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2. In this exercise we show how the symmetries of a function imply certain
properties of its Fourier coefficients. Let f be & 2n-periodic Riemann integrable
function defined on R.

{a) Show that the Fourier series of the function f can be written as
Z (n) + f{—n)]cosnf + i[f(n) — f(—n)]sinnd.
[

{b) Prove hat if £ is even, then f{n) = f(—n), and we get a cosine series.

(c) Prove that if f is odd, then fln) = —f( —n), and we get a sine series,

{d) Suppose that f(#+x) = f(&) for a]l/6' € R. Show that f{n) =0 for all
odd n.

(e) Show that f is real-valued if and only if F(n) = f(-n) for all n.

3. We return to the problem of the phicked string discussed in Chaptef 1. Show
that the initial condition f is egual to its Fourier sine series

2ﬁ sinmp

flz) = Z A sinmz with A, = o W

[Hint: Note that |A,| < C/m?]

4. Consider the 27-periodic odd function defined on [0,#] by f(#) = 8{x — 8).
(a) Draw the graph of f.
{b) Corpute the Fourier coefficients of f, and show that

g .
J(6) =~ Z 512::9-

kodd > 1

5. On the interval [—m, %] consider the fimction

0 if 18] > 4,
M=
1) {1[9|/6 if 6] < 4.

Thus the graph of f has the shape of a triangular tent. Show that

8. Let f be the function defined on [, 7} by f(6) =10
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(a) Draw the graph of f.

(b) Calculate the Fourier coefficients of f, and show that

A g =0,
fn) = .
- :wluj_'m(_;i ifn#0.
mh

(c) What is the Fourier series of f in terms of sines and cosines?

(d) Taking 8 = 0, prove that

1 e 1 ?
2 m=gy ad Y=t
7 odd >1 n=1

See also Example 2 in Section 1.1.

7. Suppose {a, }_, and {b,}Y_, are two finite sequences of complex numbers.
Let By, = mel by, denote the partial sums of the series 3 b, with the convention
By =10.

(a) Prove the summation by parts formula .

N N-1
E anby = anBn —apsBpro1 — E (Gnt1 =~ an)B,.
n=M n=M
P

(b} Deduce from this formula Dirichlet’s test for convergence of a series: if the
partial sums of the series 3 b, are bounded, and {a,} is a sequence of
real numbers that decreases monoctonically to 0, then 3" @by, converges.

inT

1

8. Verify that % Do £0 ¢ is the Fourier series of the 2m-periodic sawtooth
7 n

function illustrated in Figure 6, defined by f(0} = 0, and

kit &I
“57 G if — <z <0,

flz) =

g— fo<e <

[

Note that this function is not continuous. Show that nevertheless, the series
converges for every = (by which we mean, as usual, that the symmetric partial
sums of the series converge). In particular, the value of the series at the origin,
namely 0, is the average of the values of f(z) as = approaches the origin from
the left and the right.
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Figure 6. The sawtooth function

[Hint: Use Dirichlet’s test for convergence of a series Yy anbn.]

9. Let f(z) = X {x) be the characteristic function of the interval [a,b] C
[—m, 7], that is,

(2) = 1 ifxela,b]
X\ = 0 otherwise.

(a) Show that the Fourier series of f is given by
—inb

b—a e —e ne
f@)~ gt D e

o—rd 2min

The sum extends over all positive and negative integers excluding 0.

(b) Show thatif a # —morb# 7 and a # b, then the Fourjer series does not
converge absolutely for any z. [Hint: Tt suffices to prove that for many
values of n one has |sinnf| > ¢ > 0 where 6y = (b—a)/2.]

{¢) However, prove that the Fourier series converges at every point x. What
happens if a = —« and b= a?

10. Suppose f is a periodic function of period 27 which belongs to the class C*.
Show that

Fin) = 0(1/In/%)  as |n| — co.

This notation means that there exists a constant C' such F(n)| < Cfnl*. We
could also write this as [n|*f(n) = O(1), wheze O(1) means bounded.

[Hint: Integrate by parts.!

11. Suppose that {fx}32, is a sequence of Riemann integrable functions on the
interval [0, 1] such that

]0 () - f@) du—0 s k— oo




