












7Data: Average and Std Dev of Returns 1Data: Average and Std Dev of Returns 1
Arith Risk 

      1926-2006 Avg Geo Avg Std Dev Prem
Small Company Stocks 19.8% 13.6% 39.1% 16.1%
Large Company Stocks 11.5% 9.8% 18.9% 7.7%
T-Bonds (10-yr) 5.7% 4.2% 8.6% 2.0%

Q:  Problem with arithmetic avg – suppose your invest $100k for 2 years.
h ( i h ) b k $ k

T Bonds (10 yr) 5.7% 4.2% 8.6% 2.0%
T-Bill (30-day) 3.8% 3.6% 3.1% 0.0%
Inflation 3.1% 2.9% 4.3%

– Your returns are –50% then +50%.  (Arith avg = 0)  Are you back to $100k? 

A:   
Geometric Avg: (1+r ) = [(1+r )*(1+r )]1/2 For this example r = 13 4%– Geometric Avg:  (1+rg) = [(1+r1)*(1+r2)]1/2.     For this example rg = –13.4%

– Conclusion:  For long time periods, geometric averages are better for forecasting
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8Data: Average and Std Dev of Returns 2Data: Average and Std Dev of Returns 2
Given past data, what range of returns should we expect in future years?  
– If stock returns normally distributed, then 95% of returns within avg(r) ± 2σ.  
– For large firms: avg(r) ± 2σ ≈

N A l hi ( i h ) l k “ l ” l di ib i l h h– Note:  Actual histogram (on right) looks “close” to normal distribution, although 
observed returns tend to have negative skew and fatter tails (leptokurtosis)

Given the observed sample what is our estimate for true average return? CLT saysGiven the observed sample, what is our estimate for true average return?  CLT says
– 95% conf interval for mean return is sample avg(r) ± 2*σ/√nobs
– 95% conf interval for mean large firm return ≈ 12% ±

Histogram of Stock Index Daily Returns(cc)
Mean=0.04% Std=1.00% 

Annualized Mean =8.90% Std=15.85%0.14
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CAL: Investing in risky + riskless assetsCAL: Investing in risky + riskless assets
What are properties of portfolios composed of an Elder mutual fund (P) and T-bills?W a a e p ope es o po o os co posed o a lde mutual fund ( ) a d b s?
– E.g. Risky Complete Portfolio:  y=80% in Elder fund;  (1–y)=20% in T-bills.
– How might you find expected return and std deviation on Complete portfolio?

Properties of any complete portfolio “C” consisting Elder Fund and T-bills.
– Expected return:                     E(rC) = yE(rp) + (1–y)E(rf)    or

(1) E(rC) – E(rf) = y[E(rp) – E(rf)]

– Variance:          Var(rC) = y2σp
2 + (1–y)2σf

2+ 2y(1–y)ρσp σf 
(2) SD(rC) = yσp since for risk-less asset, σf =0. 

Reward-to-variability ratio – will be constant as you change allocation to Elder fund.
– Reward to var ratio: S = (1)/(2) = [E(rC) – E(rf)] / SD(rC) 

= [E(r ) – E(rf)] / σ (independent of y) [E(rp) E(rf)] / σp (independent of y)
E(r) Risk Prem

E(r)–rf

SD 
σ

Reward-to-var
S = [E(r)–rf ]/σ

T-bills 7.0% 0% 0% --b s 7.0% 0% 0%
Elder fund 15.0% 8.0% 22.0% 0.36
Risky Complete Portfolio y=80%, 13.4% 6.4%
Safe Complete Portfolio y=20%, 8.6% 1.6%



10CAL: Graphing the Capital Allocation LineCAL: Graphing the Capital Allocation Line
What are properties of portfolios composed of an Elder mutual fund (P) and T-bills?
– Can use spreadsheet with E(rC) = yE(rp) + (1–y)E(rf)    or

Var(rC) = y2σp
2 + (1–y)2σf

2+ 2y(1–y)ρσp σf 

Capital allocation line – The return and standard deviation that can be achieved in 
a portfolio that combines one risky fund (σ >0) and the riskless asset (σ =0).  It is 
straight line! Where you invest depends on individual preferences!Where you invest depends on individual preferences!straight line!   Where you invest depends on individual preferences!Where you invest depends on individual preferences!
(Note: Next homework asks you to construct spreadsheet below)(Note: Next homework asks you to construct spreadsheet below)

E(r) SD Corr
Elder Fund 15 0% 22 0% 0Elder Fund 15.0% 22.0% 0
Tbills 7.0% 0.0%

y E(r c ) SD(r c ) E(r c )-rf)/SD
0% 7 0% 0 0% #DIV/0!0% 7.0% 0.0% #DIV/0!

20% 8.6% 4.4% 0.36
40% 10.2% 8.8% 0.36
60% 11.8% 13.2% 0.36
80% 13 4% 1 6% 0 3680% 13.4% 17.6% 0.36

100% 15.0% 22.0% 0.36
120% 16.6% 26.4% 0.36
125% 17.0% 27.5% 0.36



11CAL: Practice with the CAL 1/3CAL: Practice with the CAL 1/3
E(r) Risk Prem SD Reward-to-var

E(r)–rf σ S = [E(r)–rf ]/σ
T-bills 7.0% 0% 0% --
Elder fund 15.0% 8.0% 22.0% 0.36

Suppose your clients have access to Elder Fund and T-bills in their retirement plan
Recall  E(rC) = yE(rp) + (1–y)E(rf)       and       SD(rC) = yσp since σf =0. 

Ex 1: Sierra requires a return of 10% in order to retire in 10 years.  What proportion 
must she invest in Elder fund? What is her “complete” portfolio ?
A1: Sierra’s complete portfolio satisfies: 

A2: Sierra’s std dev is 

y E(r c) SD(r c) (E(r c)-rf)/SDc

Sierra 0% 7.0% 0.0% #DIV/0!
20% 8.6% 4.4% 0.36
40% 10.2% 8.8% 0.36
60% 11 8% 13 2% 0 3660% 11.8% 13.2% 0.36
80% 13.4% 17.6% 0.36

100% 15.0% 22.0% 0.36
120% 16.6% 26.4% 0.36



12CAL: Practice with the CAL 2/3CAL: Practice with the CAL 2/3
E(r) Risk Prem SD Reward-to-var

S li h Eld F d d T bill i h i i l

E(r)–rf σ S = [E(r)–rf ]/σ
T-bills 7.0% 0% 0% --
Elder fund 15.0% 8.0% 22.0% 0.36

Suppose your clients have access to Elder Fund and T-bills in their retirement plan
Recall  E(rC) = yE(rp) + (1–y)E(rf)       and       SD(rC) = yσp since σf =0. 

Ex 2: William requires a return of 20% in order to retire in 10 years.  What 
proportion must he invest in Elder fund? What is his “complete” portfolio ?
A1: William’s complete portfolio satisfies: 

A2: William’s std dev is 

y E(r c) SD(r c) (E(r c)-rf)/SD

Willy 0% 7.0% 0.0% #DIV/0!
20% 8.6% 4.4% 0.36
40% 10.2% 8.8% 0.36
60% 11 8% 13 2% 0 3660% 11.8% 13.2% 0.36
80% 13.4% 17.6% 0.36

100% 15.0% 22.0% 0.36
120% 16.6% 26.4% 0.36



13CAL: Practice with the CAL 3/3CAL: Practice with the CAL 3/3
E(r) Risk Prem

E(r)–rf

SD 
σ

Reward-to-var
S = [E(r)–rf ]/σ

T-bills 7.0% 0% 0% --
Elder fund 15 0% 8 0% 22 0% 0 36

Suppose your clients have access to Elder Fund and T-bills in their retirement plan
Recall  E(rC) = yE(rp) + (1–y)E(rf)       and       SD(rC) = yσp since σf =0. 

Elder fund 15.0% 8.0% 22.0% 0.36

Ex 3: Scott’s risk tolerance questionnaire reveals a risk tolerance up to 20%  What 
proportion may he invest in Elder fund? What is his “complete” portfolio ?
A1: Scott’s complete portfolio satisfies:A1: Scott’s complete portfolio satisfies: 

A2: Scott’s expected return will be 

Ex 4: The Elder fund has 60% stocks and 40% bonds.  What proportion will Scott 
have invested in stocks and bonds?
A1: Scott will have 
A2: Scott will have 



14Tips for the Savvy Investor from “Risk Tips for the Savvy Investor from “Risk 
and Return”and Return”and Return  and Return  

Risk premium is additional compensation we receive for investing in risky asset.

There is reward for bearing market riskThere is reward for bearing market risk.
– Stocks have greatest volatility, but greatest expected return over long horizons
– Investors with long time horizon generally invest more in equities.
– Caveat: Long-run mean reversion.Caveat:  Long run mean reversion.

Passive investing strategy – complete portfolio consisting of risky fund and T-bills.
– Invest more or less in T-bills, depending on preferences for riskp g p
– Result is a constant reward-to-variability trade-off (Capital allocation line).
– CAL – depicts E(r) and volatility from combining risky fund with T-bills.
– CAL is a straight line. 

Capital market line:  If the Elder fund were a broad market index, the associated 
CAL would be called the Capital Market Line.




