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Part I
All problems have 10 points.

1. Let in the equation
ẋ+ a(t)x = f(t)

a(t) ≥ C > 0, f(t) → 0 as t → ∞, and functions a and f are continuous. Prove that each
solution to this equation approaches zero as t→∞.

2. For which a each solution to
ẋ = (x2 + et)a

can be continued to the whole real line t ∈ R?

3. Does there exist a real 2× 2 matrix S such that

eS =

[
−1 0
0 −4

]
?

4. Investigate the stability of the trivial equilibrium of

ẋ = −2y − x3,
ẏ = 3x− 4y3.

5. Find Green’s function for the linear differential operator

L =
d2

dx2
+ 1, y(0) = y(π), y′(0) = y′(π).

Part II
All problems have 10 points.

1. Let U be bounded with a C1 boundary. Show that a “typical” function u ∈ Lp(U),
1 ≤ p <∞ does not have a trace on ∂U . More precisely, prove there does not exist a bounded
linear operator

T : Lp(U)→ Lp(∂U)

such that Tu = u|∂U whenever u ∈ C(U) ∩ Lp(U).



2. Let u be a smooth solution of

Lu = −
n∑

i,j=1

aijuxixj = 0

in U , where L is uniformly elliptic with smooth coefficients. Define v := |Du|2 +λu2. Show that
Lv ≤ 0 in U , if λ is large enough. Deduce the following:

||Du||L∞(U) ≤ C(||Du||L∞(∂U) + ||u||L∞(∂U)),

where C is some constant.

3. Let

Lu = −
n∑

i,j=1

(
aijuxi

)
xj

+ cu,

where L is uniformly elliptic with smooth coefficients. Prove that there exists a constant µ > 0
such that the corresponding bilinear form B[·, ·] satisfies the hypotheses of the Lax-Milgram
Theorem, provided c(x) ≥ −µ, for x ∈ U .

4. Prove that there exists a constant C, depending only on n (dimension of the space), such
that

max
B(0,1)

|u| ≤ C( max
∂B(0,1)

|g|+ max
B(0,1)

|f |),

whenever u is a smooth solution of{
−∆u = f, in B0(0, 1)

u = g, on ∂B(0, 1),

where B0(0, 1) and B(0, 1) are open and closed unit ball respectively with center at the origin
of Rn.

5. Assume u is a solution of the heat equation ut−∆u = 0 in UT = U × (0, T ], where U is an
open bounded set. Prove that function v = ‖Du‖2 + u2t satisfies inequality vt −∆v ≤ 0 in UT .


