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Consider an example of discrete time Recurrent Neural Network (RNN)

a:i“ = tanh(leL‘l + Vil + by)
1) §+1 — tanh(Woz + lekH + by)
xﬁ“ = tanh(Wyah + V12 th 4 by)
where xfg 1s the state vector of nth layer at step £, W,,, V), are weight matrices , and b, represents
the bias vector.
Problem. Analyze the problem of global asymptotic stability of the RNN described above.

The applications of RNN include, but are not limited to
(1) Voice recognition,

(1) Pattern recognition, and

(111) Modeling of nonlinear systems.

(1) Consider a discrete time single input single output system:
(2) Pl = Axb + BeF oF = O2F ¢k = gp(ak)

(o k)

where, A is a matrix, B, C' are vectors, ¢(-) satisfies sector condition(i.e. 0 <

11, and for all 0% £ 0.)
(i1) Next, analyze the stability of (2)).

< u for some

(i) Consider V (z) = x*Hx, where H = H* > 0.

Then, V(") — V(a) = (AzP + BEF*H(AzF + BeF) — (¥ HaV.

(ii) We want V (2" 1) — V(2¥) < 0 for all (", £%) +# 0. such that £ = ¢(z*), and ¢(-) satisfies
sector constraint.

SubProblem. Suppose I 1s a quadratic function. Moreover, assume there exists matrix L such
that A + BL is stable(i.e.(A,B) is stabilizable), and F'(x, Lz) > 0. Find necessary and sufficient
conditions for the existence of H = H™* > ( such that

(3) (Az + BE)*H(Ax + BE) —2*Hx + F(x,£) < 0

for all (x, &) # 0. |
Solution: Necessity. Re(F((e“I — A)~'Bw,w)) < 0 for all w € [0, 7] and w # 0, called the
Frequency domain condition.

Sufficiency. Kalman Szego Lemma. Assume (A, B) is stabilizable, and Re(F((e"“I—A) "1 Bw, w)) <

0 for all w € |0, 7| and w # 0. Then there exists H = H* > 0 such that
(Ax + BE)*H(Ax + BE) —2*Hx + F(2,8) <0

for all (z, &) # 0.
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(i) In case of RNN, () = tanh(-) and
(ii)) F'(o) = p(o)(c — ¢(o)) > 0 is quadratic function.
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Remark. A more general stability criteria needs to be developed.

(i) 2F*1 = ¢(z"), #(-) is bounded non-linear function.

(ii) Construct { D;.} such that D, | € Dy, ¢(Dy.) C Dy then ¥ € Dy, provided that ¥ € Dy,
Thus if D;. — 0, then 2 — 0, as k — .

(ii)) Dyy1 =1z € Dy, : frq1,(x) < apyq14,5 = 1...my41} where m defines the number of
constraints, f, ; defines the linear function, oy 1 ; == max,ep, fi j(¢(x)).

fﬂ = maxy,ep,(fj((y))). Assume system phtl = Pz k) has a convex

Liapunov function.Then there exist linear functions f1, fo, ... fin such that Dy = {y : f;(y) <
k+1 j=1...m},and {D.} — 0.

Theorem: Define «

(D) Dy = {z |z [<af, j=1...m} when k = 0.

- 1
(ii) Find max ¢ p, (1, (¢(z))) = ozé”l for all j and define Dy 1 = {y : (l;,y) < ozé-CJr }.

(111) If maxj(oz§“ ozf“) > ¢ > 0, increase k£ by 1 and go to step (i1) and repeat. Here < 1s

sufficiently small threshold.

D
p k
Dy
¢(Dp)
¢(P)
Problem: Given the function f(x) = > " ¢;é(x;), where ¢; # 0 for all 7. How to locate the

points of local maxima for f(-) over a convex set(for our case it is a rectangle)?
To this end, we have shown the following result.

Theorem (-): Consider the hyperplane P = {x : lx = b} where [ is a unit normal vector and
b € R. Suppose the function f(z) = > " ; ¢;é(x;) where ¢; # 0 for all 4, defined on P.
Suppose the function ¢(-) satisfies the following conditions:

(i) ¢(-) € C?, ¢(—x) = —d(z), ¢ (x) > 0,2¢"(z) < 0, for all z # 0, and limy_se0 d(z) < 0.
Denote (-) = (¢/(-)) "

(i1) z(In [¢)'(z)|)" is a monotonically increasing function of .

(111) Set h(ﬁq]) ﬂg >> Then dﬁ[ quﬂ } # 0, where ¢; < qp < q;.
(1v) For all p > ¢, we have 7 (Zgggg) < 0.

d/ d ()
(v) For all x > 0, we have %( - (ﬂb/(x))) > (.

Then, the function f(x) has at most one point of local maximum on the hyperplane, P.

Remark. We check the necessary condition for existence of convex Liapunov function. This gives
a more general stability criteria.
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