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Introduction

Convention. Throughout this paper, let R be a commutative noetherian ring.

Hochster famously wrote that “life is really worth living” in a Cohen-Macaulay ring [7].> For in-
stance, if R is Cohen-Macaulay and local with maximal regular sequence t, then R/(t) is artinian and
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the natural epimorphism R — R/(t) is nice enough to allow for transfer of properties between the
two rings. Thus, if one can prove a result for artinian local rings, then one can (often) prove a similar
result for Cohen-Macaulay local rings by showing that the desired conclusion descends from R/(t)
to R. When R is complete, then this is aided sometimes by the lifting result of Auslander, Ding, and
Solberg [2, Propositions 1.7 and 2.6].

Theorem. Let t € R be an R-regular sequence, and let M be a finitely generated R/(t)-module. Assume that
R is local and (t)-adically complete.

(a) IfExtfe/(t) (M, M) =0, then M is “liftable” to R, that is, there is a finitely generated R-module N such that
R/(t) ®g N =M and TorR(R/(t),N) =0 foralli > 1.
(b) IfExtg (M, M) =0, then M has at most one lift to R.

In this paper, we are concerned with what happens when the sequence t is not R-regular. One
would like a similar mechanism for reducing questions about arbitrary local rings to the artinian
case.

It is well known that the map R — R/(t) is not nice enough in general to guarantee good de-
scent/lifting behavior. Our perspective® in this matter is that this is not the right map to consider in
general: the correct one is the natural map from R to the Koszul complex K = KR(t). This perspec-
tive requires one to make some adjustments. For instance, K is a differential graded R-algebra, so not
a commutative ring in the traditional sense. This may cause some consternation, but the payoff can
be handsome. For instance, in [8] we use this perspective to answer a question of Vasconcelos [9].
One of the tools for the proof of this result is the following version of Auslander, Ding, and Solberg’s
lifting result. Note that we do not assume that R is local in part (a) of this result.

Main Theorem. Lett =tq, ..., t, be a sequence of elements of R, and assume that R is t R-adically complete.
Let D be a DG KR (t)-module that is homologically bounded below and homologically degreewise finite.

(a) IfExtf(R(t)(D, D) = 0, then D is quasi-liftable to R, that is, there is a semi-free R-complex D’ such that

D~KR(t)®r D'
(b) Assume that R is local. If D is quasi-liftable to R and Ext}(R(t)(D, D) = 0, then any two homologically
degreewise finite quasi-lifts of D to R are quasiisomorphic over R.

This result is proved in Corollaries 3.7 and 3.12, which follow from more general results on liftings
along morphisms of DG algebras. Note that it is similar to, but quite different from, some results of
Yoshino [10].

We briefly describe the contents of the paper. Section 1 contains some background material on DG
algebras and DG modules. Section 2 contains some structural results for DG modules and homomor-
phisms between them. Finally, Section 3 is where we prove our Main Theorem.

1. DG modules

We assume that the reader is familiar with the category of R-complexes. For clarity, we include a
few definitions.

Definition 1.1. In this paper, complexes of R-modules (“R-complexes” for short) are indexed homo-
logically:

Ontia Oty ! G
] o
M=.--— Mpy1 — My — M1 — ---.

3 This perspective is not original to our work. We learned of it from Avramov and lyengar.
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The degree of an element m € M is denoted |m|. The tensor product of two R-complexes M, N is
denoted M ®g N, and the Hom complex is denoted Homg (M, N). A chain map M — N is a cycle of
degree 0 in Homg (M, N). An R-complex M is homologically bounded below if H;(M) =0 for i > 0; it
is bounded below if M; =0 for i > 0.

Next, we begin our background material on DG algebras; see [1,3,4].

Definition 1.2. A commutative differential graded R-algebra (DG R-algebra for short) is an R-complex A
equipped with a chain map u?: A®g A — A with ab := u?(a ® b) that is:

associative: for all a,b,c € A we have (ab)c =a(bc);

unital: there is an element 1 € Ag such that for all a € A we have 1a =a;

graded commutative: for all a,b € A we have ab = (—1)!%Plpg and a® = 0 when |a| is odd; and
positively graded: A; =0 for i <O.

The map w? is the product on A. Given a DG R-algebra A, the underlying algebra is the graded com-
mutative R-algebra A" = P2, A;.

A morphism of DG R-algebras is a chain map f : A — B between DG R-algebras respecting prod-
ucts and multiplicative identities: f(aa’) = f(a)f(a’) and f(1) =1.

Example 1.3. The ring R, considered as a complex concentrated in degree 0, is a DG R-algebra. Given
a DG R-algebra A, the map R — A given by r+— r-1 is a morphism of DG R-algebras.

Fact 1.4. Let A be a DG R-algebra. The fact that the product on A is a chain map says that 94 satisfies
the Leibniz rule:

314y (@b) = dig (@b + (—1)"lad  (b).

It is straightforward to show that the R-module Ag is an R-algebra. Moreover, the natural map Ag —
A is a morphism of DG R-algebras. The condition A_; =0 implies that Ay surjects onto Hy(A) and
that Hyo(A) is an Ag-algebra. Furthermore, the R-module A; is an Ag-module, and H;(A) is an Hp(A)-
module for each i.

Given a second DG R-algebra K, the tensor product K ®g A is also a DG R-algebra with multipli-
cation (x® a)(¥ ® @) := (—1)I¥ | (xx) @ (ad).

Definition 1.5. Let A be a DG R-algebra. We say that A is noetherian if Hyo(A) is noetherian and the
Ho(A)-module H;(A) is finitely generated for all i > 0. When (R, m) is local, we say that A is local if
it is noetherian and the ring Ho(A) is a local R-algebra* with maximal ideal my,4)

Fact 1.6. Assume that (R, m) is local, and let A be a local DG R-algebra. The composition A —

Ho(A) — Ho(A)/mp,ya) is a surjective morphism of DG R-algebras with kernel of the form ms =
a4 oA

I A1 LN mg — 0 for some maximal ideal mg C Ag. The quotient complex A/my4 is A-isomor-

phic to Ho(A)/mp,(a). Since Ho(A) is a local R-algebra, we have mAg C my.

Definition 1.7. If R is local and A is a local DG R-algebra, then the subcomplex my is the augmentation
ideal of A.

The following is a key example for this investigation.

4 This means that Hg(A) is a local ring whose maximal ideal contains the ideal mHg(A).
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Example 1.8. Given a sequence t =t1,...,t; € R, the Koszul complex K = KR(t) is a DG R-algebra
with product given by the wedge product. If (R, m) is local and t € m, then K is a local DG R-algebra
with augmentation ideal my =(0— R — --- — R" - m — 0).

Definition 1.9. Let A be a DG R-algebra. A DG A-module is an R-complex M with a chain map uM :
A ®g M — M such that the rule am := uM(a ® m) is associative and unital. The map uM is the
scalar multiplication on M. A morphism of DG A-modules is a chain map f: M — N between DG
A-modules that respects scalar multiplication: f(am) = af (m). Isomorphisms in the category of DG
A-modules are identified by the symbol =. Quasiisomorphisms in the category of DG A-modules are
identified by the symbol ~; these are the morphisms that induce bijections on all homology modules.
Two DG A-modules M and N are quasiisomorphic, written M ~ N if there is a finite sequence of

quasiisomorphisms M — --- < N,

Example 1.10. Consider the ring R as a DG R-algebra. A DG R-module is just an R-complex, and
a morphism of DG R-modules is simply a chain map.

Fact 1.11. Let A be a DG R-algebra, and let M be a DG A-module. The fact that the scalar mul-
tiplication on M is a chain map says that 9™ satisfies the Leibniz rule: 8|'3H_‘m|(am) = al‘gl(a)m +

(—1)‘“|a8|",f1|(m). The R-module M; is an Ag-module, and H;(M) is an Ho(A)-module for each i.

Definition 1.12. Let A be a DG R-algebra, and let i be an integer. The ith suspension of a DG A-module
M is the DG A-module Z'M defined by (X'M)y := Mn_; and 85'M := (=1)3M .. The scalar multipli-
cation on X'M is defined by the formula u>"M (@@ m) := (=119 M@ @ m).

Definition 1.13. Let A be a DG R-algebra. A DG A-module M is homologically degreewise finite if H; (M)
is finitely generated over Hgp(A) for all i; it is homologically finite if it is homologically degreewise
finite and H;(M) =0 for |i| > 0.

Definition 1.14. Let A be a DG R-algebra, and let M, N be DG A-modules. The tensor product M @4 N
is the quotient (M ®g N)/U where U is the subcomplex generated by all elements of the form (am) ®
n— (=1)Mm ® (an). Given an element m ® n € M ®g N, we denote the image in M ®4 N as m @ n.

Fact 1.15. Let A be a DG R-algebra, and let M, N be DG A-modules. The tensor product M ®4 N is a
DG A-module via the action

amen) :=(@m)®n=(—D)""mg @n).

Fact 1.16. Let A — B be a morphism of DG R-algebras. Given a DG A-module M, the “base changed”
complex B ®4 M has the structure of a DG B-module by the action b(b’ ® m) := (bb’) ® m. This
structure is compatible with the DG A-module structure via restriction of scalars.

Definition 1.17. Let A be a DG R-algebra, and let M be a DG A-module. The underlying A%-module
associated to M is the A"-module M" = @° __ M;. A subset E of M is called a semi-basis if it is
a basis of the underlying A%-module M®. If M is bounded below, then M is called semi-free if it
has a semi-basis.> A semi-free resolution of a DG A-module N is a quasiisomorphism F = N of DG
A-modules such that F is semi-free. N

Assume that R and A are local. A minimal semi-free resolution of M is a semi-free resolution F — M
such that F is minimal, i.e., each (equivalently, some) semi-basis of F is finite in each degree and the
differential on (A/m4) ®4 F is 0.

5> As is noted in [4], when M is not bounded below, the definition of “semi-free” is significantly more technical.
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Fact 1.18. Let A be a DG R-algebra. Let M be a homologically bounded below DG A-module. Then M
has a semi-free resolution over A by [4, Theorem 2.7.4.2].

Assume that A is noetherian, and let j be an integer. If H;(M) is finitely generated over Ho(A) for
all i, and H;(M) = 0 for i < j, then M has a semi-free resolution F = M such that F? = P2 T (AP
with B; € Z for all i and F; =0 for all i < j; see [1, Proposition 1]. In particular, homologically finite
DG A-modules admit such “degreewise finite, bounded below” semi-free resolutions. Note that the
condition F! = PZ; Ti(A"Pi says that the degree-i piece of the semi-basis E; = E N F; is finite for
each i, and E; =¢ for i < j.

Assume that R and A are local. If H;(M) is finitely generated over Ho(A) for all i, and H;(M) =0
for i < j, then M has a minimal semi-free resolution F = M such that Fi =0 for all i < j; see [1,
Proposition 2]. In particular, homologically finite DG A-modules admit minimal semi-free resolutions.

Definition 1.19. Let A be a DG R-algebra, and let M, N be DG A-modules. Given an integer i, a DG
A-module homomorphism of degree i is a homomorphism f : M — N of the underlying R-complexes
such that f(am) = (—1)!%af(m) for all a € A and m € M. We write | f| =i. The (graded) submodule
of Homg (M, N) consisting of all DG A-module homomorphisms M — N is denoted Homgz (M, N).

A homomorphism f € Homy (M, N); is null-homotopic if it is in lm(af_'flmf‘(M’N)). Two homomorphisms
M — N are homotopic if their difference is null-homotopic.

Fact 1.20. Let A be a DG R-algebra, and let M, N be DG A-modules. The complex Homz4 (M, N) is a
DG A-module via the action

(@af)(m) :=a(fm)) = (=1 f@m).

Definition 1.21. Let A — B be a morphism of DG R-algebras, and let M, M’ be DG A-modules. Given
f € Homa (M, M');, define B®j f: B®a M — B®g M’ by the formula (B®, f)(b@m) = (-1)Plp @
f(m).

Fact 1.22. Let A — B be a morphism of DG R-algebras, and let M, M’ be DG A-modules. Given
a homomorphism f € Homa (M, M");, the function B ®4 f is B-linear, that is, an element of
Homp (B ®a M, B ®4 M’);. Furthermore, if f is a cycle in Homa (M, M’);, then B ®4 f is a cycle
in Homg(B ®4 M, B ®4 M/)i.

Definition 1.23. Let A be a DG R-algebra, and let M, N be DG A-modules. Given a semi-free resolution
F = M, we set Exti\(M, N) =H_;(Homgy4 (F, N)) for each integer i.

Fact 1.24. Let A be a DG R-algebra, and let M, N be DG A-modules. For each i, the module Extfq (M, N)

is independent of the choice of semi-free resolution of M, and we have Extfa(M, N) ~ Exti\ (M',N")
whenever M ~ M’ and N ~ N’; see [3, Propositions 1.3.1-1.3.3]. Given a semi-free resolution F ~ M
and an integer i, the elements of Ext’,(M, N) are by definition the homotopy equivalence classes of
morphisms of DG A-modules F — X~IN.

2. Structure of semi-free DG modules and DG homomorphisms

The proof of our Main Theorem involves the manipulation of the differentials on certain DG
modules to construct isomorphisms that are amenable to lifting. For this, we need a concrete un-
derstanding of these differentials and the homomorphisms between these DG modules. This concrete
understanding is the goal of this section. We begin by establishing some notation to be used for much
of the paper.

Notation 2.1. Let A be a DG R-algebra such that each A; is free over R of finite rank. Given an
element t € R, let K = KR(t) denote the Koszul complex 0 — K; 5 Ko — 0 with K1 =R = Ky and
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basis elements 1 € Ko and e € K1. We fix a basis {y; 1, ..., ¥i,r} for A;. Let B denote the DG R-algebra
KR(t) ®r A, which has the following form

ap P i 1 o7
Bg...—+]>Ai_1EBA,'—l>Ai_2€9A,-_1—1>---—2>A0€BA1—1>0€BA0_>0-

This uses the isomoprhism B; = (K1 ®g Ai—1) ® (Ko Qr Aj) = Aj_1 ® A;. We identify B; with Aj_1 ® A;

for the remainder of this paper. Under this identification, the sum e ®a;_1 +1®a; € B; corresponds to
the column vector [a”l] € Aj_1 ® A;. The use of column vectors allows us to identify the differential

ai
of B as the matrix
A
98 = [_a"—l 0 ]
’ t o

Remark 2.2. In Notation 2.1, the algebra structure on B translates to the formula

i1 [cjm1] _[aisicj+ (=Diaicj 4
a; Cj aicj

where [a;] ] € B and [C’C;]] € B;. This uses the fact that e? =0 in K.

Note that a basis of B; is

(R i P S P

Also, note that the assumptions on A imply that A and B are noetherian. From the explicit description
of 3B, it follows that Ho(B) = Ho(A)/tHo(A).
Assume that R and A are local. Then B is also local. Moreover, given the augmentation ideal

a4 9A
mp=--- —> A —> mg — 0 it is straightforward to show that the augmentation ideal of B is
9 o7 oy 0 of
mgp=---—>Ai_1 DA — A _2PA_ 41— - - —>A)DPAI —0Pmy—0

and we have B/mp = A/m4.

Notation 2.3. We work in the setting of Notation 2.1. Let {8;}7°___ be a set of cardinal numbers such
that 8; =0 for i « 0. For each integer i, set

o0
(Bi-j)
Mi=(Pa™
j=0

where Aﬁ.ﬂi’j) is a direct sum of copies of A; indexed by g;_;. Identify each g; with a basis of Aéﬁ")

over Ap, and set 8 = (J; B;i considered as a subset of the disjoint union |_|; M;. Define scalar multipli-
cation on M over A using the scalar multiplication on each A®9.
Consider R-module homomorphisms

& :Mj— Mj_q, T M; — M;, 8 Mj— Mi_y, and o;:M;— Mi_q.
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For each i, set

&i—1 6

Ni=M;_1®M; and aiN=|:_C.1 o
i— i

:| :N; — N;_1.

We consider the sequences

Ait1 o o1
M=--- 5 M — Mj_1 — -~
and
N N N
914 9; 94
N:---—)Ni—>N,'_]—>---.

ai—1

Given elements [ '] € B; and [m,il;l] € Nj, we define

ai—1 | [ Mj-1| ai—1mj + (—=1)iaim;_
a; m;j ajms; ’

For each B; j € Bi we set e; j = [ﬂ?,-] € N;. For each i, set E; = {e; j}. Let E =J; E; considered as a
subset of the disjoint union | |; N;.

i

Remark 2.4. In Notation 2.3, the sequences M and N may not be complexes. Note that the scalar
multiplications defined on M and N make P; M; and €p; N; into graded free modules over A" and B,
respectively.
The next result is a straightforward consequence of the definitions in Notation 2.3.
Lemma 2.5. We work in the setting of Notations 2.1 and 2.3. The following conditions are equivalent.
(i) The sequence M is a semi-free DG A-module;

(ii) The sequence M is a DG A-module; and
(iii) For all integers i and j we have

@10 =0, i j(¥ism)) =0 (yiom;j+ (=D'yisajmy) (251)
fors=1,...,riand forallm; € M.
Next, we give a similar result for the sequence N.
Lemma 2.6. We work in the setting of Notations 2.1 and 2.3. The following conditions are equivalent.
(i) The sequence N is a semi-free DG B-modiile;

(ii) The sequence N is a DG B-module; and
(iii) For all integers i and j we have

§i = —u, Ti =t, (2.6.1)

o100 = —t8j,  6i®it1 = Ai-10i41, (2.6.2)
Sitj(Vi,smj) = Vi,s0j(mj), (2.6.3)

it j(vismy) = 8 (yis)mj + (= Dy; sorj(m;) (2.6.4)

fors=1,...,riand forallm; € M.
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In particular, if N is a DG B-module, then

—Oi_ 8
aiNz[ Yi-t ’]. (2.6.5)
t o

Proof. (ii) — (iii) Assume that N is a DG B-module. Then the scalar multiplication defined in No-
tation 2.3 must satisfy the Leibniz rule. The Leibniz rule for products of the form [)/(i)s][n?j]' where
1<s<r; and mj € Mj, is equivalent to the following relations: ’

Sitj(Vismj) = Vis8j(mj), (2.6.6)
it j(vism)j) = 3 (yiHmj + (=D'yisej(m;). (2.6.7)

The Leibniz rule for products of the form [VSS][n?j] is equivalent to the following:
Titj(Visj) = tyismj, (2.6.8)
Eivj(vism)) = — (3 Vio)mj + (= D'y sei(my)). (2.6.9)

The Leibniz rule for products of the form [ y?s][r?)j] is equivalent to the following:
Titj (Vismj) = VisTj(m;), (2.6.10)
Eirj(vism)) = =3 (iomj + (= D'y s&(m)). (2.611)

The Leibniz rule for [V(")'S]['Zj] =0 is equivalent to the following:

(—Ditygsm; + (=) y;57j(m)) =0. (2.612)

Eq. (2.6.3) is the same as (2.6.6), and Eq. (2.6.4) is the same as (2.6.7). Comparing Egs. (2.6.7)
and (2.6.9) with yp1 =1, we find & = —«;. Using Eq. (2.6.8) also with yp1 =1, we see that t; =t.
This explains (2.6.2) and (2.6.5). It also shows that (2.6.12) is trivial. Since N is an R-complex, we
have aiN ai’i] = 0 which gives the equations in (2.6.2). This completes the proof of the implication.

The implication (iii) = (ii) is handled similarly, and the equivalence (i) <= (ii) is straightfor-
ward. O

Our next two results characterize semi-free DG modules over A and B. The first one is straightfor-
ward.

Lemma 2.7. We work in the setting of Notations 2.1 and 2.3. If F is a bounded below semi-free DG A-modiule
with semi-basis G, then F = M for some appropriate choice of «; satisfying (2.5.1) for all i and j where
Bi =GN Fil.

Lemma 2.8. We work in the setting of Notations 2.1 and 2.3. If F is a bounded below semi-free DG B-modile
with semi-basis G, then F = N for some appropriate choices of &;, T, j, and §; satisfying (2.6.1)-(2.6.4) for
alli and j where 8; = |G N Fj|.

Proof. Let F be a bounded below semi-free DG B-module with semi-basis G. For each i, set §; =
|G N Fj|. Since F is semi-free, it is straightforward to show that F; = @?io BE.ﬁi_j). Decomposing B;
as Aj_1 @ Aj, we see that Fj = N; for each j. Since the R-module homomorphisms Nj — N;_; are



170 S. Nasseh, S. Sather-Wagstaff / Journal of Algebra 373 (2013) 162-182

. i1 81 - . .

necessarily of the form [i’ :a"], it follows that there are appropriate choices of &;, 7, o, and §;
1— 1

such that F = N. Finally, the fact that F is a DG B-module implies that the maps &;, t;, «;, and §;
satisfy (2.6.1)-(2.6.4), by Lemma 2.6. O

The next result indicates how a semi-free DG B-module should look in order to be liftable to A.
See Section 3 for more about this.

Lemma 2.9. We work in the setting of Notations 2.1 and 2.3. If M is a semi-free DG A-module, then B @ 4 M
is a semi-free DG B-module, identified with a DG B-module N with

ol = [_O‘H 0 }
t o

Proof. Using the isomorphisms

Ba M= (KR(t) @r A) @4 M= KR(t) @ M
the result follows directly from the definitions in Notation 2.3 with Lemmas 2.5 and 2.6. O

Next, we describe DG module homomorphisms over A and B. Again, the proof of the first of these
results is straightforward.

Lemma 2.10. We work in the setting of Notations 2.1 and 2.3. Assume that M is a semi-free DG A-module,
and let M’ be a second semi-free DG A-module. Fix an integer p. A sequence of R-module homomorphisms
{uj: M; — M;+p} is a DG A-module homomorphism M — M’ of degree p if and only if it is a degree-p
homomorphism M — M’ of the underlying R-complexes and

Ui j(yismj) = (=1)Ply; suj(m;)
fors=1,...,riand for allm; € M; for each integer j.
Lemma 2.11. We work in the setting of Notations 2.1 and 2.3. Assume that N is a semi-free DG B-module. Let

N’ be a second semi-free DG B-module built from modules M; and maps &/, t/, 8/, and «; as in Notation 2.3. Fix

i’ it Ui
an integer p. A sequence of R-module homomorphisms {S;: N; — le+p} is a DG B-module homomorphism

N — N’ of degree p if and only if it is a degree-p homomorphism N — N’ of the underlying R-complexes such

that for all integers i we have S; = [(—1)(1)72,-_1 '] for some z; : M; — M;,, and vi:M; - M _,_, and
Vigjyismj) = (=D Py cvim)), (211.1)
zitj(yismj) = (= D)Py;5z(mj) (211.2)
fors=1,...,riand for allm; € M; for each integer j.

Proof. Fix a sequence of R-module homomorphisms S = {S;:N; — le+p}. By assumption, we have
Ni=M;_1 ®M; and N; =M; , & M, so the maps S; have the form

Ui—1 Vi | / /
Yi-1 Zi

and zj : M; — M/

. /
where uj_1 : Mj_1 — M. i+p-

. / . /
ipp—1 Vi:Mi—> M, 4, Yio1:Mio1 — M

i i+p’
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Assume that S is a DG B-module homomorphism N — N’ of degree p. For each by € By and
ng € Ny, we have

Sq+a(bgna) = (—=1)PbySy(ng). (211.3)

Therefore, given integers i and j, for s=1,...,r; and for all m; € M;, by writing Eq. (2.11.3) for the

i,s 0
elements [yo ] € Biy1 and [m,»] € Nj we have
Yi+j(Vismj) =0, (2.11.4)
Ui j(yismj) = (=D IDPy; zi(m)). (211.5)
Using the elements [y?s] € B; and [n?,»] € N;j we have
Visj(Vismy) = (=P y; cvi(my), (2.11.6)
Ziyj(Yismy) = (—1)Py; sz;(myj). (211.7)
. . . . . Vis m; 0
Similar equations arise using the elements | 5 ] €Biyq and [ o]] € Nj41 and the elements [yi S] € B;

and ["V]eNjy.

By comparing Eqs. (2.11.5) and (2.11.7) we conclude that z; = (—1)Pu;. Eq. (2.11.4) with yp1 =1
implies that y; =0 for all i. Therefore, S; has the desired form S; = [(_1)52"*1 Z:] Also, Egs. (2.11.6)
and (2.11.7) are exactly (2.11.1) and (2.11.2). This completes the proof of the forward implication. The
converse is established similarly. O

The last result of this section describes some homomorphisms between semi-free DG B-modules
that are liftable to A.

Lemma 2.12. We work in the setting of Notations 2.1 and 2.3. Let M and M’ be semi-free DG A-modules, and
let f € Homa(M, M');. If (B ®a M); is identified with M;_1 @ M; and similarly for (B ®a M");, then the map

(B®a f)i: (B®a M) — (B®a M)y is identified with the matrix [(_1)éff—1 ; ]

1

Proof. This follows directly from Definition 1.19. O

3. Liftings and quasi-liftings of DG modules

In this section we prove our Main Theorem, starting with the definitions of our notions of liftings
in the DG arena.

Definition 3.1. Let T — S be a morphism of DG R-algebras, and let D be a DG S-module. Then D is
quasi-liftable to T if there is a semi-free DG T-module D’ such that D >~ S ®r D’; in this case D’ is
called a quasi-lifting of D to T. We say that D is liftable to T if there is a DG T-module D’ such that
D = S ®7 D’; in this case D’ is called a lifting of D to T.

Remark 3.2. In the definition of “quasi-liftable” we require that D’ is semi-free in order to avoid the
need for derived categories. If one prefers, one can remove the semi-free assumption and require that
D~ S®% D’ instead.

Our next result is a technical lemma for use in the proof of our Main Theorem.
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Lemma 3.3. We work in the setting of Notations 2.1 and 2.3. Let n > 1, and let N~V be a semi-free DG
B-module

n—1) n—1¢n-1)
—o; T, ]
Q=D

i

N D=... M@ M; Mi—2 ® Mj—1 — -

whose semi-basis over B is finite in each degree. In the case n > 2, assume that for each index i there are
R-module homomorphisms vgn 2 M; — M;_, and z§" 2. M; — M;_ such that

"D = o 1) (3.3.1)
D 1D _gnez0-2) 02 (332)
1(112)()/, Sm,)_)/,sv 2)(mj), (3.3.3)
2P ismy) = (—Dyisz P (my), (3.34)
a2 4 MDDy D 510D (33.5)
O[(TIZZ)V(H 2)_|_tn 28(n 2) (n 2) _ -2 (n 2)8(71 2)+v(n 2) (n 2)20’ (3.3.6)
fors=1,...,r, forallmj € Mj, and for each integer j.

If Ext3(N=D N@=1y — 0, then there are a semi-free DG B-module N™ and an isomorphism of DG
B-modules

Q=D pn—150=1)

—%i
[ : a(nl—l) ]

t

NOD = —— M1 ®M; Mi 2 ®Mj— g —— -
1 =1z 1 g1z
[,— [ ] o 15 L, ]
1
N =... — > Mj_1®M,; Mi,®Miq —— -+

such that for each index i there are R-module homomorphisms v(" D :M; — Mi_y and z(” b M; — Mi_q
such that

o ="V e, (33.7)

5 =y gDl (3.3.8)

v ismy) = yisvi" " (my), (3.3.9)

287V ismy) = (D2 (my), (3.3.10)

o5 2" + 25 Ve Y eV =6, (3.311)

—a "Dy 1D D 1o Dby (DD g0 (3.312)

fors=1,...,r, forallmj e Mj, and for each integer j.
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Proof. By Lemma 2.6, we conclude that for all integers i, j we have

l(nll) l(n D _ t"S(” 1) - 18(” 1 l(ill) —a(” Dn— ]81(111), (3.3.13)
£ 151(11 ])(Vi,smj) = Vi,st”_]cs(-“_”(mj), (3.3.14)
o7V ismp) = 0 (viom; + (=D yiser)V(m)) (3315)
for s=1,...,r; and for all mj € M.

5" o

Note that the sequence {[ ]'Mi 1D M; — Mj_3 ® M;j_»} is a cycle of degree —2 in the

5(n 1)

complex Homg(N®=1D N®—D), Indeed in the case n =1, this follows from Egs. (3.3.13)-(3.3.14); in
the case n > 2, this follows from Egs. (3.3.1)~(3.3.6). The assumption ExtZ(N®~D N®=1) =0 implies

that this cycle is null-homotopic, that is, there is a DG B-module homomorphism S®~1 = {S}"_l)} :
N®=D 5 NO®=D of degree —1 such that

(n—-1) (n 1) -1 (“—1) (n—1) —1o(n=1)
|:8i—1 0 } . |: i—a T4 :| S(n 1 +S(n 1 |: —oy_q 0 T }
n-1 | — (n 1) n—-1) :
0 3; t o4 t o,

(3.3.16)

51@—1) is of the form

_ =D, =1
Sgn—l) _ Ziq i
| 0

where vl("_l) :M; — M;_> and zl("_l) :M; — M;_1, and for s=1,...,r;, and for all m; € M; for each
integer j we have

Lemma 2.11 implies that each

z(ijl)(yl Sml)_VlsV “Vmy), (3.3.17)
2T @ismp = (= Diysz " m)). (3.3.18)

Hence for every i the equality (3.3.16) implies that we have

(n21) (n— 1)+zl("21)al("11)+tv(n 1 3,(2—1), (3.3.19)
—aM Dy 15D D et D sl Dy D g (3.3.20)

Now let

and

_afn) tna(”)

[ (n)]

t
NO = M @M —— s Mi_y & Mi_q — -

Note that the conclusions (3.3.7)-(3.3.12) follow directly from (3.3.17)-(3.3.21).
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Since N1 js a DG B-module, Egs. (3.3.13), (3.3.19), and (3.3.21) give the following equation for
all i:

0‘@10‘1‘(“) 4 tn+15i(n) —0. (3.3.22)

By Egs. (3.3.13), (3.3.19), (3.3.20), and (3.3.21), for all i we have

—a "5, + 5 a, = 0. (3.3.23)

For s=1,...,r;, and for all m; € Mj, Egs. (3.3.14), (3.3.17), (3.3.18), and (3.3.21) give the following
equality:

("8 (yi.smj) = yist"8 | (m)). (3.3.24)

Also, by Egs. (3.3.15), (3.3.18), and (3.3.21) we conclude that

ol (vism)) = 0 (viom;j + (= Dlyisa " (mj). (3.3.25)

Therefore, Eqs. (3.3.22)-(3.3.25) and Lemma 2.6 imply that N® is a semi-free DG B-module.
Egs. (3.3.18)-(3.3.19) and (3.3.21) provide the next morphism of DG B-modules:

n—1) ;n—1¢M-1)
—o; T,

L @™V ]
NOD=.. — = M1 ®M; Mi 2 ®Mijg —— -
_¢n—1,0=1) _¢n—1,0=1)
[2) Ca ] o™ g [:) ‘ o
1— 1
1
N®=... ——— M;_1 & M; Mi,®Mj—1 —— -+~

- . 1,1 . .
Similar reasoning shows that the sequence {[é e 1211' ]} is a morphism of DG B-modules, and it is
straightforward to show that these sequences are inverse isomorphisms. 0O

Part (a) of our Main Theorem is a consequence of the next result.

Theorem 3.4. We work in the setting of Notations 2.1 and 2.3. Assume that R is t R-adically complete and that
N is semi-free such that its semi-basis over B is finite in each degree. If Ext% (N, N) =0, then N is liftable to A
with semi-free lifting.

Proof. Set N© = N. Here, we use a natural variation of Notation 2.3; see Eq. (2.6.5):

_o© 5O

i—1 "i
L o]

N(O):..._)Mi_l@Mi—l>Mi_2G9M,'_]—>---.

Because of our assumptions, each M; is a finitely generated free R-module.
Lemma 3.3 implies that for each n > 1 there are a semi-free DG B-module N™ and an isomor-
phism of DG B-modules
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(n=1) n—150-1)
—o g g
N
NOD=... —— M 1 ®&M; Mi—; ® Mj—1 —— -~
_n—1,=1)
[é ! 12’ ] —a™ 5™
N =... — > Mj_1®M; : Mi 2 ®Mj gy —— ---
such that for each index i there are R-module homomorphisms v(" R :Mj — Mj_3 and z; ‘M —
M;_1 such that
o™ = gD 4 gD, (3.41)
5 — YD) _ =100 (342)
1 1
1(1] )(Vl smj) = Vi, sV(n )(m]) (3.4.3)
1 1
287 ismp = (=Dl yisz Y (my), (3.44)
(n—1) (n 1) (n—1) , (n—1) (n— 1)

o, +z,_, oty (3.4.5)
a(nzl)v(n 1)_|_tn—13i(El)zl§n—l) -1 (n 1)5(n 1)_|_v(n D=1 _ (3.4.6)
for s=1,...,r;, for all mj € Mj, and for each integer j. This follows by induction on n; note that

this uses the isomorphism N®~1 = N in the induction step to conclude that Ext3(N®~D N®=D) =

Ext3(N,N) =
A straightforward calculation shows that

0 1 0 1

j=0

Hence, the composite isomorphism N© — N@™ has the following form:

URNG
[ tl 10;“”]
NO=... — > Mj_1®M; : Mi,®Miy —— ---
1 -yl 0
Lo el
t ozi(")
N(")Z"'—>Mi—1€9Mi Mi, ®Mj_q —— ---.

Furthermore, Eq. (3.4.1) shows that

n—1
(my _ (0 j+1._ ()
o = +E t z;".
j=0

We now define N> as follows:

n—1 i (J) n—1j_(j)
1—[[1 —tlz, ]:[1 - stz
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o) _ NS
N*™ = —>M,169M,—>M1269M,1—>

where

0, ]
(c0) __ ., (0) j+1.,0)
o =a +E tIz7.
j=0

Note that ozi(oo) is well-defined because R is tR-adically complete and the modules M; and M;_q are
finitely generated free R-modules.
We claim that N© is a semi-free DG B-module. For all indices i and n, set

o0
gi(n) _ Z tJZi(JJF") (34.7)
j=0
and notice that
ai(oo) :O‘i(n) +terrlé.i(n). (3.4.8)

Using (3.3.22), it follows that

(00) ,(00) n+1 (n) (n) . (n) OPAL) n+1, M) . (n)
o Va0 =t (=8 oV g el T ). (3.4.9)
It follows that a(oo) (%) ¢ M "1 Homg (M;, Mi_1) = 0, by Krull's Intersection Theorem, so we
H—l =1
have
(oo) (00)
o; o =0. (3.4.10)

Furthermore, for s=1,...,r; and for all mj € M; Eqs. (3.3.25), (3.4.4), (3.4.7), and (3.4.8) imply that
(S (vismp) =00 viomj + (= 1)'yisa ™ m)). (3411)

Thus by Egs. (3.4.10), (3.4.11) and Lemma 2.6 we conclude that N is a DG B-module.
Now consider the chain map ¢ = {¢;} : N@ — N defined by

e i (J) i (J)
<Pi=l_[[1 —tlz; }:[1 - 2otlz; ]
tolo 1 0 1

This map is well-defined because R is tR-adically complete and N; is finitely generated over R. Using
these assumptions with Eq. (3.4.4) we conclude that

(— Zt’z§2j> (Vismj) = (=1)'yis (— Zt’z§”) (m})
=0 =0

for s=1,...,r;, and for all mj € M; for each integer j. Thus ¢ is B-linear and satisfies the as-
sumptions of Lemma 2.11, so ¢ is a morphism of DG B-modules. Similar reasoning shows that the
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sequence {[] X Ot 2/ ]} is a morphism of DG B-modules, and it is easy to show that these sequences

are inverse 1somorphlsms.
On the other hand, by Egs. (3.4.10)-(3.4.11) and Lemma 2.5, the sequence

(00)

o

is a semi-free DG A-module. Now Lemma 2.9 implies that M is a lifting of N to A. Since
N = N© by definition, we conclude that M is a lifting of N to A, so N is liftable to A. O

Corollary 3.5. We work in the setting of Notation 2.1. Assume that R is tR-adically complete. Let D be a
DG B-module that is homologically both bounded below and degreewise finite. If ExtzB(D, D) =0, then D is
quasi-liftable to A.

Proof. Fact 1.18 implies that D has a semi-free resolution N >~ D over B such that the semi-basis for
N is finite in each degree. Since Ext3(N, N) = Ext3(D, D) = 0, Theorem 3.4 implies that N is liftable
to A, with semi-free lifting M. Thus, we have B®4 M = N ~ D, so D is quasi-liftable to A. O

The proof of our Main Theorem uses induction on n, the length of the sequence t. The next result
is useful for the induction step in this proof.

Proposition 3.6. We work in the setting of Notation 2.1. Assume that R is tR-adically complete, and let
D be a DG B-module that is homologically bounded below and homologically degreewise finite such that
Extd (D, D) = 0 for some integer d. If M is a quasi-lifting of D to A, then Ext4 (M, M) =

Proof. Assume without loss of generality that M is degreewise finite and bounded below; see
Fact 1.18. Lemma 2.7 shows that M has the shape dictated by Notation 2.3. Since M is a quasi-
lifting of D to A, we see that N=B ®, M = KR(t) ¢ M is a semi-free resolution of D over B; see
Lemma 2.9. To show that Extf’q(M, M) =0, let f ={fi:M; — M_q} be a cycle in Homs (M, M)_g4;
we need to show that f is null-homotopic. The fact that f is a cycle says that for every i we have
fictiz1 = (1% 1_q fiz1. For each i set V( Y =fi

Claim. For alln > 0 and for all i € Z, there are maps vl(") :M; — M;_q and zl(") : Mj — Mj1q—q such that for
s=1,...,rj,and for allm; € M; for each j

v ismp) = (=) 4y vV (m)), (3.61)

20 (ismp = (=)' Dy; 2" (my), (362)
1)z g+ v+ a_gz™, = v D, (36.3)
D™ o —ai_gv =0. (3.6.4)

To prove the claim, we proceed by induction on n. We verify the base case and the inductive step

simultaneously. Let n > 0 and assume that for each i there exists v(" R : M; — M;_g4 such that for
s=1,...,r;, and for all mj € M; for each integer j, we have

v gasmp = (=D %y vV my), (3.6.5)

v Doy — (~1)dai_gv" P =0, (3.6.6)
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Dév" Y o . .
D v(”*”] Mi_1 ®M; — Mi_4_1 ® M;_g} is a cycle in Homg(N, N)_g4, by

i

Lemma 2.11. As Ext‘é(D, D) = 0, this morphism is null-homotopic. Thus there exists a DG B-module

Thus, the sequence {[

homomorphism S™ = {SE")} € Homg(N, N);_4 such that for every i we have

Y w0 DavED g

|: Ui_d :|Sl(n) ( 1)1 ds(n) |: i1 :| |:( ) m-1) |- (367)
V.
1

t Oi—d+1 t o 0

Lemma 2.11 implies that each Sl(n) is of the form

(n) (m
DY v,
Si(n) — |: 0 zn) :N; — Ni—d+1

where v :M; — M;_4 and z : Mj — Mj;1—¢, and for s=1,...,r;, and for all mj € M; for each
integer ] we have

v sy = (=1 "y v Py, (36.8)
20 (ismy) = (=11 Dy 2V (). (36.9)

Hence for each i, Eq. (3.6.7) implies that we have

1% o + v, + gz = v, (3.6.10)
D" —ai_gv\” =0. (3.611)

This completes the proof of the claim.
Eq. (3.6.3) implies the following equality for each i:

n n
fi= (—1)d|:Zt’Z,-(]_)1}Oli + Oli+1—d|:zt12§]):| - t"HV,@.

Since R is tR-adically complete and each M; is finitely generated over R, each series n; = Z]‘?‘;O tle.(j)
converges in Homg (M;, M;,1_g4), and for every i we have

fi= D0 + i _ami. (3.6.12)

By Eq. (3.6.2), we conclude that 1y j(yism;) = (—=1){0=Dy; ;nj(m;) for all i, j, s. Thus, Lemma 2.10
implies that n = {n;} € Homy (M, M) is a DG A-module homomorphism of degree 1 —d. Eq. (3.6.12)
implies that f = {f;} is null-homotopic, as desired. O

The next result contains part (a) of our Main Theorem.

Corollary 3.7. Let t = tq, ..., t, be a sequence of elements of R, and assume that R is tR-adically complete.
Let D be a DG KR(t)-module that is homologically bounded below and homologically degreewise finite. If

EXt?(R(t) (D, D) =0, then D is quasi-liftable to R.
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Proof. By induction on n, using Corollary 3.5 and Proposition 3.6. O
The version of our Main Theorem used in [8] requires a bit more terminology.

Definition 3.8. Let A be a DG R-algebra, and let M be a DG A-module. For each a € A the homothety
(i.e., multiplication map) uM?: M — M given by m — am is a homomorphism of degree |a|. The
homothety morphism X# : A — Homa(M, M) is given by X4 (@) = u™9, i, X& (a)(m) = am.

If A is noetherian and M is semi-free, then M is a semidualizing DG A-module if M is homologi-
cally finite and the homothety morphism X,’(‘,, : A— Homy (M, M) is a quasiisomorphism. We say that
an R-complex is semidualizing provided that it is semidualizing as a DG R-module. Let G(A) be the
set of shift-quasiisomorphism classes of semidualizing DG A-modules, that is, the set of equivalence
classes of semidualizing DG A-modules where C ~ C’ if there is an integer n such that ¢’ ~ X"C.

Remark 3.9. Let A be a DG R-algebra, and let M, M’ be semi-free DG A-modules. It is straightforward
to show that if M ~ M’, then M is semidualizing if and only if M’ is semidualizing. Note that our
semi-free assumption in the definition of semidualizing is only made in order to avoid the need for
the derived category D(A). If one prefers to work in D(A), then a homologically finite DG A-module
N is semidualizing if (and only if) the induced map X;f} : A — RHomg4 (N, N) is an isomorphism in
D(A).

Corollary 3.10. Lett =tq, ..., t, be a sequence of elements of R, and assume that R is t R-adically complete. If
D is a semidualizing DG KR (t )-module, then there exists a semidualizing R-complex C which is a quasi-lifting

of D to R. Moreover, the base-change operation C — KR (t) ®g C induces a bijection S(R) = SKR()).

Proof. Note that the fact that R is tR-adically complete implies that tR is contained in the Jacobson
radical of R. Using this, one checks readily that the conclusions of [6, Lemma A.3] hold in our setting.
The existence of an R-complex C that is a quasi-lifting of D to R follows from Corollary 3.7; and C is
semidualizing over R by [6, Lemma A.3(a)]. This says that the base-change map &(R) — S(KR(t)) is
surjective; it is injective by [6, Lemma A.3(b)]. O

Part (b) of our Main Theorem is a consequence of the next result.

Theorem 3.11. We work in the setting of Notation 2.1. Assume that R is t R-adically complete, and assume that
R, A, and Ag are local, and let D be a DG B-module that is homologically bounded below and homologically
degreewise finite. If D is quasi-liftable to A and Ext}g (D, D) = 0, then any two homologically degreewise finite
quasi-lifts of D to A are quasiisomorphic over A.

Proof. The assumption that R is tR-adically complete and local implies that t is in the maximal ideal
mCR.

Let C and C’ be two homologically degreewise finite semi-free DG A-modules such that B ®4
C~D~B®4C.Let M= C and M’ = C’' be minimal semi-free resolutions of C and C’ over A.
Lemma 2.7 shows that M and M’ have the shape dictated by Notation 2.3. Since C and C’ are quasi-
liftings of D to A, we see that N:=B®s M = KR(t)®@r M and N’ := B, M’ = KR(t) ®g M’ are semi-
free resolutions of D over B; see Lemma 2.9. Furthermore, from Remark 2.2, we have the isomorphism
B/mp = A/mg, which implies that

B/mp ®p (B®a M) =A/ma ®@a M.

Since M is minimal over A, the differential on this complex is 0, so B ® 4 M is minimal over B, and
similarly for B®4 M’.

~

From [4, Theorem 2.12.5.2 and Example 2.12.5.4] there exists an isomorphism 7" : N — N’.
Lemma 2.11 implies that 7" has the following form
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[ o]
t o
N=-+— Mi_10M; Mi,®Mj—1 —— -
Zi_ i Zi_p Vi_ (31 11)
(%o 2] , o o]
1 _ai71 0 1
[ t ozf]
N'=-o ——=M_ ;&M — M, eM_, ——
and that we have
Vigj(vismj) = (=1)yisvjmy), (3.11.2)
Ziyj(Vismj) = yi,szj(mj) (3.11.3)
for all i, for s=1,...,r; and for all mj € M; for each integer j. As the diagram (3.11.1) commutes, we
have
Zi_1tj =tv; + O({Z,' (3.11.4)

for all i. Since 7" is an isomorphism, it follows that the z;'s are isomorphisms.
The condition (3.11.2) implies that v = {v;} € Homa(M, M")_1; cf. Lemma 2.10. As the dia-
gram (3.11.1) commutes, we have v;_jaj = —a{_lvi for all i, so v is a cycle in Homuz (M, M’)_4. This

yields a cycle B®a v € Homg(N, N’)_; which has the form {[_voi‘l ‘?] ‘Mi_1®M; — Mi_qg_1®Mi_q);

see Fact 1.20 and Lemma 2.12. Since B®4 Vv is a cycle, our Ext-vanishing assumption implies that there
is a DG B-module homomorphism

0 0

U, :
T(O):{|: i-1 Pi “eHomB(N,N/)O

0)
0 u;

such that for every i we have

—Otl{_] 0 .(0)—T-(0) —aj_1 O _ —vi_1 O
t O(l{ ! i-1 t o 0 vi |’

Therefore for all i € Z we obtain the following equations:

0 0
—ug_)lozi + tpf )+ oju

0 0
uYs(vism)) = yisu (mj),

0
Oy,

P (vismp = (=Diyisp{” (m)),

0 0
pyai = —ai_p;”.

The process repeats using p@ = {pgo)} in place of p~V = v. Inductively, for each n > 0 one can
construct a DG B-module homomorphism

™ pm
T(”):{|: -1 M :|}eHomB(N,N/)O

(n)
0 u;
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such that for every i we have

(n—1)
—oi_y 0. m L [—ic1 O —Pi4 0
B R - (n—1)

Therefore for all i € Z and n > 0 we get the following equations:

_ul(n)]al + tpln) + a/ (n) — pl(n 1)’
uf?,(vismj) = yisu” (m)) (3115)
and hence
Vi = pl( D _ o [thu(’):| +t"p (") [thu(])l:|al. (3.11.6)

j=0

Since R is tR-adically complete, the next series converges for each i

e’} o
§i= Z t]ulgj )
j=0
and Eq. (3.11.6) implies that

Vi = (X{E,’ —&i10;5. (311.7)

Combining Eqgs. (3.11.4) and (3.11.7), for each i we have

(zi_1 +t&Da; = Otl{(Zi + t&;). (3.11.8)

This shows that the sequence z +t§ : M — M’ is a degree-0 homomorphism of the underlying R-
complexes. Combining Eqgs. (3.11.3) and (3.11.5), we see that

(z +t&)iyj(yismj) = Vis(z+t§)j(m;j)

for all i, for s=1,...,r; and for all m; € M; for each j. So, Lemma 2.10 implies that z +t£ is a cycle
in Homu4 (M, M")g. Since each z; is bijective and t € m, Nakayama’s Lemma implies that for every i,

the map z; + t&; is also bijective. Hence z + t& is an isomorphism M = M,so C>M=M ~C(, as
desired. O

Here is Main Theorem (b) from the introduction.

Corollary 3.12. Let t =t1, ..., t, be a sequence of elements of R, and assume that R is local and tR-adically
complete. Let D be a DG KR (t)-module that is homologically bounded below and homologically degreewise
finite. If D is quasi-liftable to R and ExtK R t)(D, D) =0, then any two homologically degreewise finite quasi-

lifts of D to R are quasiisomorphic over R.
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Proof. By induction on n, using Theorem 3.11 and Proposition 3.6. O

We conclude the paper with an example showing that the quasi-lifts in the previous two results
must be homologically degreewise finite.

Example 3.13. Let (R, m) be a local integral domain that is not a field. Let Q (R) be the field of
fractions of R, and let 0 %t € m. If F is an R-free resolution of Q (R), then F and 0 are both quasi-
lifts of 0 from KR (t) to R.
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