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Wave propagation in prestretched ultrathin polymer fibers �e.g., those as-electrospun polymer
nanofibers� are under the influence of prestretch, surface energy, and nonlinear elasticity. A
one-dimensional nonlinear elastic model is proposed to take into account such combined influence
in the wave propagation phenomenon. In the model, the polymer nanofibers are considered to
behave as hyperelastic Mooney–Rivlin solid. For small dynamic disturbance, linearized wave
equation is established by superimposing the dynamic displacement as linear disturbance on the
prestretched equilibrium state. Explicit wave dispersion relations are obtained and relevant
numerical examples are demonstrated in examining the dependency of wave phase speed upon the
wave number at varying surface properties, fiber radius, and prestretch. In the limiting case of
neglecting the dynamic effect, the present wave equation can yield the governing equation of surface
rippling in compliant nanofibers. This governing equation is capable of predicting the initiation
condition of surface rippling and the critical fiber radius, below which compliant nanofibers cannot
be produced due to surface instability. Results obtained in this study are applicable as the theoretical
basis of dynamic characterization of compliant nanowires/nanofibers, nanofiber device design, and
nanostructural analysis. © 2010 American Institute of Physics. �doi:10.1063/1.3275870�

I. INTRODUCTION

With recent development of nanotechnology, ultrathin
continuous polymer fibers, with the diameter ranging from a
few nanometers to microns, have been fabricated extensively
by means of the low-cost electrospinning technique.1–5 These
continuous polymer nanofibers can be directly integrated into
a variety of micro/nanostructures, as well as utilized as pre-
cursors for producing carbon, ceramic, semiconductor, and
other structural and multifunctional nanofibers. This has re-
sulted in tremendous opportunities to materials scientists and
engineers in exploiting electrospun nanofibers for broad ap-
plications in nanocomposites,6 ultrafine filtration,7 protective
clothing,8 biomedical engineering and technologies,9 tem-
plates for nanotube growth,10,11 and nanosensors and
devices,12,13 among others. Figure 1 shows the typical poly-
�methyl methacrylate� �PMMA� nanofibers produced by
electrospinning. Furthermore, it has been well accepted that
surface has appreciable effect on the mechanical behavior of
materials at nanoscale.14,15 In particular, compared to metal-
lic and other inorganic crystalline nanomaterials, polymer
nanofibers show more pronounced size effect in their me-
chanical properties at relatively large diameters up to a few
hundred nanometers, as reported in recent experimental
observations.16–19 Typically, axial modulus and tensile
strength of as-electrospun polymer nanofibers at the diameter
�100 nm can reach the magnitudes several times those of
their counterparts of large fiber diameter and bulk materials.
Detailed mechanisms of such noticeable size effect have
been under intense investigation.16–20 In addition, due to the
relatively low modulus of polymeric materials, surface en-
ergy may play a crucial role in the mechanical response of

polymer nanofibers. Within the framework of continuum me-
chanics, such size effect can be simply approached by intro-
ducing the surface energy. The resulting hybrid continuum
mechanics models have been used to interpret the size effect
in the mechanical behavior nanofibers and nanowires includ-
ing axial modulus, elastic contact, adhesive collapse, surface
rippling, and wave propagation.20–25

In addition, recent progress in nanomaterials science has
made it possible to produce nanofibers of dielectric, ferro-
electric, and other smart polymeric materials, which are po-
tential candidates for nanosensors and transducers and also
can be directly integrated into polymeric matrix to form
smart nanocomposites.12,13,26,27 In the case of dynamic char-
acterization and device design based on these functional
nanofilamentary materials, studies reported in the literature
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FIG. 1. �Color online� SEM micrograph of typical PMMA nanofibers fab-
ricated by electrospinning.
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were mainly focused on their linearly elastic behavior.21,25

However, in many cases, wave phenomena may happen in
materials with large prestretch. Without a doubt, examination
of wave phenomena in polymer nanofibers is a topic of in-
terest in exploring their promising industrial applications. It
is expected that the dynamic response of polymer nanofibers
may exhibit some unique characteristics owing to their nano-
scale geometries.

For instance, in recent study of wave propagation in
nanofibers,21 surface effect in the wave dispersion has been
explored, in which a simple linearly elastic material model
was adopted. The study has indicated noticeable surface ef-
fect in the longitudinal wave propagation when the charac-
teristic dimension �i.e., fiber diameter� is below a certain
value. Typically, the wave phase speed decreases with de-
creasing transverse dimension. In addition, independent stud-
ies by other research groups have also disclosed similar size
effect in vibrating microbeams and bulk materials involving
nanostructured inclusions and cavities,28,29 where simple lin-
early elastic/viscoelastic material models were assumed. On
the other side, prestretch is a common technical practice con-
sidered to assemble micro/nanofilaments into structures and
devices. Clearly, when considering wave propagation in pre-
stretched polymer nanofibers, the linearly material models
may fail to predict the realistic response of the fibers due to
the nonlinear response of the real materials.

As extension of the above studies, the present work pro-
poses a simple one-dimensional �1D� nonlinear elastic model
to examine the surface effect in wave propagation of pre-
stretched compliant nanofibers such as those as-electrospun
polymer nanofibers. In this approach, the polymeric material
is dealt with as incompressible, hyperelastic Mooney–Rivlin
solid. This material model is favorable for preliminary study
of compliant polymers and rubbery solids since it is capable
of taking into account the combined effect of prestretch, sur-
face energy, and nonlinear elasticity within the framework of
continuum mechanics, and the explicit solutions can be de-
termined. Besides, the dynamic disturbance of the nanofibers
under consideration is assumed small. Thus, linearized wave
equation can be established through superimposing the dy-
namic displacement as small disturbance onto the pre-
stretched equilibrium state and evoking the principle of least
action �Hamilton’s principle�.30 Furthermore, size effect in
the longitudinal wave dispersion will be examined and nu-
merical examples are to be demonstrated to show the depen-
dency of wave phase speed upon the wave number at varying
surface property, fiber radius, and prestretch. In addition, the
wave equation developed in this work is further used to
study the surface rippling in compliant nanofibers as detected
in recent experiments.24,31,32 Discussions and conclusions on
the research results and potential applications will be ad-
dressed in the end of the paper.

II. PROBLEM STATEMENT AND SOLUTIONS

Consider a compliant polymer nanofiber as a thin cylin-
der of circular cross section at undisturbed stretch-free state.
The polymeric material of the fiber is modeled as incom-
pressible, isotropically hyperelastic Mooney–Rivlin solid.

For convenience of the discussion hereafter, three configura-
tions are adopted to delineate the motion of a material point
of the fiber, i.e., undisturbed stretch-free �with surface ten-
sion ignored�, prestretched �with surface tension�, and cur-
rent configurations �with small dynamic disturbance�, respec-
tively. The corresponding coordinates of the material point of

the fiber are denoted by �R ,� ,Z�, �r ,� ,z�, and �r̃ , �̃ , z̃�, re-
spectively. In the following, the deformation of a pre-
stretched compliant nanofiber will be determined according
to our recent approach,20,24 and then the 1D wave equation
will be formulated through linear perturbation of the pre-
stretched equilibrium state and evoking the principle of least
action �Hamilton’s principle�.30

A. Thin solid compliant nanofiber subjected to axial
prestretching

For a long thin polymer fiber subjected to uniform axial
stretching, its axisymmetric deformation can be described in
terms of material coordinators �R ,� ,Z� as follows:

r = �1R �0 � R � R0�, � = � �0 � � � 2��, z

= �3Z �− � � Z � + �� , �1�

where R0 is the initial radius of the stretch-free fiber �with
surface-tension ignored� and �1 and �3 are the transverse and
longitudinal stretches, respectively. The corresponding defor-
mation gradient is

F = � �r/�R 1/R � r/�� �r/�Z

r � �/�R r/R � �/�� r � �/�Z

�z/�R 1/R � z/�� �z/�Z
� = ��1 0 0

0 �1 0

0 0 �3
� .

�2�

In addition, material incompressibility of the polymeric ma-
terial requires �1 and �3 to satisfy

�1
2�3 = 1. �3�

Accordingly, the left Cauchy–Green tensor B and its inverse
can be expressed, respectively, as

B = FFT = diag��1
2,�1

2,�3
2�, B−1 = diag��1

−2,�1
−2,�3

−2� .

�4�

As a result, the three scalar invariants of matrix B are

I1 = 2�1
2 + �3

2 = 2�3
−1 + �3

2, I2 = 2�3 + �3
−2, I3 = 1. �5�

For incompressible, isotropically hyperelastic Mooney–
Rivlin solid adopted herein, the constitutive law can be ex-
pressed in term of Cauchy stress tensor versus B33

T = − pI + 2c1B − 2c2B−1, �6�

where p is the hydrostatic pressure and c1 and c2 are two
independent positive material constants. In the special case
of c2=0 and c1 being half the shear modulus, material satis-
fying constitutive relation �Eq. �6�� is called as neo-Hookean
solid. Furthermore, stress tensor �Eq. �6�� can be expanded in
terms of components

Trr = T�� = − p + 2c1�1
2 − 2c2�1

−2 = − p + 2c1�3
−1 − 2c2�3,

�7�
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Tzz = − p + 2c1�3
2 − 2c2�1

4 = − p + 2c1�3
2 − 2c2�3

−2, �8�

Tr� = Trz = T�z = 0. �9�

For axisymmetric deformation, the resulting equilibrium
equations of the fiber are

�Trr/�r + �Trr − T���/r = 0, �10�

�T��/�� = 0, �11�

�Tzz/�z = 0. �12�

In the above, two traction boundary conditions �BCs� have
been evoked. At the fiber surface, the surface energy leads to
a uniform radical compressive stress

Trr = − �/r0, �13�

where � �N/m� is the surface energy/tension of the amor-
phous polymer fiber which is assumed to be independent of
either the fiber radius or the applied axial stretch and r0 is the
fiber radius in the current configuration. Along the fiber axis,
the axial force balance requires

P = 2��
0

r0

rTzzdr + 2�r0� , �14�

where P is the external axial tensile force. Relationship be-
tween P and axial stretch �3 of the fiber can be determined
through solving Eqs. �10�–�12� under traction conditions20,24

�Eqs. �13� and �14��

P

�r0
2c1

= 2��3
2 − �3

−1��1 − �c2/c1��3
−1� + ��/c1�/r0. �15�

By introducing an intrinsic length l0 of the material,22

l0 = �/c1, �16�

Eq. �15� can be recast into

P

�r0
2c1

= 2��3
2 − �3

−1��1 − �c2/c1��3
−1� + l0/r0. �17�

Equation �17� can be further expressed in terms of the radius
of stretch-free fiber �with surface tension ignored� by consid-
ering the deformation relation r0=�1R0=R0�3

−1/2

P

�R0
2c1

= 2��3 − �3
−2��1 − �c2/c1��3

−1� + �l0/R0��3
−1/2. �18�

Equations �17� and �18� show that size effect in the axial
deformation of nanofibers becomes appreciable once fiber
radius R0 is comparable to the intrinsic length l0. For typical
rubbery materials, l0 is in the range of 100–200 nm, thus size
effect in compliant nanofibers becomes appreciable at rela-
tively large fiber diameter.

B. Longitudinal wave propagation in prestretched
polymer nanofibers

Let us now consider the governing equation of 1D lon-
gitudinal waves propagating in a prestretched polymer
nanofiber. It needs to mention that in the literature, there
have been significant investigation on nonlinear waves

propagating in hyperelastic rods,34–36 where the rods were
dealt with at large scale and the surface energy was not in-
volved. In contrast, in this study the surface effect will be
considered as a crucial term while the dynamic motion of the
fiber is assumed being small and therefore considered as a
small disturbance superimposed onto the static axisymmetric
deformation of the fiber under prestretching.

For small disturbance, coordinates of an arbitrary mate-
rial point in the current configuration of the fiber can be
described as

r̃ = ��1 + f�Z,t��R �0 � R � R0�, �̃ = � �0 � �

� 2�� ,

z̃ = �3Z + g�Z,t� �− � � Z � + �� , �19�

where f�Z , t� and g�Z , t� are two small time-dependent dis-
turbance functions satisfying BCs �Eqs. �13� and �14��. With
the aid of Eqs. �2� and �4�, the resulting deformation gradient

matrix F̃ and the relevant left Cauchy–Green tensor B̃ in the
current configuration can be determined as

F̃ = ��1 + f 0 fZR

0 �1 + f 0

0 0 �3 + gZ
� , �20�

B̃ = F̃F̃T = ���1 + f�2 + �fZR�2 0 fZR��3 + gZ�
0 ��1 + f�2 0

fZR��3 + gZ� 0 ��3 + gZ�2 � .

�21�

As a result, the three scalar invariants of B̃ are obtained as

I1 = 2��1 + f�2 + �fZR�2 + ��3 + gZ�2, �22�

I2 = ��1 + f�2���1 + f�2 + �fZR�2 + 2��3 + gZ�2� , �23�

I3 = ��1 + f�4��3 + gZ�2. �24�

Material incompressibility of the polymer nanofiber Eq. �24�
leads to

��1 + f�2��3 + gZ� = 1, �25�

which implies that the deformation disturbances f and g are

associated. Accordingly, the inverse of B̃ can be expressed as

B̃−1 = ��3 + gZ 0 fZR

0 �3 + gZ 0

fZR 0 ��1 + f�2���1 + f�2 + �fZR�2�
� .

�26�

Given the compliant nanofiber as incompressible, isotropi-
cally hyperelastic Mooney–Rivlin solid, its strain energy
density is

e = c1�I1 − 3� + c2�I2 − 3� , �27�

where I1 and I2 are, respectively, the first and second invari-

ants of the left Cauchy–Green tensor B̃ as determined in Eqs.
�22� and �23�. Furthermore, the potential energy functional �
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of the compliant nanofiber subjected to axial stretching is24

� = 2��
L
�

0

R0

eRdRdZ + 2�R0��
L

��1 + f���3

+ gZ�	1 + �R0fZ�2dZ − P�
L

��3 + gZ − 1�dZ . �28�

In the above, the three terms are the contributions due to
elastic strain energy, surface energy, and the external work
potential by the axial force P, respectively. Magnitude of the
axial force P is determined by Eq. �17�, and transverse de-
formations at the fiber ends due to dynamic disturbance are
ignored. The integration with respect to Z in Eq. �28� runs
over the entire length L of the fiber segment under consider-
ation. Furthermore, the kinetic energy of the fiber segment is

T =
1

4
�R0

4�
L

	 ḟ2dZ +
1

2
�R0

2�
L

	ġ2dZ , �29�

where ḟ and ġ are, respectively, the transverse deformation
rate �strain rate� and the longitudinal translational speed of
the material point and 	 is the mass density of the fiber. In
addition, the first term in relation Eq. �29� is the transverse
kinetic energy similar to that of classic Rayleigh–Love elas-
tic rods37 and the second term is the contribution due to axial
motion.

As an extension of energy methods in classic mechanics,
the Lagrangian of the fiber system can be defined as

L = T − � . �30�

According to the principle of least action �Hamilton’s
principle�,30 the actual motion under constraint Eq. �25� sat-
isfies the necessary condition


�
t1

t2

Ldt = 0, �31�

in which t1 and t2 are the arbitrary beginning and ending
instants, respectively, and functions f and g are associated
through the material incompressibility constraint Eq. �25�.
Herein, utilization of the principle of least action �Hamilton’s
principle� can remarkably simplify the derivation, especially
when finite deformation is involved, and the final expres-
sions are exact with the cutoffs depending on the purpose of
the study. This is desirable for both linear and nonlinear
wave propagation studies. After performing variational
operations38 and eliminating the higher order nonlinear terms
under the assumption of small perturbation, the necessary
condition for an extremum of functional Eq. �30� leads to a
linearized 1D wave equation

R0
2	g̈ZZ − 8�3

3	g̈ − 2c1
1 + � c2

c1
��3

−1

+ 2� l0

R0
��3

1/2R0
2gZZZZ + 8c1
4 + 2�3

3 + 6� c2

c1
��3

−1

−
1

2
� l0

R0
��3

3/2gZZ = 0. �32�

One can observe in Eq. �32� that the longitudinal wave

propagation is closely related to the surface energy and fiber
radius. To extract the wave dispersion relation, assume the
travelling longitudinal waves to carry the wave modes

g�Z,t� = A0 exp�ik�Z − ct�� , �33�

where A0 is the complex amplitude of wave disturbance, k is
the wave number, c is the wave phase speed, and i=	−1.
Substitution of Eq. �33� into Eq. �32� yields the characteristic
equation

A1k2c2 + A2c2 − Ck2 − D = 0, �34�

where

A1 = R0
2	, A2 = 8�3

3	, C = 2c1�1 + �c2/c1��3
−1

+ 2�l0/R0��3
1/2�R0

2, �35�

D = 8c1�4 + 2�3
3 + 6�c2/c1��3

−1 − 1/2�l0/R0��3
3/2� . �36�

The wave dispersion relation �Eq. �34�� can be recast as

c2 =
Ck2 + D

A1k2 + A2
. �37�

In the above, A1, A2, and C are positive, and the sign of D
depends on the prestretch, radius, and surface tension of the
fiber for given material as to be discussed in Sec. III.

III. WAVE DISPERSION DEPENDENCIES AND
NUMERICAL EXAMPLES

A. Wave dispersion dependencies and limiting cases

Based on wave dispersion relation �Eq. �37��, several
limiting cases can be justified as follows. When A2�A1k2 in
Eq. �35�, i.e., �3�0.5�R0k�2/3, corresponding to a large pre-
stretch �3 and a small dimensionless wave number R0k �i.e.,
wavelength is much larger than the fiber diameter�, the trans-
verse motion of the nanofibers can be safely ignored. As a
result, Eq. �37� can be simplified as

c =	
2 + 4�3
−3 + 6� c2

c1
��3

−4 −
1

2
� l0

R0
��3

−3/2� c1

	
� , �38�

which indicates that the longitudinal wave propagation is
nondispersive. In this case, the wave speed is related to the
combined effect of prestretch, fiber radius, and surface en-
ergy for given fiber material. Therefore, prestretch can be
adopted to tune the wave speed of the polymer nanofibers. In
addition, in the limiting case of stretch-free fibers with trans-
verse motion ignored, i.e., �3=1 in Eq. �38�, the resulting
nondispersive wave speed is

c =	
6�1 +
c2

c1
� −

1

2
� l0

R0
�� c1

	
� . �39�

In this case, by considering the constitutive Eqs. �7� and �8�,
the tangential modulus ET of the material at zero deforma-
tion, �3=1 �i.e., infinitesimal deformation� can be deter-
mined as

ET = 6�c1 + c2� . �40�

Thus, Eq. �39� can be rewritten as
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c =	ET

	
−

�

2	R0
. �41�

This relation is similar to the one derived in our recent study
of wave propagation in stretch-free, linearly elastic
nanowires,35 where a portion of the extra elastic strain en-
ergy induced by surface energy/strain �compression� was ig-

nored. If the surface energy is further neglected, Eqs. �38�
and �39� recover the wave speed of classic 1D longitudinal
waves propagating in elastic rods.37

Accordingly, when taking into account the transverse
motion in a stretch-free nanofiber ��3=1�, the 1D longitudi-
nal waves are dispersive and the associated dispersion rela-
tion can be extracted from Eq. �34�

c =	2�1 + �c2/c1� + 2�l0/R0���kR0�2 + 8�6�1 + c2/c1� − �1/2��l0/R0��
�kR0�2 + 8

� c1

	
� . �42�

In the above, when the initial fiber radius R0 is much larger
than the intrinsic length l0 as defined in Eq. �16�, the size
effect can be safely ignored as to be demonstrated in Sec.
III C. In this case, the wave speed decreases with increasing
axial prestretch �3 due to the softening nature of the
Mooney–Rivlin solids. In addition, when taking into account
the surface energy of the nanofibers, the present model pre-
dicts that the wave speed decreases rapidly with decreasing
fiber radius. This effect is attributed to softening of the
nanofibers with growing radical compression, which is recip-
rocal to the fiber radius.

B. Surface rippling of polymer nanofibers

As one of the applications, the governing longitudinal
wave Eq. �32� can be furthered for the interpretation of sur-
face rippling in compliant polymer nanofibers under axial
stretching as observed in recent single-nanofiber tension
tests.31,32 To do so, by eliminating the two inertia terms, Eq.
�32� reduces to the governing equation of surface rippling

CgZZZZ − DgZZ = 0, �43�

where C and D are defined in expressions �35� and �36�.The
ripple wave number k can be determined by assuming the
rippling modes as

g�Z� = B0 exp�ikZ� , �44�

where B0 is the complex amplitude of wave disturbance
similar to A0 introduced in Eq. �33�. Substitution of Eq. �44�
into Eq. �43� yields the ripple wave number

k = 	− D/C . �45�

For physically meaningful rippling mode, k must be a real
number. This implies that rippling happens only under the
condition of D�0. As a result, Eq. �36� yields the initiation
condition of surface rippling in compliant nanofibers of
Mooney–Rivlin solid

R0 �
l0/4

2�3
−3/2 + �3

3/2 + 3�c2/c1��3
−5/2 . �46�

In the above, a quantitative conclusion can be drawn, such
that the critical fiber radius RC, to induce surface rippling
increases with the increase in either the intrinsic length l0 or
the prestretch �3. As a matter of fact, the intrinsic length l0 is
reciprocal to the fiber stiffness, therefore surface rippling can
happen in compliant nanofibers at relatively larger fiber ra-
dius in contrast to stiffer fibers. These conclusions are in an
agreement with the common physical intuitions and have
also been confirmed in recent single-nanofiber tension
tests.31,32

Moreover, Eq. �46� can be further used to determine an
important parameter applicable for nanofiber fabrication, i.e.,
the minimum critical fiber radius �RC�min, below which sur-
face instability �rippling� can happen spontaneously even
without any prestretch �i.e., �3=1�. �RC�min can be deter-
mined by setting �3=1 in Eq. �46�

�RC�min =
1

12

�

c1 + c2
. �47�

The same result was also obtained in our recent study using
a similar approach.24 For typical rubbery material, Eq. �47�
predicts �RC�min�10–40 nm. Naturally, below �RC�min,
compliant rubbery nanofibers cannot exist due to their spon-
taneous surface instability �rippling�. This implies that com-
pliant nanofibers with radius below �RC�min cannot be fabri-
cated in reality. Detailed discussions on surface rippling in
polymer nanofibers are available elsewhere.24

C. Numerical examples of wave dispersion relations

Hereafter, numerical examples are demonstrated to ex-
amine the dispersion Eq. �37� at varying surface energy, fiber
radius, and prestretch. For the hyperelastic Mooney–Rivlin
material model considered herein, the elastic constants c1

and c2 are selected to be close to those of a large group of
vulcanized rubber compounds39 such that c1=0.1
�0.31 MPa and c2=0.1 MPa, the surface tension � is ap-
proximately in the range of 0.05–0.1 N/m, and the mass de-
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sity is estimated as 	=1.25 g /cm3. Thus, the intrinsic length
l0 defined in Eq. �16� gives l0=160−1000 nm, and the stiff-

ness ratio c2 /c1=0.323−1.0. The wave dispersion relation
�Eq. �37�� is expressed in the dimensionless form

c/c0 =	2�1 + �c2/c1��3
−1 + 2�l0/R0��3

1/2�k0
2 + 8�4 + 2�3

3 + 6�c2/c1��3
−1 − �1/2��l0/R0��3

3/2�
k0

2 + 8�3
3 , �48�

where c0 and k0 are, respectively, the reference wave speed
and the dimensionless wave number which are defined by

c0 = 	c1/	, k0 = R0k . �49�

Based on Eq. �48�, variations of the wave phase speed
ratio c /c0 versus the dimensionless wave number k0 are
evaluated for varying R0 and �3. In the numerical process,
the stiffness ratio c2 /c1 is fixed at 0.5. Variations associated
with two intrinsic lengths: l0=200 and 1000 nm, three pre-
stretches: �3=1, 1.5, and 2.0, and five fiber radii: R0=50,
100, 200, 500, and 1000 nm are demonstrated, respectively,
as shown in Figs. 2–4. In each case of given l0 and �3, the

c /c0-k0 diagram corresponding to the case of ignoring sur-
face energy is also plotted.

From Figs. 2–4, one can observe that the c /c0 value
increases with growing k0 except for fibers of large diameter
and free of stretch �Fig. 2�. The c /c0 value also increases
appreciably with decreasing R0 due to the substantial size
effect at small fiber diameter. However, such size effect de-
cays with increasing k0. Furthermore, at fixed k0, the c /c0

value varies not significantly when the given compliant fi-
bers are prestretched from �3=1 to 1.75. Figures 2–4 also
indicate that in each case there exists a unique dimensionless
phase velocity c /c0 independent of R0,

FIG. 2. �Color online� Variation of the wave phase speed ratio �c /c0� vs the dimensionless wave number �R0k� at varying fiber radius �stiffness ratio:
c2 /c1=0.5 and stretch-free: �3=1.0�: �a� intrinsic length l0=200 nm and �b� l0=1000 nm.

FIG. 3. �Color online� Variation of the wave phase speed ratio �c /c0� vs the dimensionless wave number �R0k� at varying fiber radius �stiffness ratio:
c2 /c1=0.5 and prestretch: �3=1.5�: �a� intrinsic length l0=200 nm and �b� l0=1000 nm.
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�c/c0�C =	2��3 + �c2/c1�� + 16�2 + �3
3 + 3�c2/c1��3

−1�
�3 + 8�3

3 ,

�50�

and the associated dimensionless wave number k0 is

�k0�C = 	�3. �51�

Besides, in the case of R0=1000 nm, no significant size
effect can be detected by comparison with those with surface
energy ignored. Thus, this radius could be considered as the
upper limit for compliant polymer fibers whether the size
effect is counted or not. This radius is much larger than those
considered in the cases of metallic nanowires ��50 nm�.
Furthermore, in the cases of large intrinsic length l0 �e.g.,
l0=1000 nm�, pronounced surface effect at the lowest fiber
radius �R0=50 nm� even confines the wave propagation, as
illustrated in Figs. 2�b�, 3�b�, and 4�b�. Such remarkable size
effect suppresses the wave propagation. As a result, surface
rippling will happen prior to wave propagation as discussed
in Sec. III B. From the above numerical examples, one can
draw the conclusion that size effect does play an important
role in wave propagation in compliant nanofibers of radius
below hundreds of nanometers. In contrast, such noticeable
size effect can be only detectable in metallic nanowires with
the diameter below 50 nm.

As a result, the study of size effect in mechanical prop-
erties of prestretched compliant polymer nanofibers demon-
strates their potential applications. With the rapidly growing
research of polymer nanofibers, these size-related principles
will be considered in polymer nanofiber fabrication, charac-
terization, and device design and analysis. One of such ex-
amples is the recent continuum mechanics study of surface
rippling observed in single-nanofiber tension tests.24

IV. CONCLUDING REMARKS

In this work, longitudinal wave propagation in compliant
nanofibers has been explored. Within the framework of con-
tinuum mechanics, hybrid 1D wave equation has been estab-
lished to examine the combined effect of surface energy/
tension, nonlinear elasticity, and prestretch in the first order.
Wave dispersion relations have been obtained in closed form.
In the special case of neglecting inertia effect, the wave

equation developed in this study can be utilized for the study
of surface rippling in polymer nanofibers. The governing
equation of surface rippling is capable of determining the
ripple wavelength and rippling conditions of compliant
nanofibers subjected to finite stretch.

Furthermore, numerical experiments have been executed
to demonstrate the dependencies of wave dispersion in poly-
mer nanofibers upon the surface energy/tension, fiber radius,
nonlinear elasticity, and prestretch. It has been shown that for
given material parameters, prestretch does not significantly
affect the wave dispersion relation. Thus, prestretch can be
considered as a practicable choice to assembly and fasten the
nanofibers. The current study has also indicated that surface
energy/tension does have noticeable influence on the wave
propagation at small fiber diameters. For ultrathin polymer
fibers with diameter below hundreds of nanometers, surface
energy/tension may result in noticeable increase of the wave
phase speed at fixed wave number and prestretch. Moreover,
size effect of polymer nanofibers can become pronounced
with either decreasing fiber radius or increasing wave num-
ber. These unique characteristics can be exploited as the the-
oretical basis of dynamic characterization of compliant
nanofibers and nanodevice design.
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