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1. (25 points) Consider a system with transfer function

W (s) =
1

s3 + αs2 + βs+ 1
,

where α > 0, β > 0, αβ > 1. Find the maximal number µ such that system is absolutely
stable in the class of continuous time-invariant nonlinearities ϕ satisfying sector condition

0 <
ϕ(y)

y
< µ ∀ y 6= 0.

2. (20 points) Given function

R(s) =
s+ 1

(s− 1)(s+ 2)
,

find a rational function X0 ∈ H∞ such that ‖R − X0‖∞ ≤ ‖R − X‖∞ for all rational
functions X ∈ H∞.

3. Assume matrices S and G are Hermitian, S ≥ 0, G > 0, and A is a square matrix.
Consider the matrix function F (P ) = G + PA + A∗P − PSP , where P is Hermitian
matrix. Consider a sequence of matrices {Pk} satisfying equation

G+ PkSPk + Pk+1(A− SPk) + (A− SPk)∗Pk+1 = 0.

(i) (20 points) Assume P0 ≥ 0, and A− SP0 is Hurwitz. Show that P1 is well defined,
P1 ≥ 0, and A− SP1 is Hurwitz.

(ii) (5 points) Assume P0 ≥ 0, and A− SP0 is Hurwitz. Show that Pk is well defined,
Pk ≥ 0, and A− SPk is Hurwitz for all k > 0.

(iii) (20 points) Assume F (P0) ≤ 0. Show that F (P1) ≤ 0. Assume additionally that
matrix A− SP0 is Hurwitz. Prove that P1 − P0 ≤ 0.

(iv) (10 points) Assume P0 ≥ 0, F (P0) ≤ 0, and matrix A − SP0 is Hurwitz. Show
that the sequence {Pk} is convergent: Pk → P̄ , matrix P̄ satisfies the Riccati equation
F (P̄ ) = 0, and matrix A− SP̄ is Hurwitz.


