aling behaviourWe 
ommen
e by summarizing the ideas of dynami
 s
aling. Then we introdu
ea number of di�erent length s
ales and test their s
aling behaviour for two simpletest 
ases. In a 
ase of trivial s
aling all the length s
ales display the s
aling. Inthe more usual 
ase where there are 
onstant length s
ales like the interfa
e widthsome of these length s
ales will not show s
aling. In some spe
ial 
ases (see 3.2.2)the dependen
e of these length s
ales on the stati
 length 
an be analysed and alength s
ale that displays the s
aling law 
an be derived. For binary mixtures, asfor most other systems, the interfa
e width is 
onstant during the evolution. We�nd that s
aling does not always hold in hydrodynami
 spinodal de
ompositionof binary mixtures in two dimensions. We explain why dynami
 s
aling does notexist in these systems.The dynami
 s
aling hypothesis states that a phase ordering system obeysdynami
 s
aling if it evolves through statisti
ally equivalent states ex
ept for a
hange in length s
ale R(t). Furthermore, the growth law is often a power-lawR(t) � (t� t0)� (3.1)where � is the growth exponent and t0 is a zero time that does not have to
oin
ide with the start of the simulation or experiment and 
an be used as a�tting parameter. In pra
ti
e we demand that the simulation time interval ismu
h larger than t0 to ensure that �tting results are meaningful. In systemswhi
h show power-law s
aling � and time-independent shape fun
tions like � areuniversal features of the growth kineti
s.



3.2. Methods for testing s
aling behaviour 29A length s
ale is a quantity whi
h has the dimensions of a length and whi
h isindependent of the size of the system. In a system whi
h obeys dynami
 s
alingall length s
ales should obey the same s
aling law. Often in experimental andnumeri
al work [42℄ just one length s
ale is measured to extra
t a value for theexponent � and the s
aling hypothesis is assumed. More 
areful analysis [35℄
he
ks the s
aling properties of the stru
ture fun
tion or the 
orrelation fun
tion.If, however, any two length s
ales do not obey the same growth law, the systemis not stri
tly s
aling invariant.During the domain growth pro
ess the interfa
e width is 
onstant. Therefore,all measures that involve this length s
ale will show a di�erent s
aling than wouldbe expe
ted from dimensional analysis and 
are must be taken to appre
iatethis point when interpreting the data. We will see, however, that even dynami
length have a di�erent growth law for hydrodynami
 spinodal de
omposition intwo dimensions.3.2.1 De�nition of length s
alesWe will now de�ne some widely used and some less obvious length s
ales anddemonstrate the points made above. Perhaps the most 
ommonly measuredlength s
ale is derived from the �rst moment [55, 49℄ of the radially averagedstru
ture fun
tion. Length s
ales whi
h give more information about the �nestru
ture of the domains 
an also be derived from higher-order moments.These are based on an analysis with Fourier transforms. But in 
omputer
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aling behaviour 30simulations and in some dire
tly observed systems the real spa
e variables areavailable. Therefore, it makes sense to also use more dire
t measures of thelength s
ales. One dire
t spa
e measure that has been used [16, 37℄ is related tothe length of the interfa
e. A se
ond possibility 
an be derived from the totalnumber of domains in the system. This, as far as we are aware, has not been usedbefore be
ause of the te
hni
al diÆ
ulty of obtaining this non-lo
al variable.We will now give detailed de�nitions of the measures of length whi
h will be
al
ulated in the simulations.1. Moments of the radially averaged stru
ture fa
tor.The stru
ture fa
tor 
orresponding to the order parameter ' is [49℄s(k; t) = * 1N �����Xx eikx'(x; t)�����+ ; (3.2)where in two dimensions k = 2�(x=Lx{̂x + y=Ly {̂y) for a latti
e with di-mensions Lx and Ly and {̂x and {̂y unit ve
tors in x and y dire
tions. The
ir
ularly-averaged stru
ture fa
tor isS(k; t) = Pk̂ s(k; t)Pk̂ 1 ; (3.3)with k = 2�n=Lmin , n 2 f0; : : : ; Lming and Lmin is the minimum of Lx; Ly.The sumPk̂ is over an annulus de�ned by n�1=2 � jkjLmin=(2�) < n+1=2.Length s
ales 
an easily be de�ned from the moments of the stru
ture fa
tor[kp(t)℄p = Pk kpS(k; t)Pk S(k; t) : (3.4)



3.2. Methods for testing s
aling behaviour 31We 
onsider all possible 
ombinations of the �rst three moments that givea length s
ale:R1 � 2�=k1 R2 � 2�=k 122 R3 � 2�k1=k2 R4 � 2�=k 133R5 � 2�(k1=k3) 12 R6 � 2�k21=k3 R7 � 2�k2=k3: (3.5)2. A real spa
e expression for R5For the measure R5 a spe
ial mathemati
al simpli�
ation applies. If R5 isde�ned with the proper periodi
ity of the dis
rete Fourier transform, one
an show that R52 � R� = Pk s(k)Pk;� sin(k�)sin(k�)s(k)= Px;� '2(x; t)Px �D� '(x; t)�D� '(x; t) (3.6)where �D denotes the symmetri
 dis
rete partial derivative in dire
tionalpha. It is easy to see equation (3.6) usingXx �D� '(x)�D� '(x)= 14Xx ('(x+ {̂�)� '(x� {̂�))('(x+ {̂�)� '(x� {̂�))= 14Xx Xk �eik(x+{̂�) � eik(x�{̂�)��(k)Xk0 �eik0(x+{̂�) � eik0(x�{̂�)��(k0)= 14Xk Xk0 �ek� � e�k�� �ek0� � e�k0�� �(k)�(k0)Xx ei(k+k0)x= �Xk Xk0 sin(k�) sin(k0�)�(k)�(k0)Æ(k+ k0)= Xk sin(k�) sin(k�) j�(k)j2 ; (3.7)



3.2. Methods for testing s
aling behaviour 32where �(k) is the Fourier transform of '(x). Therefore, R5 
an be evaluatedsimply by adding real spa
e derivatives. This makes it faster to evaluateand also useful for non-periodi
 latti
es.3. Length of interfa
eThe length of the interfa
e between the domains LI provides another lengths
ale: RÆ(t) = LxLyLI(t) : (3.8)4. Number of domainsThe total number of domains N s
ales with the system size and, therefore,gives a further measure of length in real spa
e:R#(t) = sLxLyN(t) : (3.9)3.2.2 Tests for the length s
alesWe have a large number of possible measures for length s
ales. In this se
tion wetest their behaviour on two simple series of test patterns. Both series 
onsist ofre
tangular pattern of ' = 1 in a surrounding of ' = �1 
onne
ted by a linearinterfa
e pro�le. In the �rst series the interfa
e is s
aled with the re
tangularpattern (see Figure 3.1), but it is kept 
onstant in the se
ond pattern (see Figure3.2). This allows us to estimate how sensitive these measures are to stati
 length.All length s
ales give the same slope for the pattern without stati
 length s
ales.This result is shown in Figure 3.1. For the pattern with a stati
 length the results
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Figure 3.1: S
aling graph for test pattern of n � n squares where the interfa
e width s
alesfor 256x256 system with t = 1=n for di�erent measures for length. Solid lines represent pR�(upper line) and RÆ; R# (lower lines).are shown in Figure 3.2. Only three length s
ales measure the dynami
 lengths
ale 
orre
tly. They are R1, RÆ and R#. Even for a very large pattern, whenone might expe
t the interfa
e width to be
ome unimportant, the slope of thedi�erent length s
ales does not 
onverge to the slope 
orresponding to the relevantlength s
ale.In order to understand why a stati
 length 
ontributes to length s
ales derivedfrom the higher moments of the stru
ture fa
tor, even if it is very mu
h smallerthan the large length s
ale we are interested in, we will 
onsider R5 in detail.The advantage of R5 lies in the fa
t that it 
orresponds to pR? whi
h has a realspa
e representation. R� is de�ned in equation (3.6) in terms of a sum over the
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Figure 3.2: S
aling graph for test pattern of n�n squares with 
onstant interfa
e width of onelatti
e spa
ing for 256x256 system with t = 1=n for di�erent measures for length. Solid linesrepresent pR� (upper line) and RÆ; R# (lower lines).
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Figure 3.3: Same graph as Figure 3.2 but showing only RÆ, R# and R1 and also R25 and R�.
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aling behaviour 35derivatives of the order parameter. Therefore, the only 
ontributions 
ome fromthe interfa
e. It is 
lear then that the tensor should s
ale as the interfa
e length.The se
ond fa
tor to give the dimension of a (length s
ale)2 for R? has to be thewidth of the interfa
e. If we plot not R5 but R52 we see in Figure 3.3 that thegraphs now s
ale with the dynami
 length. If we were to examine the di�erentpowers of the interfa
e width 
ontained in the other length s
ales Rn we 
ould
ollapse all the s
aling graphs of Figure 3.2 onto one line.It is important to noti
e that the measures RÆ and R# are by 
onstru
tioninsensitive to the behaviour of the interfa
e width. Length s
ales that we use tomeasure the dynami
 length in our problem are RÆ,R#,R1 and R?.3.3 Testing the s
aling behaviourWe now examine the growth behaviour of spinodal de
omposition for a binarymixture in two dimensions using the free energy latti
e Boltzmann approa
hdis
ussed in the last 
hapter. We use R1; RÆ; and R# to measure the dynami
length s
ale and show real spa
e pi
tures to illustrate our �ndings. We show thatthe numeri
al data are 
onsistent with a R � t 13 s
aling law in the limit of anin�nite vis
osity. Numeri
al eviden
e shows, however, that the widely reporteds
aling law for spinodal de
omposition in two dimensions R � t 23 is not exa
t.While the frequently examinedmeasures of the length s
ale R1 and also the lengths
ale RÆ show exa
tly this s
aling law the length s
ale that is derived from thenumber of domains R# follows a di�erent growth law. This is due to the fa
t that
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Figure 3.4: S
aling graph for 256x256 system for length s
ales R1 (�), RÆ (4) and R# (?).Parameters are � = 2, � = 0:002, �f = 400,�df = 1.the hydrodynami
 e�e
ts whi
h lead to an a

eleration of the growth of RÆ � t 23do not a�e
t the merging of domains in the same way. We will also show thatwithin the region where RÆ � R1 � t 23 there exists a transition in the stru
tureof the spinodal pattern for small vis
osities where 
apillary waves are enhan
edby the self-indu
ed 
ow. All simulations are done with initial 
onditions u = 0,n = 2 and ' = 0:02� where � is a uniformly distributed random number in theinterval between �1 and 1.In Figure 3.4 we show the s
aling behaviour of a system with extremely highvis
osity so that hydrodynami
s be
omes unimportant. Therefore, the systemnow resembles a model B system in the language of 
riti
al phenomena. The
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time=843 time=1896

time=4266 time=9598

time=21595 time=48588Figure 3.5: Real spa
e pi
ture for the evolution of a 256x256 system with parameters � = 2,� = 0:002, �f = 400 and �df = 1.
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time=843 X66 Y64 time=1896 X86 Y86

time=4266 X112 Y112 time=9598 X148 Y146

time=21595 X194 Y192 time=48588 X256 Y254Figure 3.6: Real spa
e pi
ture for the system shown in Figure 3.5 where only a 
ut-out regionwith length of the side given by L = 256(t=tend) 13 is shown. We see that the evolution is
onsistent with s
aling.
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Figure 3.7: S
aling graph for 256x256 system for length s
ales R1 (�), RÆ (4) and R# (?).Parameters are � = 2, � = 0:002, �f = 1 and �df = 1.measures of length R1 and RÆ show very 
learly a t 13 growth law. The R# measurealso shows a 
lear R# � t 13 behaviour for small times, but for late times thestatisti
 be
omes poor with only eight white and four bla
k domains left fort=48588. The pi
ture is thus 
onsistent with the usual s
aling hypothesis withR � t 13 for a model B system. In Figure 3.5 the real spa
e pattern of thissystem is shown. The 
oarsening of domains 
an 
learly be seen. To illustratethe s
aling hypothesis we have shown details of the 
ontour plots enlarged bya fa
tor of (tend=t) 13 in Figure 3.6. The pi
tures show statisti
ally equivalentpatterns, indi
ating the stru
ture of the universal s
aling state.For intermediate vis
osities, whi
h we take to be vis
osities that are small
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time=1264 time=2844

time=4266 time=6399

time=9598 time=14397Figure 3.8: Real spa
e pi
ture for the evolution of a 256x256 system with parameters � = 2,� = 0:002, �f = 1 and �df = 1.
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time=1264 X100 Y100 time=2844 X172 Y172

time=4266 X226 Y226 time=6399 X298 Y296

time=9598 X390 Y388 time=14397 X512 Y510Figure 3.9: Real spa
e pi
ture for the system shown in Figure3.8 where only a 
ut-out regionwith length of the side given by L = 256(t=tend) 23 is shown. We see a small in
rease of thenumber of domains for late times.



3.3. Testing the s
aling behaviour 42enough to allow for the development of 
ow, but also large enough to dampout 
apillary waves, we observe the well-known growth law with exponent 23 forthe length s
ales R1 and RÆ. The growth law for R#, however, 
rosses over toR# � t 13 . The s
aling graphs are shown in Figure 3.7. This means that thenumber of domains de
reases slower than it would if the system was in a s
alingstate. This is seen in the s
aled details shown in Figure 3.9 for the time evolutionof a system with medium vis
osity. The number of domains in
reases in timeand the stru
ture does not 
orrespond to a s
aling state. The physi
al reason forthis lies in the fa
t that in two dimensions a spinodal de
omposition stru
ture
annot be bi-
ontinuous for topologi
al reasons. Therefore, a large number ofdomains exist that 
an deform by a surfa
e tension driven 
ow. We observe thatthe indu
ed 
ow does not in
rease the growth exponent for R# and, therefore,the 
oales
en
e rate of domains. While the interfa
e 
urvature of the domainsis rapidly de
reased with the help of the 
ow the number of domains in
reasesnot mu
h faster than without the 
ow. This leads to an in
reasing number ofisolated 
ir
ular domains within larger domains. These isolated 
ir
ular domains
an now only 
hange by di�usion or by 
oales
en
e. For both of these me
hanismsa growth law of R � t 13 has been predi
ted and observed.Therefore, we observe a 
hange in the stru
ture of the spinodal de
ompositionpattern towards a stru
ture that 
onsists of large, deformed domains that givethe largest length in the system Rmax and a growing hierar
hy of domains withindomains 
ontained therein on smaller length s
ales. The smaller the domains themore 
ir
ular they be
ome and the gradients of the 
ow �eld that 
ould enhan
e
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aling behaviour 43the 
oales
en
e pro
ess in this region vanish sin
e the surfa
e tension 
annotdrive lo
al 
ow in this region anymore. The vanishing of the 
ir
ular domains,therefore, has to be a slower pro
ess than the 
reation of 
ir
ular domains onlarger length s
ales via the hydrodynami
 me
hanism. As a result, the depth ofthe hierar
hy of 
ir
ular domains within 
ir
ular domains has to in
rease withtime as the evolution progresses.The stru
tural 
hange in the system is not heralded by a 
hange in the growthlaw for the measures of length s
ale R1 and RÆ. That is probably the reason whythis phenomenon has, to the best of my knowledge, not been des
ribed beforeand s
aling has been assumed [42℄. The reason lies in the fa
t that R1 hasbeen 
onstru
ted only to measure the largest non vanishing 
ontribution to thestru
ture fa
tor in order not to pi
k up 
ontributions from the 
onstant interfa
ewidth. So only the largest domain stru
ture that 
ontinues to grow via thehydrodynami
 me
hanism 
ontributes to the growth law for R1. The measureRÆ is derived from the interfa
e length. Therefore, in the beginning when theproportion of the interfa
e length of the 
ir
ular domains is small, 
ompared tothe total interfa
e length, RÆ is not sensitive to the stru
tural 
hange. For largetimes one 
an just about see a de
rease in the growth of RÆ in Figure 3.7.The measure R#, on the other hand, relies on 
ounting the domains. There-fore, the 
ontributions of many small domains dominate the 
ontribution fromthe few large ones. The small domains, however, only grow via di�usion and 
o-ales
en
e. This stresses the importan
e of R# as a very good measure of the �nestru
ture of the system that is nevertheless independent of the interfa
e width.



3.3. Testing the s
aling behaviour 44I thank Professor Cardy for pointing out that there exist s
aling systems inwhi
h the measure based on the number of domains does not s
ale1. A bettermeasure 
ould be derived from the number of domains with a size larger thana 
ertain per
entage of the domain size. In our system, however, even su
h ameasure would not s
ale. If we inspe
t Figure 3.9 we see that the number ofdomains larger than say 1/4 of the typi
al domain width in
reases with time.Another way of testing the violation of s
aling would be to plot the 
ir
ularlyaveraged stru
ture fa
tor in the s
aling form R(t)�2S(k) against kR(t), whereR(t) is the largest length s
ale (whi
h 
ould be taken as R1). Then s
alingviolations would appear as a breaking away from a universal 
urve at some kL,providing the break point o

urs at some �xed kL, or even a de
reasing kL, astime in
reases. If, however, the break point is pushed to larger kL at later times,the eviden
e for s
aling violations would be weaker.For even lower vis
osities a transition o

urs when the damping of 
apillarywaves be
omes so small that the energy of the 
ow, due to the surfa
e tension,
auses 
apillary waves on the interfa
es. The os
illations rea
h the size of thedomain thi
kness leading to a rupturing and 
olliding of domains that slows thedomain growth. The surfa
e tension a

elerates the interfa
es towards a 
onstant
urvature, but the vis
osity is so small that the relaxation pro
ess of the interfa
eovershoots. This overshooting pro
ess makes it diÆ
ult for the energy stored inthe interfa
e to dissipate. This leads to 
ompli
ated 
ow patterns that eÆ
iently1An example for this are per
olation 
lusters near the per
olation threshold. For this problemthe 
urve in Figure 3.7 would a
tually be asymptoti
ally 
at. Yet no-one would 
laim that thisproblem violates s
aling.
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Figure 3.10: S
aling graph for 1024x1024 system for length s
ales R1 (�), RÆ (4) and R# (?).Parameters are � = 2, � = 0:002, �f = 0:56 and �df = 1.enhan
e the 
ollision of droplets so that the growth law for the length R# derivedfrom the number of droplets is 
hanged fromR# � t 13 to R#t 12 , as shown in Figure3.10. The growth law for the two other measures is un
hanged: R1 � RÆ � t 23 ,although the multiplying fa
tor is redu
ed for lower vis
osities. The patterns
an only grow at a rate at whi
h the kineti
 energy is dissipated, allowing largerdomains to form.The real spa
e pi
tures of the spinodal de
omposition patterns in Figure 3.11do look very di�erent from usual spinodal de
omposition pi
tures. The domainsare rugged be
ause of the massive 
apillary waves on the interfa
es. Comparedto the medium vis
osity pi
tures the number of isolated 
ir
ular domains grows
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time=843 time=1264

time=1896 time=2844

time=4266 time=6399Figure 3.11: Real spa
e pi
ture for the evolution of a 1024x1024 system with parameters � = 2,� = 0:002, �f = 0:56 and �df = 1.
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time=843 X264 Y264 time=1264 X346 Y346

time=1896 X454 Y454 time=2844 X596 Y594

time=4266 X780 Y778 time=6399 X1024 Y1022Figure 3.12: Real spa
e pi
ture for the system shown in Figure 3.11 where only a 
ut-out regionwith length of the side given by L = 1024(t=tend) 23 is shown. We see a small in
rease of thenumber of domains for late times.
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h less rapidly. An in
rease of these 
ir
ular domains, however, is still 
learlyvisible in the s
aling pi
ture Figure 3.12 in a

ordan
e with the di�eren
e of thegrowth laws of RÆ and R#.An interesting open question is the behaviour of the spinodal de
ompositionpatterns in the limit of a vanishing vis
osity or an in�nite surfa
e tension. Inthese 
ases the hydrodynami
 pro
esses 
annot lead to domain growth be
ausethe energy stored in the 
ow �eld will rupture and deform the domains so thatonly di�usive 
ontributions are possible. It is also possible that in this limitdomain growth does not o

ur at all.3.4 SummaryGuided by the question how s
aling states for dynami
 phase ordering phenomenadi�er for di�erent growth regimes we were led to the 
on
lusion that no s
alingstates exist for hydrodynami
ally 
oarsening binary mixtures in two dimensions.While the ordering phenomena without hydrodynami
s lead to a s
aling state,the hydrodynami
 ordering for intermediate vis
osities produ
es a ri
h stru
tureof a growing hierar
hy of 
ir
ular drops within the deformed domains on thelargest length s
ale.For small vis
osities the 
oarsening me
hanism ex
ites 
apillary waves thatslow down the growth pro
ess. The 
apillary waves 
ause dynami
, irregulardomains that enhan
e the 
ollisions of drops within the domains with the domainwalls and, therefore, partially 
leaning the large domains of their in
luded drops.



3.4. Summary 49We will see a similar pro
ess taking pla
e for spinodal de
omposition under shear
ow (see Figure 5.7 and dis
ussion in text).We were able to quantify our �ndings with the help of a new measure for alength s
ale derived from the number of drops. It has the advantage of beingsensitive to small s
ale stru
ture. Fourier methods that resolve smaller length
annot distinguish between the small s
ale stru
ture and the interfa
e width,whi
h is a 
onstant length and therefore is not expe
ted to s
ale.



Chapter 4Double phase transitionIn this short 
hapter we report a �rst su

essful simulation of the phenomenonof double phase separation, �rst identi�ed by Tanaka [60℄ in 1994.Normally in spinodal de
omposition, nu
leation of the domains is followed bytheir growth. In experiments, however, a se
ond round of phase nu
leation issometimes observed in the phase-ordering domains. This phenomenon was �rstdes
ribed by Tanaka [60℄ in the quasi two-dimensional geometry of a binary mix-ture 
on�ned in a narrow gap between two plates. In his paper he dis
usses severalpossible explanations, in
luding three-dimensional ones su
h as wall e�e
ts, but
learly favours a purely two-dimensional explanation.This explanation rests on the assumption of an unusually strong hydrody-nami
 or a very long di�usive time s
ale. Consider a near symmetri
 quen
h ofa low-vis
osity binary mixture where the hydrodynami
 phase ordering pro
essis mu
h faster than the di�usive phase ordering pro
ess. Then, in the spinodal50
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omposition, the hydrodynami
 phase ordering 
an start to a
t long before thedi�usion establishes domains of near-equilibrium 
on
entrations. This happensbe
ause the surfa
e tension of the interfa
es 
an indu
e a 
ow that orders thedomains even before they are fully developed.This results in large domains with order parameters that are still far from theequilibrium 
on
entrations 
orresponding to the quen
h temperature. Indeed,the order parameter in the large domains 
an be so far from the equilibriumvalue that a se
ond phase separation, analogous to a nu
leation for an o�-
riti
alquen
h at this 
on
entration, o

urs. Tanaka 
alled this pro
ess an interfa
equen
h. It is not surprising that this very slow nu
leation pro
ess is possible,when one re
alls that single 
ir
ular bubbles are very stable within a domainundergoing hydrodynami
 
oarsening as shown in the last 
hapter for spinodalde
omposition with an intermediate vis
osity.While this explanation is very plausible no one had been able to reprodu
e thephenomenon in a simulation. Earlier work of Shinozake and Oono [54℄ did showthat it is possible for a hydrodynami
 system not to rea
h the �nal equillibriumvalue for the order parameter before phase ordering started, but a se
ond phasetransition was not observed.The latti
e Boltzmann method has the advantage of being able to a

ess alarge range of di�erent values for the hydrodynami
 and di�usive time s
ales.In order to observe the interfa
e quen
h we 
ombine an intermediate vis
osity(�f = 0:65) with a very low mobility � = 0:001 (i.e., a lower vis
osity would leadto 
apillary waves that would 
ause many nu
leation sites to re
ombine at the



CHAPTER 4. DOUBLE PHASE TRANSITION 52
time=14397 time=21595

time=32392 time=48588Figure 4.1: Double phase separation after spinodal de
omposition of a 250x250 system withparameters � = 0:001, � = 0:002, �f = 0:65 and �df = 1.
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Figure 4.2: S
aling graph of length s
ales RÆ (4) and R# (?) for system of Figure 4.1.interfa
e of the large domains). The other parameters are the same as in the last
hapter. The e�e
t of the low mobility is to de
rease the di�usion by a fa
tor of1/200 in 
omparison to the simulations in the last 
hapter.The results of the simulations are shown in Figure 4.1. The double phaseseparation 
aused by the interfa
e quen
h is 
learly seen in the snapshots of thede
omposition pattern. We �rst note that the phase separation is mu
h slowerbe
ause of the low mobility. Until a time earlier than about 9000 the phaseseparation pattern is similar to a pattern for a spinodal de
omposition with amedium vis
osity. At time 21595 we see a nu
leation of new drops in the largedomains. By the time 32392 the nu
leation is almost 
omplete, while the phaseordering pro
ess has transformed almost all domains into 
ompa
t shapes. At thelatest time the nu
leation is over and even the newly nu
leated drops have started
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oarsen via 
oales
en
e and di�usion. This 
an also be seen in the s
aling plotfor RÆ and R# in Figure 4.2. Espe
iallyR#, depending on the number of domains,is a very sensitive measure for the nu
leation of new domains.It may seem surprising that we have been able to observe nu
leation in a latti
eBoltzmann simulation without noise. This is only possible be
ause the domains,
oarsening via the hydrodynami
 mode, already 
ontain the 
u
tuations that arethe seeds for the nu
leation. These are only growing very slowly via the di�usivemode. Note the strong similarity between our simulation and the pi
tures ofexperiments in [60℄. We have re
ently re
eived a preprint by Tanaka and Araki[61℄ where they perform a �nite di�eren
e simulation (with noise) of a Langevinformalism of model H. There they su

eeded in produ
ing numeri
al eviden
e ofa se
ond round of nu
leation.In 
on
lusion, we want to emphasize the 
exibility of our latti
e Boltzmannapproa
h, whi
h allows us to simulate with ease even su
h extreme situations asTanaka's interfa
e quen
h me
hanism.



Chapter 5Spinodal de
omposition undershearIn this 
hapter we examine the e�e
ts of an imposed shear 
ow on a systemundergoing spinodal de
omposition. Su
h systems have re
eived mu
h interest inthe re
ent past[38, 30, 17, 32℄.In 1988 Chan, Perrot and Beysens [6℄ performed an experiment in whi
h theyexamined a high vis
osity polymer mixture undergoing spinodal de
ompositionunder shear 
ow. They found that a very large shear rate 
an prevent the phaseseparation pro
ess. At a smaller shear rate their system does phase separateand after an initial time the domains deform. The angle of the orientation ofthe domains with the shear dire
tion de
reases from an initial 45Æ to 0Æ for largetimes.In 1990 Ohta and Nozaki [43℄ performed a two-dimensional 
omputer simula-55



CHAPTER 5. SPINODAL DECOMPOSITION UNDER SHEAR 56tion of domain growth under shear 
ow starting from a phase separated 
on�gu-ration. The simulations were performed using the 
ell dynami
 approa
h, a modelthat simulates phase separation but does not in
lude hydrodynami
s. They ob-served stret
hing and breaking of domains followed by 
olliding and merging ofdomains.In the same year Rothman [51℄ used a latti
e gas model to investigate atwo-dimensional binary mixture in a V-shaped shear 
ow. This model has theadvantage of 
ombining the phase separation with hydrodynami
s. He reports anin
rease in the overall vis
osity for low shear rate (shear thi
kening) where theinterfa
es are stret
hed by the shear 
ow and a de
rease in the overall vis
osity athigher shear rates as the domains are breaking earlier (shear thinning). In 1995Olson and Rothman [38℄ introdu
ed a three-dimensional version of the model andimproved their shear boundaries to implement Lees-Edwards boundary 
onditionswhi
h are explained in detail below.The shear thi
kening and shear thinning phenomena were observed in an ex-periment by L�auger [32℄, who also reports s
aling of the deformation for di�erentshear rates. In the same year Hashimoto et al. [23℄ showed that domains in spin-odal de
omposition 
an be elongated into extremely long stripes under strongshear 
ow. The shear 
ow stabilizes the string against their intrinsi
 surfa
e ten-sion instabilities. Many more re
ent results are summarized in a re
ent review ofOnuki [39℄ and referen
es therein.In this 
hapter we examine the e�e
ts of simple shear 
ow on the spinodalde
omposition of a binary mixture. We introdu
e di�erent ways to implement
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onditions 57a simple shear 
ow in a Latti
e Boltzmann s
heme. Be
ause shear 
ow deformsthe domains we generalize the measures of length introdu
ed in the last 
hapter.The new measures give two length s
ales and the orientation of the non-isotropi
pattern. With these measures we examine the e�e
t of internal hydrodynami
son the sheared pattern and �nd di�erent behaviour for high and intermediatevis
osities.The two-dimensional equivalent of the strings observed by Hashimoto et al.[23℄ are stripes that are stabilized by the shear 
ow. We examine the e�e
t of shear
ow on su
h stripes and explain os
illations of stripes, observed in simulations.In the 
on
lusions we point out some unexplored problems and suggest furtherimprovements on the algorithm.5.1 Shear boundary 
onditionsPossibly the easiest way to introdu
e shear 
ow in a Latti
e Boltzmann simulationis to in
lude moving walls in a latti
e dire
tion. Even for a neutral wall withneutral wetting, however, phase separation is strongly enhan
ed at the walls andthe wall e�e
ts easily dominate the phase separation pro
ess for all but the largestsystems. The e�e
t of walls on the phase separation is an interesting phenomenonin its own right, but it is not the problem we are interested in studying here.We 
an over
ome the problem 
aused by walls in a relatively simple and eÆ-
ient manner by introdu
ing a Klein-bottle symmetry to the latti
e. To simulateshear 
ow the mixture is then for
ed along one line in the dire
tion of the shear
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x+utFigure 5.1: S
hemati
 representation of a Lee Edwards boundary 
ondition for a latti
e Boltz-mann method. The System is periodi
 in x-dire
tion and is 
onne
ted by a Galilean transfor-mation in the y-dire
tion. This leads to a time dependent o�-latti
e periodi
ity and a need totransform the densities in velo
ity spa
e.
ow to have a given velo
ity 
omponent in this dire
tion. In a one-
omponentmixture this indu
es a linear velo
ity pro�le. For a two-
omponent mixture,however, there are non-lo
al intera
tions and the dynami
s is in
uen
ed by thev-shaped velo
ity pro�le at the for
ing line. We used this algorithm to produ
epreliminary results but it has no advantages over the method derived below.Therefore, these results are not presented here.To produ
e a more regular shear 
ow we 
an build on the ideas of Lee andEdwards to 
onstru
t the equivalent of Lee-Edwards boundary 
onditions, widelyused in Mole
ular Dynami
s [33℄, to the latti
e Boltzmann simulations. Let us�rst review the ideas of Lee and Edwards. To simulate shear boundary 
ondi-tions, for a shear in x-dire
tion, in a simulation box of dimensions (Lx; Ly) they



5.1. Shear boundary 
onditions 59introdu
e periodi
 boundary 
onditions for the walls in y-dire
tion. Parti
les thatleave the box at the lower boundary at position (x; y = 0) reappear at the upperboundary at position (x+ ut(modX); y = Y ) with a velo
ity that is 
hanged byv ! v + u.To implement this idea for latti
e Boltzmann simulations we are fa
ed withtwo diÆ
ulties. Firstly the densities are de�ned on a latti
e and the boundary
onditions lead to densities de�ned between the latti
e points. Se
ondly we needto de�ne a Galilean transformation for the densities whi
h are streamed a
rossthe latti
e.The non-�tting of the latti
e is relevant for both the streaming and the 
al
u-lation of derivatives at y = 0 and y = Ly � 1. We solve this problem by a linearinterpolation s
heme. For any density we de�nef [x; y = �1℄ = (1�R(ut))f [x+I(ut); y = Y �1℄+R(ut)f [x+I(ut)+1; y = Y �1℄(5.1)where I(x) is the largest integer with I(x) < x and R(x) = x� I(x). If we passthe break in the latti
e from the other side we de�ne similarlyf [x; y = Y ℄ = (1�R(ut))f [x�I(ut); y = Y ℄+R(ut)f [x�I(ut)�1; y = Y ℄: (5.2)These formulae are used both for the streaming of the Galilean-transformed Boltz-mann densities fi and for the 
al
ulation of density gradients.It is rather more diÆ
ult to see how a Galilean transformation should bede�ned. Let us 
onsider the spe
ial 
ase of a nine-velo
ity model where the ve-lo
ities are numbered as indi
ated in Figure 5.1. We need to perform a Galilean



5.1. Shear boundary 
onditions 60transformation on the ff5; f2; f6g and the ff7; f4; f8g velo
ities. To de�ne thetransformation we demand mass 
onservation, an appropriate 
hange in momen-tum and a 
onservation of the lo
al pressure. For the density this impliesn = f5 + f2 + f6 = f 05 + f 02 + f 06 (5.3)and for the x-momentumux = f5 � f6n = f 05 � f 06n � u = u0x � u: (5.4)where the prime denotes the transformed quantities. For the pressure we requirePxx = X fin2 (nvix � nux)= 1n2 (f5(n � ux)2 + f2(nux)2 + f6(�n� nux)2= 1n2 (f 05(n � u0x)2 + f 02(nu0x)2 + f 06(�n� nu0x)2: (5.5)This system of equations 
an be solved to give a unique solution for the Galilean-transformed densities f 0if 02 = f2 + 2(f5 � f6)u� nu2 (5.6)f 05 = f5 + (�32f5 � 12f2 + 12f6)u+ n2u2 (5.7)f 06 = f6 + (�12f5 + 12f2 + 32f6)u+ n2 u2: (5.8)In order for this transformation to make sense we need to make sure that equation(5.4) is 
onsistent with the de�nition of the equilibrium distribution. We willnow show that this is indeed not the 
ase for any equilibrium distribution that is
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onditions 61de�ned as a polynomial in se
ond order in u. A generi
 expansion isf0i = A+Bu�vi� + Cu2 +Du�u�vi�vi� +G��vi�vi�: (5.9)Again de�ning n = f5 + f2 + f6 it follows thatf5 � f6n = 2B + 4Duy3A+ 3Buy + 3Cu2 + 3Du2y + 2Du2x + 3Gyy + 2Gxxux+4nGxy 6= ux+P;(5.10)where P is a velo
ity-independent term. The equilibrium distributions do nottransform under the Galilean transformation. In pra
ti
e this leads to a step inthe ux pro�le at the boundary.There is, however, no a priori reason to use a se
ond-order expansion in thevelo
ity for the equilibrium distribution. All that is needed for a valid equilibriumdistribution are the 
onservation laws and the symmetry of the latti
e. We willdemand the usual 
onservation laws for the densitiesXi f0i = Xi fi = n; (5.11)Xi f0i vi = Xi fivi = nu; (5.12)Xi f0i vi�vi� = nT�� + nu�u�; (5.13)plus a set of additional 
onstraints that ensure 
onsisten
y of the Galilean trans-formation for the velo
ity f01 � f03f01 + f00 + f03 = ux; (5.14)f02 � f04f02 + f00 + f04 = uy (5.15)



5.1. Shear boundary 
onditions 62and the pressure f05 + f06 � (f05 + f06 + f02 )(Txx + uxux) = 0; (5.16)f05 + f08 � (f05 + f08 + f01 )(Tyy + uyuy) = 0; (5.17)f08 + f07 � (f08 + f07 + f04 )(Txx + uxux) = 0; (5.18)f06 + f07 � (f06 + f07 + f03 )(Tyy + uyuy) = 0: (5.19)(5.11)-(5.19) are a 
ompletely determined set of equations with the solutionf00 = n(1 � Txx � u2x)(1� Tyy � u2y);f01 = n=2(Txx + ux + u2x)(1 � Tyy � u2y);f02 = n=2(Tyy + uy + u2y)(1 � Txx � u2x);f03 = n=2(Txx � ux + u2x)(1� Tyy � u2y);f04 = n=2(Tyy � uy + u2y)(1 � Txx � u2x);f05 = n=4(Txy + TxxTyy + Tyy(ux + u2x) + Txx(uy + u2y) + uxuy(1 + ux + uy + uxuy));f06 = n=4(�Txy + TxxTyy + Tyy(�ux + u2x) + Txx(uy + u2y)� uxuy(1 � ux + uy � uxuy));f07 = n=4(Txy + TxxTyy + Tyy(�ux + u2x) + Txx(�uy + u2y) + uxuy(1 � ux � uy + uxuy));f08 = n=4(�Txy + TxxTyy + Tyy(ux + u2x) + Txx(�uy + u2y)� uxuy(1 + ux � uy � uxuy)):For this equilibrium distribution we now getf05 � f06f05 + f02 + f06 = ux + TxyTyy + uy + u2y ; (5.20)whi
h is 
onsistent with the Galilean transformation. The additional term in thevelo
ity is due to the 
onstraint of lo
al momentum 
onservation so that the massand momentum transfer have to be 
oupled.



5.1. Shear boundary 
onditions 63For a two-
omponent system we need a similar set of extra 
onditions for theequilibrium distribution of the density di�eren
e. The usual 
onditions are:Xi g0i = Xi gi = ' (5.21)Xi g0i vi� = Xi givi� = 'u� (5.22)Xi g0i vi�vi� = G�(n;';r';r2')Æ�� + 'u�u�: (5.23)They are of the same stru
ture as the equations (5.11,5.12,5.13) if we repla
enT�� with G�Æ��. The important di�eren
e is that nT�� is linear in n whereas G�Æ�� is not linear in ' and in parti
ular 
an take a �nite value for ' = 0.This means that the equivalent equations for the g0i are singular as g ! 0. Fora pra
ti
al s
heme we have to avoid these singularities. We 
an still impose theadditional 
onstraints for the velo
ityf01 � f03f01 + f00 + f03 = ux; (5.24)f02 � f04f02 + f00 + f04 = uy (5.25)but we have to use a di�erent last 
onstraint to 
omplete the system of equations.Guided by the Orlandini result I imposeg0 = '� `G� � '(u2x + u2y); (5.26)where ` is a free parameter that 
an be used to improve stability (we 
hoose` = 1). Solving this set of equations for the gi we getg00 = '� `G�() � '(u2x + u2y); (5.27)
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onditions 64g01 = 1=2((` � 1� ux)G�() + (1 + ux � u2y)'ux); (5.28)g02 = 1=2((` � 1� uy)G�() + (1 + uy � u2x)'uy); (5.29)g03 = 1=2((` � 1 + ux)G�() � (1 � ux � u2y)'ux); (5.30)g04 = 1=2((` � 1 + uy)G�()� (1 � uy � u2x)'uy); (5.31)g05 = 1=4((2 � `+ ux + uy)G�() + (1 + ux + uy)'uxuy); (5.32)g06 = 1=4((2 � `� ux + uy)G�() � (1� ux + uy)'uxuy); (5.33)g07 = 1=4((2 � `� ux � uy)G�() + (1� ux � uy)'uxuy); (5.34)g08 = 1=4((2 � `+ ux � uy)G�() � (1 + ux � uy)'uxuy): (5.35)The ma
ros
opi
 equations determined by the Chapman-Enskog expansion areuna�e
ted by the 
hoi
e of the further 
onstraints (5.14) to (5.19) and (5.24) to(5.24) or the detailed stru
ture of the equilibrium distributions. Therefore, thesealterations in the model 
an 
hange the stability and the behaviour of quanti-ties like the spurious velo
ities, but they leave the evolution of the ma
ros
opi
quantities una�e
ted, at least to se
ond order in the derivatives. We only needto take 
are with the three-velo
ity moments. With our 
hoi
e for the ffig weget for these moments Xi f0i v3ix = nux;Xi f0i v2ixviy = uy(Pxx + nu2x);Xi f0i vixv2iy = ux(Pyy + nu2y);Xi f0i v3iy = nuy; (5.36)
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 patterns 65whi
h redu
es to (2.30) for Pxx = Pyy = n ex
ept for the third order terms in thevelo
ities. They 
an
el with the term in the third order of the velo
ities in (2.28),whi
h we had to negle
t in Chapter 2. Therefore, we re
over the Navier-Stokesequations as well for P = n or, using (2.36), T = 1.5.2 Measures for non-isotropi
 patternsTo measure the features of phase separation under shear it is ne
essary to 
on-stru
t measures to 
hara
terise the anisotropy of the sheared systems. Let us
onsider whi
h of the measures introdu
ed in Se
tion 3.2.1 
an be generalized togive information about non-isotropi
 patterns. All measures that are based onFourier Transforms 
annot be easily used for sheared systems be
ause the systemis no longer periodi
. In the 
ase of a Klein-Bottle topology, the latti
e 
an bedupli
ated to 
onstru
t a periodi
 latti
e, but the symmetry of this double systemprevents the determination of the orientation of the pattern.Measures derived from derivatives do not, however, su�er from this problem.Derivatives need to be evaluated for the algorithm and are readily available. We
an de�ne a tensor that will allow us to extra
t two length s
ales and an anglefrom the expression (
ompare (3.7))d�� = Px �D� '(x; t)�D� '(x; t)Px '2(x; t) ; (5.37)where �D� is the symmetri
 dis
rete derivative in dire
tion �. Be
ause the matrixis symmetri
 it 
an be diagonalised to give two eigenvalues �1; �2 and an angle
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 patterns 66�?: �1 = dxx + dyy2 +s(dxx � dyy)24 + d2xy (5.38)�2 = dxx + dyy2 +s(dxx � dyy)24 + d2xy (5.39)�? = tan�1  dyydxy � �2! : (5.40)The two eigenvalues give us two orthogonal length s
alesR?1(t) = Lw�1(t) (5.41)R?2(t) = Lw�2(t) ; (5.42)where Lw is the interfa
e width (see detailed dis
ussion of the e�e
t of the interfa
ewidth in Se
tion 3.2.1). Lw 
ould in prin
iple be anisotropi
. That this is not astrong e�e
t 
an be seen by 
omparing these length s
ales with length s
ales thatare expli
itly independent of the interfa
e width. One su
h measure is introdu
edin the next paragraph. The 
omparison (see e.g. Figures 5.4 and 5.6) shows verylittle deviation of the two measures.We 
an generalize the measure 
onne
ted to the length of the interfa
e to anon-isotropi
 measure. The interfa
e 
an be represented by a set of 
ontours.These 
ontours 
onsist of small line segments ~li. So the length of the interfa
e isLI =Xi j~lij: (5.43)In order to extra
t the preferred dire
tion of the interfa
e we de�ne the ve
tor~D = R�1  Xi R(~li)! (5.44)
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os(2�)sin(2�) 1CA (5.45)and �Æ = 
os�1  ~1x:~xj~xj ! ; (5.46)i.e., the ve
tor is rotated to have twi
e the angle with the x-axis.The quantity ~D is a ve
tor that is zero for isotropi
 obje
ts and points inthe averaged dire
tion of their interfa
e for non-symmetri
 obje
ts. One 
ande�ne two length s
ales and an angle from these measures that 
orrespond to theintuitive result for oriented re
tangular obje
ts. We de�neRÆ1 = LxLyLI + j ~Dj (5.47)RÆ2 = LxLyLI � j ~Dj (5.48)� = 
os�10�~1x: ~Dj ~Dj 1A : (5.49)So now we have two independent measures for the stru
ture of non-isotropi
patterns that we will use to examine the spinodal de
omposition under shear.5.3 Simulation resultsShear 
ow applied to a system undergoing spinodal de
omposition stret
hes theoriginal pattern. This e�e
t is only relevant if the deformation 
aused by the
ow is of the same order or larger than the deformation 
aused by the 
oarsening
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time=2844 X512 Y510Figure 5.2: Shear without internal dynami
s with shear rate _
 = 1 for times t =0; 1; 2; 3; 4; 5;6 and10.pro
ess. This requires _
t > 1: (5.50)We therefore expe
t that we 
an observe the e�e
t of the shear 
ow for t > 1= _
.To understand the e�e
t of shear-
ow on a phase separating system let us�rst 
onsider a pattern without any internal dynami
 that undergoes a sheartransformation. The shear transformation is de�ned as0B� xy 1CA = 0B� x+ _
tyy 1CA ; (5.51)and des
ribes the e�e
t of a simple shear 
ow on a system. The e�e
t of thistransformation is illustrated in Figure 5.2 where we start with a spinodal de
om-position pattern and show su

essive iterations of the shear transformation with_
 = 1. The stru
ture develops an orientation that slowly aligns with the shear



5.3. Simulation results 69
time=250

time=375

time=562

time=843

time=1264

time=1896

time=2844

time=4266

time=6399

time=9598

time=14397

time=21595Figure 5.3: High vis
osity spinodal de
omposition pattern in a strongly sheared system ( _
 =0:004; Lx = 256; Ly = 128; �f = 100, other parameters as in Figure 3.8).
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ales R?1;2 (?); RÆ1;2 (Æ) and the s
aling graph of lengthRÆ (Æ); R1 (�); R? (?) and R# in a strongly sheared system ( _
 = 0:004; Lx = 256; Ly =128; �f = 100, other parameters as in Figure 3.8).dire
tion while the stret
hing in
reases the length of the stru
ture and de
reasesits width. On
e the width of the domains is smaller than the original width ofthe interfa
e the system is e�e
tively a homogeneous mixture.This e�e
t is known as shear-indu
ed mixing and 
an be observed in oursystem if the stret
hing e�e
t of the shear 
ow is mu
h faster than the growthof the domains via di�usion. Numeri
ally this 
an be a
hieved by 
hoosing a



5.3. Simulation results 71very low mobility �. Phase separation is now suppressed be
ause of the mixingproperties of the shear 
ow unless the phase separating stru
ture is aligned withthe shear dire
tion. For �nite latti
es we observe at mu
h later times a nu
leationof 
omplete stripes that span the system and are periodi
 in the shear dire
tion.The time required to form these stripes depends on the system size and it seemsreasonable to assume that this phenomenon does not o

ur in in�nite systems. Ithas been des
ribed as a shift in the e�e
tive 
riti
al temperature T eff
 ( _
)[39, 11℄.We now 
onsider systems with hydrodynami
 and di�usive modes. The in-ternal dynami
s that lead to domain 
oarsening 
an also prevent a 
ompletemixing of the system. Figure 5.3 shows the spinodal de
omposition pattern ofa high-vis
osity binary mixture. The internal hydrodynami
 degrees of freedom
an be negle
ted in 
omparison with the di�usive dynami
s. For very shorttimes (t < 300) we observe the familiar spinodal de
omposition pattern. It is,however, 
oarsening in a new way via shear 
ow-indu
ed 
ollisions of the do-mains. This pro
ess enhan
es domains oriented in the 
ollision dire
tion. Thenfor 300 < t < 1000 the 
ow slowly turns the striped pattern and stret
hes it. Fort � 1000 the rupturing of domains starts to be important and for 1000 < 15000there is a 
ontinuous stret
hing and rupturing that e�e
tively stops the phaseordering pro
ess. For t > 15000 the system has developed stripes that span thesystem. Be
ause periodi
 stripes are una�e
ted by the shear 
ow if they are
ompletely aligned the system 
an now grow via the di�usion me
hanism.This evolution 
an be followed more quantitatively by measuring the orien-tation angle � and the non-isotropi
 length s
ales shown in Figure 5.4. The �rst
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time=250

time=375

time=562

time=843

time=1264

time=1896

time=2844

time=4266

time=6399

time=9598

time=14397

time=21595Figure 5.5: Intermediate vis
osity spinodal de
omposition pattern in a strongly sheared system( _
 = 0:004; Lx = 256; Ly = 128; �f = 1, other parameters as in Figure 5.3).
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ales R?1;2 (?); RÆ1;2 (Æ) and the s
aling graph of lengthRÆ (Æ); R1 (�); R? (?),and R# in a strongly sheared system ( _
 = 0:004; Lx = 256; Ly =128; �f = 1, other parameters as in Figure 3.8).�gure shows the angle as measured by �? (eqn. 5.40) and �Æ (eqn. 5.49). Wesee that the two di�erent measures for the orientation agree very well. The angleos
illates at very early times (t < 2000) and then slowly aligns with the dire
tionof the shear 
ow as periodi
 stripes are 
reated.The se
ond graph in Figure 5.6 shows the length-s
ales R?1;2 de�ned in equa-tions (5.41,5.42) and the length s
ales RÆ1;2 de�ned in equations (5.47,5.48). We



5.3. Simulation results 74very 
learly see a separation of length s
ales and a good agreement of the twodi�erent measures. A minimum of the larger length s
ale at t � 17000 indi
atesthe 
reation of periodi
 stripes stret
hing the system. After this time the growthof domains is no longer hindered by the 
ontinual breaking of stret
hed domains.The third graph shows the s
aling of the 
ir
ularly averagedmeasures of lengththat we used to 
hara
terise spinodal de
omposition patterns in the isotropi
 
asein Chapter 3 (equations (3.5,3.8,3.9)) whi
h 
an be 
ompared to the results forisotropi
 phase separation (see Fig. 3.4, 3.7 and 3.10). We see that all themeasures indi
ate a freezing in the domain growth. The measure R1 is spe
ialin that it shows a 
lear peak at t � 7000 where there is an ordering of domainsorthogonal to the dire
tion of the shear. This feature only o

urs in the R1measure be
ause the interfa
e, important for measures RÆ and R?, is not straightand the number of domains, used to 
al
ulate R#, is una�e
ted. The behaviourof RÆ and R? is dominated by the small length s
ale be
auseRÆ = 21RÆ1 + 1RÆ2 (5.52)R? = 21R?1 + 1R?2 ; (5.53)so that the long-range order of the pattern is not dete
table in the s
aling plotof the isotropi
 length s
ales.Let us now 
onsider a system with a lower vis
osity that allows for a hydro-dynami
 response of the domains to the shear 
ow. In Figure 5.5 we see a systemwith an intermediate vis
osity in the sense introdu
ed in Chapter 3. It is imme-diately obvious that the pattern di�ers from that in Figure 5.3. The �nal state
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time=562 time=843 time=1264

time=1896 time=2844 time=4266

time=6399 time=9598 time=14397

time=21595 time=32392 time=48588Figure 5.7: Intermediate vis
osity spinodal de
omposition pattern in a weakly sheared system( _
 = 0:0001; Lx = Ly = 512; �f = 0:8, other parameters as in Figure 3.8) The shear 
ow isrelevant for t > 1= _
 = 10000.
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aling graph of lengthRÆ (Æ); R1 (�); R? (?),and R# in a weakly sheared system ( _
 = 0:0001; Lx = Ly = 512; �f =0:8, other parameters as in Figure 3.8).does not simply 
onsist of periodi
 stripes, but dynami
 stru
tures that are 
on-stantly stret
hed, broken and deformed by the 
ow so that the phase separation\freezes" in this 
omplex dynami
 state.The quantitative measures in Figure 5.6 show that after the early rotationof the orientation of the system the pattern 
onverges to a slightly 
u
tuatingorientation that is a �nite angle to the shear dire
tion. This phenomenon is similar
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time=250 time=375 time=562

time=843 time=1264 time=1896

time=2844 time=4266 time=6399

time=9598 time=14397 time=21595Figure 5.9: Spinodal de
omposition pattern in a sheared system ( _
 = 0:0005; �f = 1; Lx =Ly = 512, other parameters as in Figure 3.8). The shear 
ow be
omes relevant for timet > 1= _
 = 2000.
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ales R?1;2; RÆ1;2 and the s
aling graph of length RÆ; R1; R?; andR#in a sheared system ( _
 = 0:0005; Lx = Ly = 512; �f = 1, other parameters as in Figure 3.8).



5.3. Simulation results 79to the behaviour of a single drop in a shear 
ow that forms a �nite angle to theshear 
ow (see Chapter 6). In the graph of the non-isotropi
 length s
ales we
an again see the very 
lear distin
tion between the large and small length s
ales.Be
ause of the irregular stru
ture of the pattern and the fa
t that the system isso small that only a few domains are 
ontained in the system the length-s
alesos
illate strongly. The data suggest strongly that a state of dynami
 equilibriumis rea
hed where the typi
al domain size remains 
onstant.The s
aling graph in Figure 5.6 also shows that the growth pro
ess is stopped.Two small peaks in the R1 measure indi
ate intermediate states of higher spatialorder, similar to the peak in the s
aling graph of Figure 5.4.We have, so far, 
onsidered strong shear 
ow. Let us now 
onsider an examplewhere the shear 
ow is so small that the early time spinodal de
omposition isuna�e
ted by the 
ow. In a

ordan
e with equation (5.50) we de�ne early times ast < 1= _
. In Figure 5.7 the spinodal de
omposition under a shear with shear rate_
 = 0:0001 is shown for a system with intermediate vis
osity. For times t < 1= _
 =10000 we see the typi
al spinodal de
omposition pattern for intermediate vis
osityas des
ribed in Se
tion 3.3 (see Figure 3.8). After this time the stret
hing of thedomains dominates over the isotropi
 domain growth and the pattern be
omesnon-isotropi
. By t � 10000 the pattern 
omprises large-stripe like domainstogether with the nested pattern of drops within drops in the large domains(
ompare also Figure 3.8 for the result without shear 
ow). As the large domainsare stret
hed the drops inside them 
oales
e with the walls of the domains andslowly the stripes are 
leaned of the small in
luded drops.
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learly show up in the measurements given in Figure 5.8.After t > 10000 the orientation slowly 
onverges towards a tilting angle � � 7Æ,the long and short length s
ales split and the R? � RÆ � R1 � t 23 growth lawbreaks down. In the R# measure derived from the number of domains we see aslight in
rease from the normal growth law 
orresponding to the pro
ess of shear
leaning the stripes from drops.At a higher shear _
 = 0:0005 the shear 
ow be
omes important at the ear-lier time t = 1= _
 = 2000, and be
ause the phase separation pro
ess is not s
aleinvariant there are less small domains in the large stru
tures. It might be pos-sible, however, that the shear pattern re
overs a s
ale invariant stru
ture wherethe length s
ale is related to the shear rate. In order to address this question,simulations on a larger latti
e will be ne
essary. The te
hni
al problems relatedto this are dis
ussed in Se
tion 5.5.5.4 Instability of stripesIn 1995 Hashimoto et al. [23℄ observed experimentally that phase-separating
uids under shear 
an form a string phase. In this phase the shear 
ow stabilizesthe strings against their intrinsi
 surfa
e tension instabilities. For the numeri
alsimulation of spinodal de
omposition under shear in two dimensions one 
an oftenobserve the spontaneous formation of stripes, whi
h are similar to the string phasein three dimensions. In this se
tion we show that in our simulations shear 
ow
an indeed stabilize the striped pattern, and 
omment on the observed dynami
s
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Figure 5.11: The ne
king instability transformed by shear 
ow to the stable zig-zag mode.of striped pattern in spinodal de
omposition under shear.In the numeri
al simulation of spinodal de
omposition under shear one oftenobserves the spontaneous formation of stripes. These stripes 
an then be
omeunstable to os
illations and 
oales
e. This may lead to a formation of fewer,but wider, stripes that are stable. This phenomenon has not only been seen inour latti
e Boltzmann simulations, but also in latti
e gas simulations of binarymixtures [9℄. In order to understand this phenomenon we need to explain why astripe 
an be unstable, and given that it is unstable, why it 
an form in the �rstpla
e.The instability of stripes in two dimensions may seem surprising sin
e thesurfa
e tension always tends to straighten deformed interfa
es and a shear 
owalong the stripes should not lead to an instability orthogonal to this dire
tion. Inorder to explain the instability it is important to keep in mind that our interfa
esare extended and attra
t ea
h other. The intera
tion is strong only for stripesnot mu
h wider than the interfa
e width.The stability of one stripe in a binary mixture under shear 
ow has been
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ally by Fris
hkne
ht [15℄. The result of her analysis is thatshear 
ow tends to stabilize a single stripe. The attra
tion of the interfa
es tendsto produ
e ne
ks where the stripe breaks. In the presen
e of shear the two sidesof the ne
k are displa
ed by the 
ow so that the ne
k instability is transformedto the stable zig-zag mode. This is shown s
hemati
ally in Figure 5.11. In [15℄Fris
hkne
ht proved that a single domain will be
ome stable in a large enoughshear 
ow.In the presen
e of more than one stripe the situation is mu
hmore 
ompli
atedbe
ause the stripes intera
t via the 
ow �eld. An example of unstable stripes isshown in Figure 5.12. We initialised the system with eight stripes of the A andB ri
h phases. We also set up a 
ow �eld with small random disturban
es to a
tas a seed for the instability. We observed both ne
king and zig-zag deformationsof stripes be
ause a ne
king instability in one stripe deforms the neighbouringstripes in a zig-zag mode.We then examined the e�e
t of shear 
ow on the stripes. For a shear rateof _
 = 0:001 we observed a slower growth of the perturbations of the stripedpattern as shown in Figure 5.13. At a larger shear rate _
 = 0:005 the growth ofperturbations is slowed down even more, so that the �rst breaking of domainsonly o

urs after 10000 time steps. A pattern of multiple stripes, however, isnever stable at very late times. This is be
ause of the very slow e�e
t thatsmaller stripes shrink at the 
ost of larger stripes (similar to the Oswald ripeningof drops) and, the smaller a stripe, the stronger the ne
king instability be
omes.This ultimately leads to the instability of the small stripes.
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time=250 time=500 time=750 time=1000 time=1250

time=1500 time=1750 time=2000 time=2250 time=2500

time=2750 time=3000 time=3250 time=3500 time=3750

time=4000 time=4250 time=4500 time=4750 time=5000Figure 5.12: A striped system without shear shows an instability. This simulation is for asystem with _
 = 0;� = 0:8; �f = 1; Lx = 32; Ly = 64.
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time=250 time=500 time=750 time=1000 time=1250

time=1500 time=1750 time=2000 time=2250 time=2500

time=2750 time=3000 time=3250 time=3500 time=3750

time=4000 time=4250 time=4500 time=4750 time=5000Figure 5.13: A striped system with shear is more unstable. This simulation is done for a systemwith _
 = 0:001;� = 0:8; �f = 1; Lx = 32; Ly = 64.
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lusions 85This leaves us with the question of how stripes 
an be formed in a shear 
owif they are unstable. The formation of the stripes o

urs at a time when thephase separation is not 
ompleted or when domains have been partly dissolvedby the shear 
ow. The formation of stripes is favoured by strong shear 
ow.Also, the stripes are stabilised against 
u
tuations and break up by the shear-indu
ed stability dis
ussed above. This often results in the formation of a stripedpattern in the early stages where the A and B ri
h phases are still far from thebulk equilibrium values. The phase separation pro
ess, however, in
reases the Aand B 
on
entrations in the A and B ri
h stripes, respe
tively, and the interfa
egrows. This also in
reases the attra
tion of the interfa
es, and the striped patternbe
omes unstable.5.5 Con
lusionsIn this 
hapter we have investigated the e�e
ts of shear 
ow on systems under-going spinodal de
omposition. In order to study these systems we introdu
ed anextension to the algorithm that allows us to simulate shear 
ow problems withLees Edwards boundary 
onditions. We �nd that the e�e
t of shear 
ow on spin-odal de
omposition depends strongly on the vis
osity of the 
uid. Systems witha very high vis
osity tend to order in the shear dire
tions, whereas systems withan intermediate vis
osity arrive at a dynami
 stationary state where the domainslie at a �nite angle to the shear dire
tion. We showed that the predi
ted andexperimentally observed stabilization of striped stru
tures by shear 
ow 
an be
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lusions 86observed in our numeri
al simulations.There remain many unexplored problems 
on
erning the stru
ture of de
om-position under shear. It is interesting to investigate the transition between thesheared and non-sheared patterns for di�erent vis
osities. What is the e�e
t ifshear is only applied for some initial time? Are late-time de
omposition patternsstatisti
ally independent of an initial shear?One of the problems with the simulations of spinodal de
omposition undershear is that the maximum possible shear rate is limited by the system sizebe
ause the latti
e Boltzmann s
heme imposes a maximum velo
ity. On theother hand the shear 
ow indu
es long range 
orrelations mu
h faster than is the
ase for un-sheared systems so that larger latti
e sizes are required to examinelong-time behaviour. A possible solution of the problem of seemingly ex
lusivehigh shear rates and large latti
es may be to 
ut the latti
e into sli
es in thex-dire
tion so that their width in the y-dire
tion Ly is small, so that Ly _
 � 1.In the most extreme 
ase one 
ut 
ould be in
luded for all lines orthogonal to they-dire
tion. We note that this pro
edure 
ould also be generalized for all plane
ows, for example the 
ow pro�le through a pipe, so that the velo
ities simulatedare only the deviations from some de�ned 
ow like a linear or paraboli
 
ow.The introdu
tion of this generalized latti
e removes the usual restri
tions of amaximum velo
ity.



Chapter 6Break-up and dissolving of dropsunder shearIn this 
hapter we use a latti
e Boltzmann simulation to examine the e�e
ts ofshear 
ow on a single equilibriumdroplet in a phase separated binary mixture. We�nd that large drops break up as the shear is in
reased but small drops dissolve.We also show how the tip-streaming, observed for deformed drops, leads to astate of dynami
 equilibrium.To understand the basi
 phenomena underlying this 
omplex pro
ess we fo
usour attention on the behaviour of a single equilibriumdroplet in a two-dimensionalbinary 
uid under shear 
ow. Despite the simpli
ity of the model system it showsri
h behavior, both droplet break-up and droplet dissolution. We also suggest anew explanation of tip streaming observed in our simulations.Consider �rst an immis
ible drop subje
ted to a shear 
ow. This problem87



CHAPTER 6. BREAK-UP AND DISSOLVING OF DROPS UNDER SHEAR88has been studied extensively sin
e the original experiments by Taylor [62℄. Ex-perimental, theoreti
al and numeri
al results are available in three dimensions[45, 56, 46℄ and theoreti
al [48, 5℄ and numeri
al [21, 22℄ results in two dimen-sions. These approa
hes 
onsider drops with a singular interfa
e and a 
onservedvolume. The drops are deformed by the shear 
ow while maintaining their vol-ume. If the shear rate ex
eeds a 
ertain 
riti
al value, whi
h depends on thevolume of the drop, the drop will break up. Conversely, for a given shear rate,there exists a volume above whi
h the drop is unstable. We shall denote thisvolume Vb.For a partially mis
ible binary mixture a similar break-up of droplets is ob-served if the droplets are large. There is now, however, a se
ond volume s
ale Vdwhi
h sets a lower limit to the drop size. Vd 
orresponds to the minimum sizeof a nu
leation seed. The reason for the existen
e of a lower limit of the dropsize lies in the free energy balan
e between the favourable 
reation of separatephases in the super-saturated mixture and the unfavourable 
reation of the inter-fa
e separating them. Note that, be
ause when a shear is applied a drop deformsand in
reases its surfa
e length, Vd will depend on the shear rate. For shear rateswith Vb < Vd there are no stable drops in the system.In the next Se
tion of the 
hapter we des
ribe the extensions to the free energylatti
e Boltzmann approa
h, des
ribed in Chapter 2 needed to treat shear 
ow.Results for the break-up of a large droplet are presented in Se
tion 6.2. In Se
tion6.3 we obtain an estimate for the volume Vd below whi
h small droplets dissolveand dis
uss the e�e
t of shear 
ow on the dissolution. Se
tion 6.4 dis
usses



6.1. Method 89tip streaming, the loss of material from the tips of the deformed droplet andsummarizes the results of the 
hapter.6.1 MethodWe 
onsider a linear shear 
ow with velo
ity0B� uxuy 1CA = 0B� Gy0 1CA (6.1)where G is the shear rate. If the 
uid is homogeneous it is expe
ted that equation(6.1) des
ribes the velo
ity �eld of the whole 
uid. Inserting a droplet will disturbthe velo
ity �eld lo
ally but equation (6.1) gives the far �eld solution.To simulate the shear it is ne
essary to introdu
e boundary 
onditions1 thatfor
e the 
ow. After ea
h streaming step we repla
e the 
ollision step at theboundary by a step that de�nes the variables of the latti
e Boltzmann s
heme totake values that 
orrespond to the required value of the velo
ity and densities.Two di�erent kinds of boundary 
onditions have been implemented:periodi
: The top and bottom edges of the latti
e at y = �yb are the boundariesand the velo
ity is 
onstrained to be u = ( _
y; 0). The side boundaries haveperiodi
 boundary 
onditions. This 
orresponds to a shear 
on�ned by twomoving walls a
ting on a periodi
 array of drops.1It is, of 
ourse, possible to use the Lees-Edwards' boundary 
onditions for latti
e Boltzmanndeveloped in the last se
tion. Sin
e we are not interested in the e�e
ts at the wall, however, itis algorithmi
ally simpler to impose 
ow at the boundaries.
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α
ABFigure 6.1: Sket
h of a deformed drop in a simple shear 
ow. For small shear rates the drophas the form of an ellipse with axes 2A and 2B. The ellipse is in
lined to the dire
tion of theshear 
ow by a shear strength dependent angle �.for
ed: All the edges of the latti
e are for
ed to have u = ( _
y; 0). This eliminatesthe e�e
ts of periodi
 images of the drop. The lo
al values of n and ' arerepla
ed by their mean value averaged over the boundary. These bound-ary 
onditions generalize for more 
ompli
ated for
ed 
ows, for example,hyperboli
 shear 
ow.For a homogeneous system both boundary 
onditions lead to the velo
ity pro�leof equation (6.1) to within ma
hine a

ura
y. In the presen
e of a drop bothboundary 
onditions are expe
ted to give the same results for an in�nite latti
e.A 
omparison of the two di�erent boundary 
onditions, therefore, gives a measureof the e�e
t of the periodi
 images on the drop.If a drop is pla
ed in a shear 
ow it will be deformed by the for
es a
tingon it. The drop elongates and turns to lie at an angle � to the 
ow until inthe steady state the restoring for
e due to the surfa
e tension balan
es the shear



6.1. Method 91
0 0.001 0.002 0.003 0.004 0.005

20

25

30

35

40

a) b)

0 0.001 0.002 0.003 0.004 0.005
0

0.1

0.2

0.3

0.4

0.5

0.6

α

G

D

GFigure 6.2: a) Deformation of a drop D and b) the tilting angle � for periodi
 (|) and for
ed(- - -) boundary 
onditions against the shear rate _
 = G. The undeformed drop has a radius of8 latti
e spa
ings and the latti
e size is 60x30.for
es a
ting upon the drop. This situation is sket
hed in Figure 6.1. For smalldeformations the drop approximates well to an ellipse and its deformation 
an bede�ned as D = A�BA+B (6.2)where A and B are the major and minor axes, respe
tively. For drops of 
onstantvolume the deformation and in
lination angle depend only on a dimensionlessquantity, the 
apillary number[45℄ Ca = �a _
� (6.3)where � is the vis
osity, a the undeformed drop radius and � the surfa
e tension.Throughout this 
hapter we take � = 1=6 and � = 0:046 (� = 0:002). This
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orresponds to an interfa
e width � 3 latti
e spa
ings. The simulations areinitialized with a 
ir
ular domain with radius a of equilibrium
on
entration ' = 1in a surrounding with ' = �1 with an interfa
e width of about two latti
espa
ings. The other simulation parameters are n = 2, T = 0:5, � = 1:1 and� = 0:8. Then the system is allowed to equilibrate for about 1000 time stepsbefore data are re
orded.6.2 Break-upTypi
al results for large drops (V � Vd) are shown in �gure 6.2 where D and� are plotted as fun
tion of the shear rate. Results for for
ed and periodi
boundary 
onditions are 
ompared. The results presented are for a latti
e of size60x30 with a drop of initial radius of eight latti
e spa
ings. They were obtainedby equilibrating the 
uid at ea
h data point and then in
reasing the shear, re-equilibrating to give the next point and so on.There is a linear dependen
e of the deformation on the shear rate for smallshear rates, followed by a more rapid deformation as the shear in
reases, and �-nally break-up. The di�erent boundary 
onditions lead only to small quantitativedi�eren
es in the result. The results are in qualitative agreement with the resultsexpe
ted from 
omparison with three-dimensional experiments. For a drop of
onstant volume and given ratio of the vis
osity of the drop and the surrounding
uid the deformation depends only on the 
apillary number [45℄. The drops stud-ied here do not have a 
onstant volume and, therefore, deformation at break-up
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a) b)

Figure 6.3: a) An equilibrium drop at _
 = 0:002246, b) the same drop at _
 = 0:002251 in the�rst stage of breaking up. The drop in b) breaks up into two drops of equal size at larger times.The arrows show the velo
ity at every third latti
e point in ea
h dire
tion. The equilibriumvalues of ' are �1 and 1. The 
ontour lines are drawn for ' 2 f�0:9; 0; 0:9gshould depend on the parameters of the system, but it is reasonable to expe
tonly a weak dependen
e. Indeed, we �nd Db � 0:65 for drops with undeformedradii 8,13,20 in those 
ases where they break up.It is known [56℄ that the se
ond 
urvature is very important for the ruptureof three-dimensional drops. This me
hanism does not exist in two-dimensionalsystems. Therefore, we felt it was important to 
he
k the existen
e of the break-up 
arefully, parti
ularly as it is well known [56℄ that a sudden 
hange in shearstrength 
an lead to rupture long before the 
riti
al shear rate. We performed
areful numeri
al simulations where we saved a stationary solution and then in-
reased the shear 
ow. If the drop ruptured instead of rea
hing a stationary statewe loaded the old 
on�guration and in
reased the shear rate by only half the pre-vious amount. We iterated this step until the in
rease in shear rate was smallerthan a lower bound. The shear rate never grew larger than a previously reje
ted
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019Figure 6.4: The free energy plotted as fun
tion of the drop radius for a) a latti
e with10000 points for 
on
entrations that without surfa
e e�e
ts would 
orrespond to drops of radiiR0 =15,16,17,18 and 19; b) a system with R0 = 19 and latti
e sizes 10000, 12000, 14000, 16000,18000 and 20000; 
) a system of size 10000 and R0 = 19 for shear rates _
 =0, 0.001, 0.002,0.003, 0.004 and 0.005.shear rate showing that the break-up is not due to non-equilibrium e�e
ts. Wethen de
reased the shear rate to 
he
k that the system is in equilibrium at everypoint. No hysteresis e�e
ts were observed, showing that this is indeed the 
ase.It should be pointed out, however, that the rupture me
hanism is very di�erentin two and three dimensions. Three-dimensional drops break up into two maindrops and satellite drops [56℄. We observe that two-dimensional drops break upinto two drops of equal size as shown in Figure 6.3.6.3 DissolutionFor given nA, nB, T , if a binary 
uid lies in the 
oexisten
e region it will sepa-rate into two phases with, say, 
on
entration di�eren
es '1 and '2. Ea
h phase
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upies a fra
tion of the total volume of the system whi
h is determined bythe densities and temperature. For a �nite system the interfa
e between the twophases results in a �nite positive 
ontribution to the free energy and, if this istoo large relative to the gain in free energy due to the phase separation, the dropis unstable.For the model simulated here it is possible to obtain an estimate of the dropletvolume below whi
h dissolution will o

ur. Ignoring the interfa
e 
urvature thesurfa
e tension for an interfa
e orthogonal to the z-dire
tion is (2.44)� = � Z 1�1  �'�z!2 : (6.4)Hen
e, using (2.33) the free energy of a drop of radius R in a volume V isF = �R2 ('1; n; T ) + (V � �R2) ('2; n; T ) + 2�R�: (6.5)This should be minimized with respe
t to R, '1 and '2 where one variable 
anbe eliminated by the 
onstraint�R2'1 + (V � �R2)'2 = ': (6.6)In Figure 6.4a the free energy, relative to that of a homogeneous system, isplotted as a fun
tion of the drop radius for di�erent 
on
entrations of A and Bparti
les. The 
on
entrations are 
hosen su
h that without the surfa
e e�e
tsdrops of radii 15,16,17,18 and 19 would minimize the free energy on a latti
e ofsize 100x100. We will denote these radii by R0. Without the surfa
e free energyterm there is only one minimum and this will always be rea
hed. With surfa
e
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ts the homogeneous phase (R = 0) is always stable and a �nite deviationfrom it is needed to rea
h the global minimum. This 
orresponds to the meta-stability of some regions of phase spa
e where a �nite nu
leation barrier preventsimmediate phase separation.The lowest free energy 
urve in Figure 6.4a 
orresponds to R0 = 19. The�gure shows that the e�e
t of the surfa
e free energy is to shift the minimumfrom 19 to about 16.7. For smaller R0 the minimum be
omes a lo
al minimumat R0 � 18. In systems with 
u
tuations this will eventually lead to the dropsdissolving. The latti
e Boltzmann simulations reported here, however, do notin
lude noise, and a drop in a lo
al minimum will be stable. For 
on
entrationratios that lead to a graph that has no lo
al minimum (R0 <� 15:5) the drop willdissolve. We observe, though, that the initial dynami
s are very slow.The radius below whi
h drops dissolve depends not only on the size of thedrop but also on the total volume of the system. Results for the 
on
entration
orresponding to R0 = 19 for di�erent system sizes are shown in Figure 6.4b.Droplets are less stable in a larger system be
ause more material from the dropis needed to 
hange the 
on
entration outside the drop.When shear is applied the droplets deform. They have a larger interfa
e sothat the surfa
e 
ontributions are in
reased. For small shear rates the dependen
eof the deformation on the shear rate is approximately linear and we 
an useD � 10 _
R (6.7)where R is the radius of the undeformed drop with the same volume. Approxi-
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Figure 6.5: Deformation as fun
tion of shear rate for a drop of radius 8 for systems of size a)60x30, b) 70x40. The drop in the smaller system breaks up while the drop in the larger systemdissolves. Be
ause the mass of the drop de
reases strongly at high shear rates its deformationde
reases under the in
rease of shear before it 
ompletely dissolves.mating the shape of the deformed drop by an ellipse the length of the interfa
eis given by L = s1 �D1 +DE  � 4D(1 �D)2! (6.8)where E(k) denotes the 
omplete ellipti
 integral of the se
ond kind. This result
an be used to estimate the e�e
t of shear 
ow on the free energy. The resultsfor R0 = 19 for di�erent shear rates are shown in Figure 6.4
. The minimum inthe free energy vanishes for high shear rates and no stable drops 
an exist. This
orresponds to the dissolution of a drop under shear.
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ussion 98The e�e
ts predi
ted by the thermodynami
 theory are observed in the sim-ulations. In Figure 6.5 results for the simulation of a drop of R0 = 8 on latti
esof size 60x30 and 70x40 are shown. For the smaller latti
e Vb < Vd and the dropbreaks up. For the larger latti
e the drop 
an exist to larger values of the shear,but loses mass. Finally, as the shear is in
reased further, it dissolves.It is interesting to note that the theory predi
ts that every drop will dissolveunder shear in a suÆ
iently large system. That is be
ause the mass loss fromthe drop has to 
hange the 
on
entration outside the drop in order to rea
h anew equilibrium. This 
an, however, be very diÆ
ult to observe be
ause thereis a separation of time s
ales. The time tD needed for di�usion to equilibratethe system s
ales as tD � L2 where L is the length of the system. This resultis altered under shear [28℄ and in the limit of very large shear rates tD � L 32 .The time tF for the system to rea
h a steady 
ow and a new deformation of thebubble s
ales as tF � L. Therefore, in large systems the time for the deformationof the drop will be fast 
ompared to the time for it to dissolve.6.4 Dis
ussionIn our previous dis
ussion we have assumed that thermodynami
 arguments forequilibrium 
an be 
arried over to the stationary states of dynami
 systems.This is, however, not ne
essarily the 
ase. We observe a deviation from thisassumption in a phenomenon whi
h we will 
all \tip-streaming". Mass is pulledfrom the ends of the drop by the shear 
ow. The depletion of the 
on
entration
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Figure 6.6: a) The density di�eren
e ' and b) the 
hemi
al potential � for a highly deformeddrop.in the drop leads to a redu
tion of the 
hemi
al potential in the drop. The non-
onstant 
hemi
al potential leads to a di�usion 
urrent a
ting in the dire
tion ofthe 
hemi
al potential gradient whi
h returns material to the drop. Equilibriumis rea
hed when the di�usion into the drop balan
es the tip streaming. The
hemi
al potential in dynami
 equilibrium is shown in Figure 6.6b. Note thatthis is a state of dynami
 equilibrium, not thermodynami
 equilibrium, as � isnot 
onstant.For a small di�usion 
onstant a large 
hemi
al potential di�eren
e is neededfor equilibrium and, hen
e, a large amount of mass is pulled from the drop.



6.4. Dis
ussion 100This me
hanism for the dissolving of a drop is distin
t from the free energydriven me
hanisms explained earlier in the 
hapter. It depends on the di�usion
onstant whi
h is a dynami
 quantity that does not enter the free energy. Forin�nite di�usion, however, material is immediately returned to the drop and nodi�eren
e in the 
hemi
al potential is set up. A similar tip-streaming was observedin experiments, but was interpreted as a surfa
tant e�e
t [56℄.Halliday et al. performed simulations on a droplet in a binary 
uid using aderivative of the the Gunstensen [19℄ algorithm. They obtain a similar break-upbehavior but there are some important di�eren
es in the results. In parti
ularin the simulations reported here all equilibrium drops are 
onvex (see �gure 6.3)whereas Halliday et al. [22℄ report stationary drops that are 
onstri
ted in themiddle. They also observe smaller in
lination angles � at break up. The dis
rep-an
ies warrant further investigation. Another feature not reported by Hallidayet al. is the dissolution of drops under shear. This may be due the fa
t thatthey work in a region where the two 
omponents are more strongly separated.Nevertheless, small droplets should still dissolve. We 
aution that the time-s
alefor dissolution 
an be mu
h larger than that for the deformation of the dropletto rea
h an equilibrium value.Goldburg and Min [17℄ performed experiments on nu
leation in a binary mix-ture in the presen
e of shear. They observed the vanishing of drops under thein
uen
e of shear as a sharp transition. This transition may be interpreted as
orresponding to the point where Vb = Vd.To 
on
lude, in this 
hapter we have shown that drops under in
reasing shear
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ow 
an either break up or dissolve. We explained this behaviour with ther-modynami
 arguments. Tip-streaming was shown to lead to a state of dynami
equilibrium for deformed droplets.



Chapter 7An H-Theorem for latti
eBoltzmannThe only 
onsistent mi
ros
opi
 derivation of an H-theorem has been given byBoltzmann for the famous Boltzmann equation (see [29℄). An H-theorem statesthat a fun
tional 
an be de�ned that is a stri
tly de
reasing fun
tion in time. Forthe 
ontinuous Boltzmann equation this is the famous H-fun
tionalH(t) = Z dx Z dvf(x;v) ln(f(x;v)): (7.1)Boltzmann was able to prove that for his equationdH(t)dt � 0: (7.2)This maps to the se
ond law of thermodynami
s whi
h states that the entropyis a monotoni
 fun
tion in time. In an isothermal situation where energy is not102
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onserved the H-fun
tional no longer 
orresponds to the entropy but rather tothe free energy, whi
h has a monotoni
 time behaviour.Be
ause of the analogy between the 
ontinuum Boltzmann equation and thelatti
e Boltzmann equation it has been widely spe
ulated that the dis
retizedlatti
e Boltzmann equation might also obey an H-theorem, although no proof forsu
h an H-theorem has been found. The only H-theorem whi
h has been provedis a version for latti
e gases whi
h assumes semi-detailed balan
e [14℄. In this
hapter we analyse the general 
onditions under whi
h a BGK latti
e Boltzmannmodel 
an obey an H-theorem. We show that latti
e Boltzmann s
hemes donot automati
ally obey an H-theorem. It is possible, however, to de�ne latti
eBoltzmann s
hemes that do obey an H-Theorem.7.1 The latti
e Boltzmann s
hemeWe will brie
y review the BGK latti
e Boltzmann s
heme for a single 
omponent
uid for whi
h we want to �nd an H-theorem. The evolution equation for thedensities are, as beforefi(x+ vi�t; t+�t) = fi(x; t) + �t� �f0i � fi(x; t)� : (7.3)The lo
al density n(x; t), the lo
al net velo
ity u(x; t) and, for a thermal model,the lo
al kineti
 energy �(x; t) are given by:n = NXi=0 fi; nu = NXi=0 fivi; n� = NXi=0 fijvij2: (7.4)



7.2. The H-Theorem 104In order for this approa
h to simulate the 
ontinuity, Navier-Stokes and, for athermal model, the heat equations the f0i have to respe
t additional 
onstraints,namely higher order moments have to 
orrespond to the higher order momentsof the 
ontinuum Boltzmann distribution.7.2 The H-TheoremLet us now 
onsider whether or not this s
heme 
an obey an H-Theorem. If wehave a fun
tional that always de
reases in time, then lo
ally the fun
tional mustbe minimal if the distribution fun
tion is the equilibrium distribution.A slightly more subtle point refers to the streaming step. Let us 
onsider the
ollision-less limit (� !1) where we have only streaming. In a periodi
 systemit follows that the time evolution also has to be periodi
 for N ! steps if N is thenumber of latti
e sites. Thus if this system obeys the H-theorem the streamingstep 
annot 
hange the H fun
tional.A di�erent way of seeing that the H-fun
tional has to be invariant under thestreaming step is to 
onsider a system for whi
h the H fun
tional has the value H1and then perform a streaming step to a new system for whi
h the H-fun
tional hasthe value H2. If the evolution obeys an H-Theorem, it follows that H1 � H2. Wethen invert all the velo
ities. It seems reasonable to assume that this operationshould not 
hange the value of the H-fun
tional. If we now perform a streamingstep on the new system we arrive at the original system with inverted velo
itiesand we 
an 
on
lude H2 � H1 and therefore H1 = H2.



7.2. The H-Theorem 105In order for the H-fun
tional to be invariant under the streaming operationthere 
an be no 
ross-terms between the densities in the H fun
tional. It 
antherefore be written as a sum of fun
tions of the fi separatelyH[ffig℄(t) = LXl=1Xi hi[ffig(xl; t)℄ (7.5)where L is the number of latti
e points and l is an index that numbers all pointsof the latti
e.The equilibrium distribution f0i is the distribution that minimizes the H-fun
tional under the 
onstraints that its moments have the same values for the
onserved quantities of the distribution before the 
ollision. We 
an eliminatethese 
onstraints by introdu
ing Lagrange multipliers into the the H-fun
tional.Then we minimize the fun
tional and obtain an expression for the equilibriumfun
tion in terms of the Lagrange multipliersH[ffig℄ = NXi=0 hi(fi) + a NXi=0 fi � n!+ b NXi=0 fivi � nu!+ 
 NXi=0 fijvij2 � n�!(7.6)) 0 != ÆH[ffig℄����ffig=ff0i g= NXi=0 Æfi �hi0(fi) + a+ bvi + 
v2i �| {z }=0 for fi=f0i) f0i = hi0�1(�a� bvi � 
v2i ): (7.7)This gives a unique de�nition for f0 if the h0i are stri
tly monotoni
, i.e., ifhi is 
onvex. The Lagrangian multipliers are determined by the 
onservation
onstraints n = NXi=0 f0i ; nu = NXi=0 f0i vi; n� = NXi=0 f0i vivi: (7.8)



7.2. The H-Theorem 106For systems without energy 
onservation we re
over the same 
onditions with
 = 0 in (7.6) and the energy 
onservation 
onstraint does not apply.7.2.1 Lo
al H-TheoremWe 
an now show that in the 
ollision term with the equilibrium fun
tion 7.7 thevalue of the H-fun
tional de
reases. We are only 
on
erned with the 
ollision termand, therefore, drop the x dependen
e. We then get for the time development ofthe H-fun
tionalH[ffig℄(t+�t)�H[ffig℄(t) � 0; 8 ��t > 1: (7.9)We now provide the proof for this statement in mathemati
al terms. It is te
h-ni
ally diÆ
ult to prove the H-theorem for dis
rete time steps. We therefore in-trodu
e a 
ontinuation of the de�nition of the densities for 
ontinuous time. The
ontinuation is 
hosen so that the densities obey the 
onservation 
onstraints atall times. For these densities we 
an then prove an in�nitesimal H-theorem overwhi
h we integrate to obtain the exa
t H-theorem for dis
rete time.Proof:We de�ne for real s 2 [0;�t℄fi(t+ s) = fi(t) + s� �f0i � fi(t)� : (7.10)Observe that f0i = f0i (n;u; �) is the equilibrium distribution for all fi(t+ s) sin
ethe 
onserved quantities are the same for all fi(t+ s). A useful relation isf0i � fi(t) = �(s)(f0i � fi(t+ s)): (7.11)
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onsidering equation (7.10) from whi
h we getfi(t) = fi(t+ s)� s� f0i1 � s� : (7.12)Using this we see thatf0i � fi(t) = f0i � fi(t+ s)� s� f0i1� s�= f0i �1 � s� �� fi(t+ s) + s� f0i1� s�= f0i � fi(t+ s)1 � s� :) �(s) = �1� s� ��1 (7.13)and in parti
ular �(s) > 0 8s 2 [0;�t℄. This will turn out to be the reasonwhy we 
an only prove the 
ondition for � > �t. Now we 
an prove the lo
alH-theorem using the de�nition of H from (7.6):H[ffig℄(t+�t)�H[ffig℄(t)= Z �t0 ds NXi=0 �fi(hi(fi(t+ s)) + afi(t+ s) + bfi(t+ s)vi + 
fi(t+ s)v2i � 1N (an+ bnu + 
�))�sfi(t+ s)(7.10)= Z �t0 ds NXi=0 �hi0(fi(t+ s)) + a+ bvi + 
v2i �� 1� �f0i � fi(t)�(7.7,7.11)= Z �t0 ds NXi=0 �hi0(fi(t+ s))� hi0(f0i )�� �(s)� (f0i � fi(t+ s)) (7.14)� 0 if h is a 
onvex fun
tion.
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e we required that H be invariant under the streaming step nothing remainsto be done. The total entropy H[ffig℄(t) de�ned asH[ffi(x)g℄(t) = LXl=1Xi=0 hi(fi(xl; t)) (7.15)where L is the number of latti
e points and l is an index that numbers all pointsof the latti
e, only 
hanges in the 
ollision step. We therefore have the globalH-theorem: H[ffi(x)g℄(t+�t)�H[ffi(x)g(t)℄;� 0 8� > 1: (7.16)7.3 The Global Equilibrium DistributionIn statisti
al me
hani
s the H-theorem is used to prove the existen
e of a uniqueequilibrium state of the system. It will turn out that for latti
e systems this isnot ne
essarily the 
ase. Demanding the existen
e of a well-de�ned ground stategives us a 
onstraint for the stru
ture of the latti
e. This is be equivalent to the
onstraint that there are no spuriously 
onserved quantities.Sin
e we have a global H-Theorem and the H-Fun
tional is bounded we knowthat the s
heme has to 
onverge to some minimal value of the H-Fun
tional. Wewill now examine what information we 
an extra
t from our H-Theorem aboutthe �nal state.Sin
e, in the �nal state, the H-Fun
tional does not 
hange we know that it
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annot 
hange lo
ally in the 
ollisions. It follows:H[fi℄(t+�t)�H[fi℄(t) = 0 (7.17)(7.14)) Z �t0 ds NXi=0 �hi0(fi(t+ s))� hi0(f0i )� �(s)� (f0i � fi(t+ s)) = 0 (7.18)All terms� 0) �hi0(fi(t+ s))� hi0(f0i )� �(s)� (f0i � fi(t+ s)) = 0 (8i;8s)(7.19)) fi(t) = f0i : (7.20)So in the �nal state all distributions have to be in lo
al equilibrium. If all statesare lo
al equilibrium states then they do not 
hange in the 
ollision step. There-fore, we 
an 
on
lude that for large t the system 
onverges to a state that haslo
al equilibrium distributions everywhere. The streaming step transforms onesu
h state to another (or the same) su
h state.Whether these 
onditions for
e the global equilibrium to be homogeneousdepends on the latti
e and the set of velo
ity ve
tors fvig. This question isrelated to the problem of spurious invariants (see for instan
e [1℄ and referen
estherein). Spurious invariants are 
onserved quantities that do not 
orrespond toany physi
al quantities. In a four-velo
ity model on a square latti
e for instan
ethe total momentum of all even and odd latti
e sites is separately 
onserved. Ifthe global equilibrium is 
onstrained to be homogeneous then there 
an be nospurious invariants. If, however, inhomogeneous �nal states are possible, thenthese state 
an be 
hara
terized by at least one spuriously 
onserved quantity.



7.4. A latti
e Boltzmann s
heme with H-theorem 1107.4 A latti
e Boltzmann s
heme with H-theoremIf we use the 
lassi
al 
hoi
e for the H-fun
tionalH(ffig) =Xl Xi fi ln(fi) (7.21)for a thermal model, i.e., a model with mass, momentumand energy 
onservation,we get for the equilibrium equation a Maxwell-Boltzmann distributionf0i = N exp (vi �U)2T ! (7.22)where N , U and T are the Lagrange multipliers. This s
heme simulates the
ontinuity, Navier Stokes and heat equation to an approximation that depends onthe 
hoi
e of latti
e (be
ause the higher order moments needed for the ChapmanEnskog expansion do not ne
essarily 
oin
ide for the dis
rete and 
ontinuum
ase). Unfortunately, the Lagrange multipliers 
annot be expressed analyti
allyin terms of the 
onserved quantities, but have to be found by numeri
ally solvingthe non-linear equation. For a regime where the Navier Stokes and heat equationare re
overed the Lagrange multipliers are well approximated by U � u andT � � = 1=d(� � nu2) where d is the number of spatial dimensions.The advantage of this s
heme is that it is numeri
ally stable for � > �t. Thisis ensured by the H-Theorem, be
ause numeri
al instabilities lead to inhomo-geneities that would in
rease the H-fun
tional.



7.5. Why our latti
e Boltzmann s
heme does not have an H-theorem 1117.5 Why our latti
e Boltzmann s
heme does nothave an H-theoremThe usual BGK latti
e Boltzmann s
hemes have a polynomial equilibrium distri-bution. For an isothermal model it takes the formf0i = A� +B�u�vi� + C�u�u� +D�u�u�vi�vi�; (7.23)where � is an index distinguishing velo
ities with di�erent magnitudes. If thisequilibrium distribution is to be derived from an H-fun
tional it has to take theform f0i = hi0�1(a+ b�vi�)= �� + ��(a+ b�vi�) + 
�(a+ b�vi�)2= (�� + ��a+ 
�a2) + (� + 2
�)b�vi� + 
�b�b�vi�vi� (7.24)where the 
oeÆ
ients ��, �� and 
� are 
onstants that 
annot depend on n oru. To 
al
ulate the Lagrange multipliers b� we use the momentum 
onservationand get for a nine velo
ity modelnu� = Xi f0i vi� = (2�1 + 4�2 + 4
1 + 8
2)b�) b� = nu�2�1 + 4�2 + 4
1 + 8
2 : (7.25)Therefore the 
oeÆ
ient of the vi�vi� term has a n2 dependen
e for any s
hemethat obeys an H-theorem. Our s
heme, however (as well as all other s
hemes ofwhi
h we are aware), has a simple n dependen
e for all 
oeÆ
ients and, therefore
an not obey an H-theorem.



7.6. Dis
ussion 1127.6 Dis
ussionIn this 
hapter we have been able to prove that it is possible to de�ne a latti
eBoltzmann s
heme that minimizes an H-fun
tional. Latti
e Boltzmann s
hemes,however, do not obey an H-theorem automati
ally. The 
ondition for a latti
eBoltzmann s
heme to obey and H-theorem is rather restri
tive. We have beenable to prove that for our latti
e Boltzmann s
heme, as well as for all others
hemes of whi
h we are aware, no fun
tional exists that is a monotoni
 fun
tionof time.We are still investigating the possibility of de�ning other s
hemes that bothobey an H-theorem and ful�ll the additional requirements needed to simulate the
ontinuity and 
ompressible Navier Stokes equations.



Appendix ARe
overy of the 
ompressibleNavier Stokes equationsIt has not always been realized that latti
e Boltzmann simulations 
an be derivedin a way that re
overs the full 
ompressible Navier-Stokes equation [1, 58℄. It turnsout that the 
ompressible Navier Stokes equations are re
overed for the latti
eBoltzmann method if a spe
i�
 form of the third-velo
ity moment is 
hosen.This fa
t was �rst stated by J�org Weimar [66℄. We will derive the general set ofequations for the free energy latti
e Boltzmann method.The derivation of the ma
ros
opi
 equations from the latti
e Boltzmann evo-lution equation 2.1 in Chapter 2 was 
ompletely equivalent to the derivation ofhydrodynami
s from the 
ontinuum Boltzmann equation (see, for instan
e, [29℄).In kineti
 theory the third moment is given by the 
ondition that the heat 
ux113
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rete analog of this result isXi f0i (vi� � u�)(vi� � u�)(vi
 � u
) = 0: (A.1)For the 
ontinuum result Pi is repla
ed by R dx. The third moment is then givenby Xi f0i vi�vi�vi
 = P��u
 + P�
u� + P�
u� + nu�u�u
: (A.2)With this we 
an derive the usual vis
osity terms for the Navier Stokes equationfrom both kineti
 theory and Latti
e Boltzmann alike. For the vis
osity terms2.28 we get:�tXi f0i vi�vi� + �
X f0i vi�vi�vi
= �t(P�� + nu�u�) + �
(P��u
 + P�
u� + P�
u� + nu�u�u
) +O(�2)= �nP���tn+ �t(nu�)u� + nu��tu�+�
P��u
 + P���
u
 + �
P�
u� + P�
�
u� + �
P�
u� + P�
�
u�+�
(nu�u�u
) +O(�2)= ��nP���
(nu
)� �
(P�
 + nu�u
)u��nu� 1n�
P�
 � nu�u
�
u�+�nP��(�
n)u
 + P���
u
 + �
P�
u� + P�
�
u�+�
P�
u�+P�
�
u� + �
(nu�u�u
) +O(�2)= ��nP���
(nu
)��
P�
u� � �
(nu�u
)u� � nu�u
�
u�+�nP��(�
n)u
 + P���
u
+�
P�
u� + P�
�
u� +P�
�
u� + �
(nu�u�u
) +O(�2)= ��nP��(�
n)u
 � �nP��n�
u
 + �nP��(�
n)u
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u
 + P�
�
u� + P�
�
u� +O(�2)= (P�� � n�nP��)�
u
 + P�
�
u� + P�
�
u� +O(�2): (A.3)These are the vis
osity terms for a general free energy latti
e Boltzmann s
hemewith a third moment given by (A.2). In the 
ontinuum 
ase of an ideal gas(p0 = nkT ) or equivalently to zero order in the derivatives (assuming that we arefar from any interfa
es) we have P�� = p0Æ��: (A.4)Then we �nd for the vis
osity terms(p0 � n�np0)�
u
 +Dp0��u� +Dp0��u�; (A.5)where D is the number of spatial dimensions. This is a standard 
ompressibleform of the vis
osity terms in the Navier Stokes equation.For a nine-velo
ity model, however, it is not possible to impose the 
onditionA.2. This is be
ause for a nine-velo
ity modelXi f0i vixvixvix =Xi f0i vix = nux 6= 3Pxxux + nu3x (A.6)in general.



Appendix BDerivation of the pressure tensorIn this appendix we show how the full pressure tensor (2.36) is derived. Thepressure of a homogeneous system is de�ned as the volume derivative of thefree energy. Writing the full volume dependen
e of the densities n = N=V and' = (NA �NB)=V expli
itly we see that:P = ��V ZV  �NV ; NA �NBV � = ��V �V  �NV ; NA �NBV �� = n�n +'�' � :(B.1)For a non-homogeneous system the pressure is no longer a s
alar but a ten-sor. The 
orre
t form of the pressure tensor 
an be derived from a Lagrangianexpression for the free energy whi
h is minimized in equilibrium:L = ZV � (n;') + �2��'��'�+ �'(ZV '� (NA �NB) + �n(ZV n �N): (B.2)To obtain di�erential equations for the equilibriumwe evaluate the Euler-Lagrange116



APPENDIX B. DERIVATION OF THE PRESSURE TENSOR 117equations and get �' = ��' + �����'; (B.3)�n = ��n : (B.4)We multiply these equations with ��' and ��n, respe
tively, write it as a diver-gen
e and sum the equations. Remembering that �' and �n are 
onstants, thisyields ��('�' + n�n) = ���( Æ�� + �(��'��'� 12�
'�
'Æ��)): (B.5)We then substitute the expressions for the 
hemi
al potential ba
k into the equa-tions and subtra
t the right-hand side from the left-hand side to derive a tensor� that has a zero divergen
e:����� = ��(('�' + n�n �  )Æ�� + �(��'��'� 12�
'�
'Æ�� � '�
�
'Æ��)):(B.6)For a uniform system ��� = PÆ�� redu
es to the homogeneous pressure. The di-vergen
e of the pressure tensor must vanish in equilibrium. We therefore identify��� with the pressure tensor P��.



Appendix CSket
h of a latti
e BoltzmannprogramIn this Appendix we present a sket
h of a latti
e Boltzmann program for a twodimensional nine velo
ity model. For numeri
al simpli
ity we de
ompose equa-tions (2.1) and (2.2) into a streaming and a 
ollision step. First the densitiesare initialized and then the streaming and 
ollision step are performed. For the
ollision step the ma
ros
opi
 variables need to be 
al
ulated so that the lo
alequilibrium distributions 
an be determined.#define NOVEC 9 /* Number of velo
ity ve
tors */#define X 126 /* x-dimensions of the latti
e */#define Y 126 /* y-dimensions of the latti
e *//* definition of the velo
ity ve
tors */int iv[NOVEC℄[2℄={{0,0},{1,0},{0,1},{-1,0},{0,-1},{1,1},{-1,1},{-1,-1},{1,-1}}/* definition of the relaxation times */double TAU_f=1,TAU_g=1;/* definition of the fields for the simulation */double f[X℄[Y℄[NOVEC℄,f
[X℄[Y℄[NOVEC℄,118
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[X℄[Y℄[NOVEC℄, /* two 
opies of f_i and g_i */n[X℄[Y℄, /* total density */phi[X℄[Y℄, /* density differen
e*/dphi[X℄[Y℄[2℄, /* gradient of density differen
e */ddphi[X℄[Y℄, /* Lapla
ian of density differen
e */u[X℄[Y℄[2℄; /* velo
ity ve
tors */main(){ int i;initialize();for (i=0;i<ITERATIONS; i++){streaming();
ollision();/* Here one should also do something with the simulation data */}}/* The streaming moves the f
_i densities along the velo
ity ve
tors v_ionto the f_i, and similarly the g
_i onto the g_i. Spe
ial 
aremust be taken to in
orporate the appropriate boundary 
onditions atthe edges of the latti
e. */void streaming(){ int x,y,i;for (x=0; x<X; x++)for (y=0; y<Y; y++)for (i=0; i<NOVEC; i++){ f[x℄[y℄[i℄=f
[x-iv[i℄[0℄℄[y-iv[i℄[1℄℄[i℄;g[x℄[y℄[i℄=g
[x-iv[i℄[0℄℄[y-iv[i℄[1℄℄[i℄;}}/* The 
ollision step performs the effe
ts of the 
ollision from thef_i onto the f
_i and the g_i on the g
_i. */void 
ollision(){ double feq[NOVEC℄,geq[NOVEC℄;int x,y,j;
al
_properties(f,g);for (x=0;x<X;x++)for (y=0;y<Y;y++){ 
al
_fg_eq(feq,geq,n[x℄[y℄,g[x℄[y℄,dg[x℄[y℄,ddg[x℄[y℄,u[x℄[y℄);for (j=0;j<NOVEC;j++){
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[x℄[y℄[j℄ = f[x℄[y℄[j℄ +1.0/TAU_f*(feq[j℄-f[x℄[y℄[j℄);g
[x℄[y℄[j℄= g[x℄[y℄[j℄ +1.0/TAU_g*(geq[j℄-g[x℄[y℄[j℄);} }}void 
al
_properties(double f
[X℄[Y℄[NOVEC℄, double g
[X℄[Y℄[NOVEC℄){ int x,y,j;for (x=0;x<X;x++)for (y=0;y<Y;y++){ n[x℄[y℄=g[x℄[y℄=u[x℄[y℄[0℄=u[x℄[y℄[1℄=0;for (j=0; j<NOVEC; j++){ n[x℄[y℄ += f
[x℄[y℄[j℄;g[x℄[y℄ += g
[x℄[y℄[j℄;u[x℄[y℄[0℄ += f
[x℄[y℄[j℄*ev[j℄[0℄;u[x℄[y℄[1℄ += f
[x℄[y℄[j℄*ev[j℄[1℄;} u[x℄[y℄[0℄/= n[i℄;u[x℄[y℄[1℄/= n[i℄;}for (x=0; x<X; x++)for (y=0; y<Y; y++){/* Spe
ial 
are must be taken here to in
orporate the appropriateboundary 
onditions at the edges of the latti
e*/dg[x℄[y℄[0℄=(g[x+1℄[y℄-g[x-1℄[y℄)/2/dx;dg[x℄[y℄[1℄=(g[x℄[y+1℄-g[x℄[y-1℄)/2/dx;ddg[x℄[y℄=(g[x+1℄[y℄-2*g[x℄[y℄+g[x-1℄[y℄)/dx/dx+(g[x℄[y+1℄-2*g[x℄[y℄+g[x℄[y-1℄)/dx/dx;}}void 
al
_fg_eq(double feq[NOVEC℄,double geq[NOVEC℄,double n, double g,double dg[2℄,double ddg, double u[2℄){ double A0,A1,A2,B1,B2,C0,C1,C2,D1,D2,G1[2℄[2℄,G2[2℄[2℄;double H0,H1,H2,J0,J1,J2,K1,K2,Q1,Q2;int i;\* this routine 
al
ulates the equilibrium distributions a

ording tothe (2.54)-(2.65). *\}void initialize()



APPENDIX C. SKETCH OF A LATTICE BOLTZMANN PROGRAM 121{ int x,y,j;double g,n,u[2℄,dg[2℄,ddg;double feq[NOVEC℄,geq[NOVEC℄;for (x=0;x,X;x++)for (y=0; y<Y; y++){/* Introdu
e some initial ma
ros
opi
 fields as starting 
ondition.Could be a random distribution, a drop, a stripe with an arbitraryflow field. */n =....u[0℄ =....u[1℄ =....g =....dg[0℄=....dg[1℄=....ddg =....
al
_fg_eq(feq,geq,n,g,dg,ddg,u);for (j=0;j<NOVEC;j++){f
[x℄[y℄[j℄=feq[j℄;g
[x℄[y℄[j℄=geq[j℄;}}
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