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The root system chip-firing game is related to (but different from):

@ The chip-firing game of Bjorner, Lovasz, and Shor ('91) (or
Abelian Sandpile Model studied by Bak, Tang, and Wiesenfeld
('87) and Dhar ('90))
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The root system chip-firing game is related to (but different from):

@ The chip-firing game of Bjorner, Lovasz, and Shor ('91) (or
Abelian Sandpile Model studied by Bak, Tang, and Wiesenfeld
('87) and Dhar ('90))

@ The McKay-Cartan matrix firing or Cartan matrix firing of
Benkart, Klivans, and Reiner ('16)

Root system chip-firing was developed as a generalization of Jim
Propp's labeled chip-firing game.
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Labeled chip-firing

@ Among an infinite row of boxes, pick one box to place chips
labeled 1,2,...,n.

@ While possible, pick two chips from the same box, sending the
smaller chip left and bigger chip right.
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Labeled chip-firing

@ Among an infinite row of boxes, pick one box to place chips
labeled 1,2,...,n.
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@ While possible, pick two chips from the same box, sending the
smaller chip left and bigger chip right.
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Labeled chip-firing

Theorem (S Hopkins, T McConville, J Propp '17)
The chips always end up sorted
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Labeled chip-firing

Theorem (S Hopkins, T McConville, J Propp '17)

The chips always end up sorted if n is even.
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Labeled chip-firing

Theorem (S Hopkins, T McConville, J Propp '17)

The chips always end up sorted if n is even.

Proof commentary: This is tricky. You are invited to develop a
better proof.
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Root systems

General root systems ‘ Type Ap—1

® finite crystallographic root system ‘ S = {e — €i}ije{l,..n}
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Root systems

General root systems ‘ Type Ap—1

¢ finite crystallographic root system | ¢ = {e; — ei}iJE{l,..-,n}
&1 positive roots ot = {e — ei}ti<icj<n
" coroot system ®V = & (simply-laced)

Q@ = Z root lattice Q={xeZ": Y x;=0}
P weight lattice P=7"]7(1,...,1)
{ANeR" (N, oY) € Z, Ya¥ € dV}

Q= P, f=1|P/Q| f=n
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Root systems

General root systems

‘ Type An—l

® finite crystallographic root system

S = {e — ei}iJe{l,...,n}

&1 positive roots

®F = {e —eit1<icj<n

®V coroot system

®V = & (simply-laced)

Q@ = Z® root lattice

Q={xeZ": > x;=0}

P weight lattice
{ANeR" (N, oY) € Z, Ya¥ € dV}

P=27"J7(1,...,1)

Q= P, f=1|P/Q|

f — 1 miniscule weights w € P
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Root systems

General root systems

‘ Type An—l

® finite crystallographic root system

S = {e — ei}iJe{l,...,n}

&1 positive roots

®F = {e —eit1<icj<n

®V coroot system

®V = & (simply-laced)

Q@ = Z® root lattice

Q={xeZ": Y x;=0}

P weight lattice
{ANeR" (N, oY) € Z, Ya¥ € dV}

P=27"J7(1,...,1)

Q= P, f=1|P/Q| f=n
f — 1 miniscule weights w € P wi=(1,...,1,0,...,0)
W Weyl group W=6,

permutations of {1,...,n}
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Root system chip-firing

&T, P from last slide; M C Z
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Root system chip-firing

&T, P from last slide; M C Z

@ P is the “state space”

@ For \€ P, a € ®T allow a move A = X\ + « if
(\a')+1leM

P Galashin, S Hopkins, T McConville, A Postnikov Root system chip-firing



Root system chip-firing

&T, P from last slide; M C Z

@ P is the “state space”

@ For \€ P, a € ®T allow a move A = X\ + « if
NaVy+1leM
Type A Example:
¢+ = {ej — e;}1§;<j§,,, P = Zn/Z(l, N 1), M = {1}
Moves: A — X\ + (ej — e,-) if <)\, € — e,-) +1e M (i.e. Ai = )\j)
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Root system chip-firing

&T, P from last slide; M C Z

@ P is the “state space”

@ For \€ P, a € ®T allow a move A = \ + « if
\a¥)+1leM

Type A Example:
¢+ = {ej — e;}1§;<j§,,, P = Zn/Z(l, ‘e 1), M = {1}
Moves: A — A + (ej — e,-) if <>\, € — e,-) +1eM (i.e. A= )\j)
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Confluence

We say the root system chip-firing game is confluent from Ay € P

if every sequence of moves A\g — A1 — \» — - -- terminates at the
same weight . The game is confluent if it is confluent from every
Ao € P.
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We say the root system chip-firing game is confluent from Ay € P

if every sequence of moves A\g — A1 — \» — - -- terminates at the
same weight . The game is confluent if it is confluent from every
Ao € P.

Theorem (HMP '17 (restated))

The type Azn—1 game with M = {1} is confluent from 0.
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Confluence

We say the root system chip-firing game is confluent from Ay € P

if every sequence of moves A\g — A1 — \» — - -- terminates at the
same weight . The game is confluent if it is confluent from every
Ao € P.

Theorem (HMP '17 (restated))

The type Azn—1 game with M = {1} is confluent from 0.

V.

Theorem (P Galashin, S Hopkins, T McConville, A Postnikov '17)

For any root system ®, the game is (fully) confluent when
M={—k —k+1,....k—1,klorM={—k+1,....k—1k}
for some k € {0,1,2,...}.
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Symmetric intervals M = {—k, —k+1,... k-1 k}

Theorem (GHMP)

For a symmetric interval M, the game is (fully) confluent.
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Symmetric intervals M = {—k, —k+1,... k-1 k}

Theorem (GHMP)

For a symmetric interval M, the game is (fully) confluent.

Proof commentary: This is true for “good” reasons.
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Symmetric intervals M = {—k, —k+1,... k-1 k}

Theorem (GHMP)

For a symmetric interval M, the game is (fully) confluent.

Proof commentary: This is true for “good” reasons.

@ Perm(\) is the convex hull of {w -\ w € W}
o M?(\) = (Q + A\) N Perm()\)
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Non-escaping permutahedron lemma

e Pt ={\eP|(\a')>0, Va € d*} dominant chamber
° p=133 cor @ Weyl vector
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Non-escaping permutahedron lemma

e Pt ={\eP|(\a')>0, Va € d*} dominant chamber
° p=133 cor @ Weyl vector

IfFX € Pt e NP+ kp) and ju — ' then p' € MR\ + kp).
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Non-escaping permutahedron lemma

e Pt ={\eP|(\a')>0, Va € d*} dominant chamber
° p=133 cor @ Weyl vector

IfFX € Pt e NP+ kp) and ju — ' then p' € MR\ + kp).

If \o, \ € P™ where X\ is minimal in dominance order such that
Ao € NQ(A 4+ kp), then Ao — --- — A+ kp.
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Truncated intervals M ={—k+1,... . k—1 k}

Theorem (GHMP)

For a truncated interval M, the game is (fully) confluent.

Local confluence may be proved by reduction to rank 2. Ol
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Truncated example

Az, M ={0,1}
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Closing remarks

o Let Hyj = {x € R"| (x,a") = j}. The affine hyperplane
arrangements

ASt = (H,j|l a € ®F, je {—k,..., k}},

AN = {H,jlaedT, je{—k+1,... k}}

are the k-Catalan and k-Shi arrangements, respectively.
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Closing remarks

o Let Hyj = {x € R"| (x,a") = j}. The affine hyperplane
arrangements

ASt = (H,j|l a € ®F, je {—k,..., k}},

AN = {Hajl e &t je{—k+1,...,k}}
are the k-Catalan and k-Shi arrangements, respectively.
@ There are polynomials ey (k) indexed by dominant weights A
that count the set of A\ such that \g — --- — A+ kp (for the
symmetric or truncated cases). This polynomial has positive

integer coefficients (S Hopkins, GHMP). The ey (k) like an
Ehrhart polynomial for a (sometimes) non-convex region!
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THANKS!!
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