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The hemodynamic forces on endothelial cells or leukocytes attached to the inner surface of blood
vessels affect the physiological behavior of these systems via mechano-transduction or
receptor-ligand binding. The present study investigates the relative importance and nature of the two
components of the hemodynamic force, i.e., the shear and normal force, on a cell and its vicinity. We
consider a wide range of blood vessels �from capillaries to arteries� and cell’s spreading angles.
Based on computational investigation and analysis, our study demonstrates that the normal force
contributes significantly to the total force on the cell; the influence is much more pronounced in
small vessels. We also show that the spreading of the cell on the vessel surface should not be
discounted, especially in small vessels. Our results are also applicable to the fluid forces on other
protuberances of biological nature attached to vascular vessels �e.g., cancer cells and biofilm� as
well as to the fluid forces over protuberances in microfluidics and porous media. © 2006 American
Institute of Physics. �DOI: 10.1063/1.2336116�

I. INTRODUCTION

Hemodynamic forces play a pivotal role in the normal
and pathological behavior of vascular endothelial cells.1–9

Hemodynamic forces exerted on leukocytes adherent to the
surface of blood vessels play also a pivotal role in the cell
adhesion process since they need to be balanced by the
receptor-ligand binding forces on the surface of the cells.10,11

The same is true for the fluid forces on other protuberances
of biological nature in vascular vessels, such as those formed
during cancer cell metastasis and biofilm formation.12

Several studies have considered the fluid forces on en-
dothelial cells. Hazel and Pedley13 studied the hemodynamic
force on vascular endothelial cells in arteries by modeling
the artery as a solid plane �due to its large diameter relative
to the cell size�, and the cell as an ellipsoidal solid protuber-
ance. By considering various cell configurations, the study
suggested that the cells respond to the flow by minimizing
the total force on their nuclei. The fluid stresses on a cell
adhering to a microchannel wall were studied by Gaver and
Kute.10 They considered a two-dimensional flow within two
parallel plates and a semicircular hump on the lower plate to
model an endothelial cell or a leukocyte adhering to the inner
surface of a microvessel wall. The authors accompanied their
numerical results on the fluid forces with lubrication theory
for large cell sizes.

A number of authors have considered the fluid forces on
leukocytes in post-capillary vessels by modeling the cells as
solid spheres and the vessels as cylindrical tubes. Chapman
and Cokelet determined the drag force on a single adherent
leukocyte as a function of the leukocyte-to-vessel diameter
ratio and the Reynolds number based on dimensionless
analysis, experiments, and computations.12,14 They showed

that the drag force increases considerably in small vessels.
The same authors later extended their study to multiple ad-
herent leukocytes in post-capillary vessels.15 They found that
the drag force on a leukocyte may be greatly affected by the
relative configuration of neighbor leukocytes. Similar results
were reported by Sugihara-Seki and Skalak.16,17 In a later
study, Sugihara-Seki showed that for moderate and small
vessels �with respect to the cell size�, the flow around an
adherent leukocyte in a cylindrical vessel cannot be approxi-
mated by that in a parallel-plate channel.18 Sugihara-Seki
and Schmid-Schönbein determined the shear stress distribu-
tion on the leukocyte and its vicinity for adherent, rolling,
and free-suspended leukocytes.19

In the studies mentioned above, the surrounding liquid
was modeled as a Newtonian fluid. Das, Johnson, and Popel
determined the flow resistance due to leukocyte adhesion by
modeling the surrounding liquid as a non-Newtonian Casson
fluid except very close to the vessel wall.20 Based on that
study, the increase of vascular resistance due to the leukocyte
adhesion is smaller for a non-Newtonian fluid than that for a
Newtonian fluid, but the difference is rather small. Liu and
Wang accounted for the cell’s interfacial deformation by con-
sidering three possible models �a single drop, a compound
drop, and a nucleus drop� for a two-dimensional adherent
leukocyte in steady shear flow.21 Models to describe the
receptor-ligand bonds for cell adhesion have also been em-
ployed, e.g., Refs. 11 and 22.

Our interest in these physical systems focuses on deter-
mining the nature of the hemodynamic force on these cells as
well as the relative importance of the two components of the
hemodynamic force, i.e., the shear stress and the normal
force. We emphasize that a plethora of studies, mainly in the
past two decades, have attributed the behavior, or changes in
the behavior, of the endothelium to one of the two compo-a�Electronic mail: dimitrak@eng.umd.edu
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nents of the hemodynamic force, i.e., the effects of the shear
stress.

For example, the shear stress was found to affect the
production of prostacyclin and nitric oxide,1,2 the endothelial
hydraulic conductivity through signal transduction,3 and the
regulation of occludin content and phosphorylation.4 The
ability of endothelial cells to induce adhesion and migration
of flowing neutrophils was found to be affected by the mag-
nitude of shear stress in the presence of tumor necrosis
factor-a;5 this ability was also found to be affected by oscil-
latory shear stress.6 The endothelial surface layer �glycoca-
lyx� may act as a mechano-transducer of the fluid shear stress
to the actin cortical cytoskeleton of the endothelial cells.7

The biomechanical forces also affect the endothelial struc-
ture and functions such as the permeability to macromol-
ecules, lipoprotein accumulation, and repair near branch
points.8 In addition, shear stress acting at the endothelium
surface was found to produce rapid deformation of interme-
diate filament networks.9 Thus, the influence of the second
component of the hydrodynamic force on the endothelium,
i.e., the normal force or pressure, has been overlooked.

In our recent Letter,23 based on computational investiga-
tion and scaling analysis, we demonstrated that the normal
force contributes significantly to the hemodynamic force on
the endothelial cells, especially for small vessels. Therefore,
our study suggested that the behavior of the endothelium in
arteries, veins, and especially in arterioles, venules, and cap-
illaries is also affected by the normal force exerted on it. The
significant contribution of the normal force on the vascular
endothelium was also shown by King,24 who considered high
Reynolds number flows in a two-dimensional microchannel
used for cell detachment, and employed potential flow analy-
sis. We note that King’s analysis is restricted to two-
dimensional geometries and high Reynolds number flows,
and thus it is applicable to flows in large vessels �i.e., arteries
and veins�. On the other hand, our previous investigation23 is
valid for three-dimensional geometries and covers both large
and small vessels, i.e., from arteries down to capillaries. In
our previous study,23 our interest was concentrated on the
hemodynamic force and its component over the entire endot-
helial cell �i.e., we did not consider these forces locally on
the cell’s surface�.

In the present paper, we extend our previous study23 in
several ways. First, we investigate the hemodynamic force
and its components �i.e., shear stress and normal force� both
over the entire endothelial cell and locally on the cell’s sur-
face. The interest in such a study is motivated by the ambi-
guity in the associated mechanism of mechano-transduction
�i.e., do the cells convert their total or local force into bio-
chemical signals?�. Our results show that even locally the
contribution of the normal force �or pressure� is significant
and thus the effects of the normal force cannot be dis-
counted. Second, we improve our physical understanding on
the nature of the fluid force components by utilizing the pre-
dictions of the scaling analysis presented in our previous
paper,23 which is quantitatively valid only for very large ves-
sels and very spread cells. In the current study, by employing
numerical results, we show that the predictions of the scaling
analysis �and thus the associated physical understanding� are

qualitatively valid for a wide range of vessels and spreading
angles. Outside this range, our numerical investigation also
explains the nature of the components of the hemodynamic
force on the cells. Third, we also consider much less spread
cells �or very large spreading angles�; physically these cells
may represent leukocytes �white blood cells�, cancer cells, or
biofilm adhering to the inner surface of vascular vessels. Our
study suggests that the effects of the normal force component
are much more pronounced for these less spread cells; this
conclusion directly affects the cell adhesion and thus the
progress of associated diseases.

In the case of much less spread cells adhering in small
vessels �i.e., to the limit of simple touch�, the relative impor-
tance of the normal force component to the total hemody-
namic force on the cells was discussed by Sugihara-Seki.17,18

Our study extends the aforementioned ones in that we con-
sider the entire range of spreading angles and vascular ves-
sels, and most importantly we identify the nature of the nor-
mal and shear force components on the adherent cells.

In this study, we consider Stokes flow of a Newtonian
fluid around a solid spherical-like cell in a cylindrical vessel
and investigate the shear stress and normal force over the cell
and its vicinity as the spreading of the cell and its size �rela-
tively to the vessel radius� change. For small and moderate
spreading angles, our modeling represents vascular endothe-
lial cells while large spreading angles better represent adher-
ent leukocytes. In the former case, the hump represents the
nucleus of the endothelial cell protruding above the rest of
the cellular surface.13 Since the cell size is a few microme-
ters, i.e., O��m�, if we consider flow in capillaries �with a
typical diameter of 8 �m� as well as in arterioles and venules
�with a typical diameter of 10–140 �m�,25 we have to ex-
plicitly consider the curvature of the vessel wall. By consid-
ering a wide range of cell sizes �relatively to the vessel di-
ameter�, from very small values up to O�1�, our results are
applicable to flows in both large and small vessels, i.e., from
arteries and veins down to small capillaries. In the case of
adherent leukocytes with a typical diameter of 8 �m, our
modeling applies to the case of adherent leukocytes in post-
capillary or larger vessels.

In these systems, due to the small size of the cell �and
possibly that of the vessel�, the Reynolds number of the flow
near the cell is small and thus the assumption of Stokes flow
is well justified.25,26 �For example, for flow in large arteries
with a diameter of 15 mm and average Reynolds number
500,25 the characteristic Reynolds number for a protuberance
of an O��m� size is smaller than 1; this Reynolds number is
much smaller than 1 for flows in arterioles, venules, and
capillaries.� Our interest in the cell spreading results from the
fact that both endothelial cells and leukocytes may spread
into different configurations on a vessel, as recent experi-
mental findings suggest.27 The assumption of the Newtonian
surrounding fluid in large vessels is rather well justified
based on the results of Das, Johnson, and Popel.20 For small
vessels �e.g., capillaries�, our present study does not take into
account the flowing blood particles such as red and white
cells. These particles induce a higher flow blocking and are
expected to increase the normal force contribution to the he-
modynamic force on the endothelial cells and adherent leu-
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kocytes �e.g., see Ref. 28�; thus the consideration of these
particles is expected to reinforce the major physical conclu-
sions of the current study. We emphasize that in the case of
endothelial cells, the intercell influence is weak due to the
fast decay of the perturbation force on the cell and the large
intercell distance with respect to the cell size;13 thus our
investigation of an isolated endothelial cell is well justified.
Similarly, in the case of less spread cells, our investigation
also represents the case of multiple adherent cells assuming
that these cells are not very close together. �Based on experi-
mental findings, the intercell influence is negligible if the
distance of adherent leukocytes is only a few times their
size;12 this is also supported by our numerical results for the
distribution of the shear stress and the normal force in the
vicinity of the cell shown in Figs. 8, 10, 13, and 14.� There-
fore, in both physiological systems of interest, i.e., endothe-
lial cells and leukocytes adhering to blood vessels, our sim-
plified model is able to capture the important physics of the
complicated realistic problem.

In the current paper, we focus our attention on protuber-
ances of biological nature in vascular vessels such as endot-
helial cells, adherent leukocytes, and cancer cells.12 How-
ever, our study also helps to explain the nature of fluid forces
over protuberances in microfluidics and porous media, e.g.,
the ones formed by the adhesion of capsules and cells in
microfluidic devices, and the biofilm formation.

II. MATHEMATICAL FORMULATION

We consider a three-dimensional cell attached to the in-
ner surface of a vessel as illustrated in Fig. 1. The vessel is
modeled as a cylindrical tube with radius R and half-length
L. The cell is modeled as a spherical cap with radius a. The
cell size is specified by its volume V or equivalently by the
radius ã of a spherical cell with identical volume, i.e.,

ã = � 3V

4�
�1/3

. �1�

The undisturbed flow far from the cell is a Poiseuille flow,
u�=U(1− �y2+z2� /R2 ,0 ,0), where U is the �maximum� ve-
locity at the centerline.

For a given cell volume V and vessel radius R, the
spreading of the cell on the vessel surface is controlled by
the angle � defined in Fig. 1. Due to the vessel’s cylindrical
shape, the spreading angle � along the contact line �i.e., the
intersection of the cell surface with the vessel surface� is a
function of the azimuthal angle � as shown in Fig. 2. For a

given size ã /R of a spherical-like cell, the relationship be-
tween the spreading angle � and the azimuthal angle � may
be determined by the spreading angle �0 at �=0°. In this
study, the angle �0 is employed to define the spreading of the
cell on the vessel surface. We cover a wide range of spread-
ing considering cells with �0=5° ,10° ,20° , . . . ,160° �incre-
ments of 10°�. The small and moderate angles better repre-
sent vascular endothelial cells as shown in Fig. 3�a� while for
large spreading angles our modeling represents adherent leu-
kocytes as seen in Fig. 3�b�.

Due to the small size of the cell �and possibly that of the
vessel�, the flow near the cell occurs at low Reynolds num-
bers. Thus the governing equations are the Stokes equation
along with continuity,

� · � � − �p + ��2u = 0 and � · u = 0, �2�

where � is the stress tensor, p is the dynamic pressure, � is
the viscosity of the fluid, and u is the velocity vector.

The fundamental solution for the three-dimensional
Stokes equations is designated Sij and the associated stress is
Tijk. These solutions may be written in the form

Sij =
�ij

r
+

x̂ix̂ j

r3 and Tijk = − 6
x̂ix̂ jx̂k

r5 , �3�

where x̂=x−x0 and r= 	x̂	.
By introducing the fundamental solution and integrating

over a volume of fluid bounded by a surface S, the velocity at
a point x0 on the surface S is expressed by the following
boundary integral equation:

u�x0� = −
1

4��



S

�S�x̂� · f�x� − �T�x̂� · u�x� · n�x��dS .

�4�

This equation relates the velocity u at each point x0 on the
boundary S as a surface integral of the force vector f=� ·n
and the velocity u over all points x on the same boundary.
The unit normal vector n points into the domain volume
surrounded by the boundary S as shown in Fig. 1. A detailed
derivation may be found in Pozrikidis.29 The main benefit of
the transformation from the partial differential equations �2�

FIG. 1. A cell attached to the inner surface of a blood vessel.

FIG. 2. The variation of the spreading angle � as a function of the azimuthal
angle � for �0=90° and different cell sizes ã /R. For this �0, the depicted
values of ã /R correspond to a /R=0.2,0.4,0.6.
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to the boundary integral equation �4� is the great reduction in
computational time since a fully three-dimensional problem
can be described and solved using only two �curvilinear�
coordinates.

For the current problem, the surface S consists of the
solid surface Ss of the cell and the vessel wetted by the
surrounding fluid as well as by the fluid surface Sf of the
vessel’s inlet and outlet far away from the cell. The relevant
boundary conditions are

u = 0 on the solid boundary Ss, �5�

u = u� or f = f� on the fluid boundary Sf , �6�

where f� is the force associated with the undisturbed Poi-
seuille flow u� far from the cell.

The numerical solution of the boundary integral equa-
tion, Eq. �4�, is achieved through the spectral boundary ele-
ment method.30,31 Briefly, each boundary is divided into a

moderate number of surface elements that are parametrized
by two variables � and 	 on the square interval �−1,1�2. The
geometry and physical variables are discretized using La-
grangian interpolation in terms of these parametric variables.
The base points ��i ,	i� for the interpolation are chosen as the
zeros of orthogonal polynomials of Gauss-type. This is
equivalent to an orthogonal polynomial expansion and yields
the spectral convergence associated with such expansions.
The discretizations are substituted into the appropriate
boundary integrals and the quadratures are evaluated using
adaptive Gaussian quadrature. Further details are given in the
aforementioned references.30,31

The boundary integral equation �4� admits two different
types of points. The collocation points x0, where the equation
is required to hold, and the basis points x, where the physical
variables u and f are specified or determined. The spectral
boundary element method as implemented here employs col-
location points x0 of Legendre–Gauss quadrature, i.e., in the
interior of the elements. As a result, the boundary integral
equation holds even for singular elements, i.e., the elements
that contain the contact line where the normal vector is not
uniquely defined. In addition, we use basis points x of
Legendre–Gauss–Lobatto quadrature �see Secs. 2.2.3 and 2.3
in Ref. 32�, and thus the physical variables are determined in
the interior and on the edges of the spectral elements. The
discretized system of equations is solved using a Gauss
elimination algorithm from the LAPACK software library.

Three-dimensional views of the problem geometry are
illustrated in Fig. 4. In the present paper, the majority of
computations were performed with a discretization employ-
ing NE=39 elements. The surface of the cell, by being pro-
jected onto a cube, is divided into a total of five elements as
shown in Figs. 4�a� and 4�c�. �For cells with spreading angle
�0
90°, nine elements were also employed for the cell ge-
ometry.� As shown later in Sec. IV, the immediate vicinity of
the cell on the vessel surface experiences a rapid change in
the shear stress and the normal force. To achieve a sufficient
accuracy in this area, two rows with eight elements each are
employed as shown in Fig. 4�c�. The vessel surface above the
cell is usually discretized into two spectral elements. �Addi-
tional elements were used for large enough cells.� The re-
maining cylindrical surface is divided into three rows with at
least two elements each; the length of each row increases
progressively with the distance from the cell surface, as seen
in Figs. 4�a� and 4�c�. Finally the vessel’s inlet and outlet are
discretized into two elements each, as shown in Fig. 4�b�. We
note that the specific element distribution produces a
sufficient accuracy even in the most challenging cases; on
the other hand, in most cases a sufficient accuracy may also
be achieved even with a smaller number of spectral elements
NE.

To determine a sufficient number of basis points NB on
each element, several convergence tests were performed for
different cell sizes ã /R and spreading angles �0, by increas-
ing the number of basis points NB from 5 to 15. In all cases,
the results show an exponential convergence associated with
the spectral discretization, as seen in Fig. 5 for a typical test
problem. In this paper, we have employed NB=11 or 13 basis

FIG. 3. Three-dimensional view of a cell adhering to the surface of a blood
vessel. �a� An endothelial cell with �0=30°. �b� A leukocyte with �0=160°.
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points that are sufficient to produce a negligible error even in
the most challenging cases.

The problem studied in this paper admits two levels of
symmetry about the planes y=0 and x=0. Exploiting these
symmetries reduces the memory requirements by a factor of
42, the computational time for the system matrices by a fac-
tor of 4, and the solution time for the linear systems by a
factor of 43. All computations were performed on Linux PC
workstations and on the shared-memory supercomputer IBM
pSeries 690 provided by the National Center for Supercom-
puting Applications �NCSA� in Illinois.

III. DEFINITION OF PHYSICAL VARIABLES

In this paper, we study the �local� shear stress magnitude
� and normal force fn on the surface of the cell and its vi-
cinity defined by

� = ��fx
L�2 + �fy

L�2 and fn = fz
L, �7�

respectively. In addition, we study the total force Fx and the
torque Ty on the cell defined by

Fx = 

Sc

fx dS and Ty = 

Sc

�l � f�y dS , �8�

where Sc is the cell’s surface area. In these equations, f is the
force vector defined at the global Cartesian coordinate sys-
tem while fL= �fx

L , fy
L , fz

L� is the same vector defined at a local
Cartesian coordinate system at each surface point with the xL

and yL axes in the tangent plane and the zL axis parallel to the
normal vector n. The vector l denotes the distance from the
cell surface to the attachment center of the cell on the vessel
wall. Due to symmetry, the remaining components of the
total force and torque, i.e., Fy, Fz, Tx, and Tz, are identically
zero.

The vessel radius R is used as the length scale and the
maximum undisturbed velocity U as the velocity scale. As
the scale for the shear stress � and normal force fn, we use
the shear stress on the vessel wall far from the cell, �wall

�

=2�U /R. �The ratio � /�wall
� demonstrates the amplification

in the shear stress caused by the presence of the cell.� From
Eq. �8�, Fx�R2f�R2�wall

� while Ty �R3f�R3�wall
� . There-

fore, in this paper we choose R2�wall
� and R3�wall

� as the scales
for the total force and torque, respectively.

In this study, we assume that the flow rate Q inside the
vessel is fixed, i.e., Q=�R2U /2. We prefer to define the
problem via a fixed flow rate instead of specifying the pres-
sure drop p at the edges of the vessel since in the latter case
the problem behavior, if scaled with the flow rate, becomes
independent of the pressure drop p �as also shown in Ref.
10 for the two-dimensional analog of the current problem�.

FIG. 4. Discretization of geometry for spectral boundary element calcula-
tions: �a� solid surface of cell and vessel, �b� fluid surface of vessel’s inlet or
outlet, �c� bottom view of the entire geometry. Each figure illustrates Lo-
batto distribution of nodal lines for the corresponding geometry.

FIG. 5. Relative error in the computed total force Fx on the cell for a typical
problem with ã /R=0.384 �i.e., a /R=0.5� and �0=90°, as the number of
basis points NB increases from 5 to 13. �The results for NB=15 were used for
the error determination.� This figure was generated by employing NE=39
spectral elements; the resulting exponential convergence is mainly associ-
ated with the spectral discretization on the cell and thus it can also be
achieved with a smaller number of spectral elements on the vessel wall.
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For a given flow rate Q, the problem of determining the
force field on the cell and its vicinity depends on two inde-
pendent geometric parameters: the size of the cell with re-
spect to the vessel radius, ã /R, and the spreading angle �0. In
this study, we have chosen to define the cell size �or volume�
through the characteristic length ã defined by Eq. �1� instead
of the radius a of the spherical cell �shown in Fig. 1� because
in the latter case a change in the cell radius a �for a given
vessel radius R� may result from a change in the cell volume
and/or the spreading angle �0. �Note that for a given cell
volume V, the two dimensionless parameters of the current
problem, i.e., ã /R and �0, are independent.�

Thus in Sec. IV we present the influence of two param-
eters, ã /R and �0, on the force field on the cell and its vicin-
ity. As shown in Fig. 6�a�, for a given vessel radius R and
spreading angle �0, by increasing the size of the cell ã, the
surface area of the cell along with its height and its frontal
area increase, which results in a larger blocking in the flow.
An equivalent physical problem is to decrease the radius of
the vessel R for a fixed cell volume �or ã� and spreading
angle �0. Therefore, our results provide insight into the
blocking of the endothelial cells and leukocytes as the size of
the vessel decreases. On the other hand, for a given cell

volume and vessel radius, by increasing the spreading angle
�0, the cell’s height and the blocking of the cell on the flow
also increase, as seen in Fig. 6�b�. Therefore, by increasing
ã /R or �0, an increase in the force on the cell is expected, as
discussed in Sec. IV.

IV. RESULTS

We begin our investigation by considering the �local�
shear stress vector �= �fx

L , fy
L ,0� over the cell and its vicinity

shown in Fig. 7 for a rather large cell with a radius half the
vessel radius �or ã /R=0.384� and spreading angle �0=90°.
This figure is a three-dimensional quiver plot where the ar-
rows start from the geometry surface and their length is pro-
portional to the magnitude of the shear stress. As the fluid
flows past the cell, the shear stress increases with the height
of the surface with a maximum at the peak of the cell due to
symmetry. From this figure, it is also evident that at the
lower part of the cell and its nearby area on the vessel the
shear stress diminishes.

To investigate further the distribution of the shear stress
over the cell, in Fig. 8 we plot the magnitude of the shear

stress �=��fx
L�2+ �fy

L�2 as a function of the arc length sxz

�measured from the cell peak� along the cross section of the
geometry surface with the plane y=0 for the same spreading
angle as before, i.e., �0=90°, and for different cell sizes ã /R.
This figure clearly shows that the shear stress distribution has
been greatly influenced by the presence of the cell due to the
associated flow blocking. The stress on the upper part of the
cell is much larger than that on the vessel far from the cell,
�wall

� , with a maximum at the cell peak due to symmetry. On
the other hand, the shear stress diminishes on the lower part
of the cell and its neighbor area on the vessel wall, and even
approaches zero near the contact line. Therefore, this behav-
ior is similar to that found in the case of two- and three-
dimensional protuberances on solid planes, e.g., Refs. 10 and
33–35.

Figure 8 also shows the influence of the cell size ã /R on

FIG. 6. Illustration of the variation of the two independent geometric pa-
rameters of the current problem. �a� Increase in the cell volume V �or length
ã� for a given vessel radius R while the spreading angle �0 remains constant.
�b� Increase in the angle �0 with constant cell volume and vessel radius.

FIG. 7. A three-dimensional quiver
plot for the shear stress vector �
= �fx

L , fy
L ,0� for a cell with ã /R=0.384

and �0=90°. �For this spreading angle,
the cell size corresponds to a /R=0.5,
i.e., a spherical-like cell with radius
half the vessel radius.�
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the shear stress distribution. In particular, by increasing the
cell size from small values, the magnitude � of the shear
stress on the top of the cell �along with its maximum value�
decreases until ã /R0.384. Further increase in the cell size
ã /R results in an increase in the shear stress. The same be-
havior is also shown in Fig. 9, where we plot the variation of
the shear stress magnitude along the cross section of the
geometry surface with the plane x=0 for the same set of
parameters as in Fig. 8.

The influence of the spreading angle �0 on the shear
stress distribution is shown in Fig. 10, where we plot the
shear stress magnitude � along the cross section of the ge-
ometry surface with the planes y=0 and x=0 for a typical
cell size ã /R. This figure reveals that on the upper part of the
cell, the shear stress magnitude shows a monotonic increase
with the spreading angle, as expected since in this case the
height and the frontal area of the cell increase and thus the
cell provides a higher blocking to the vessel flow �see also
Fig. 6�b� in Sec. III�.

It is of interest to note that for small angles �0, the shear
stress magnitude � along the plane y=0, after approaching
zero near the contact line, shows a rapid transition on the
vessel surface near the cell, in distinct contrast to its varia-

tion for large angles as shown in Fig. 10�a�. This difference
is associated with the richness of possible behaviors of three-
dimensional flows around protuberances including stagnation
and spiral points. Since further analysis on this issue is be-
yond the scope of the present study, the interested reader is
referred to relevant publications, e.g., Refs. 35 and 36.

The comprehensive plot shown in Fig. 11 demonstrates
the influence of both the cell size ã /R and spreading angle �0

on the maximum shear stress magnitude �max. Several con-
clusions can be drawn from this figure. For small angles, the
maximum shear stress is independent of the cell size ã /R as
the curves for �0=5° –40° reveal. On the other hand, for
large angles the maximum shear stress shows a weak in-
crease when the cell size ã /R decreases from small values
and a large increase when the cell size increases from large
values. The minimum �max occurs near ã /R=0.384. The
strong dependence of �max on the cell size is much more
pronounced at large angles as the curves for �0

=100° –160° reveal. In addition, for a specific cell size ã /R,
the maximum shear stress magnitude �max increases mono-
tonically with the spreading angle �0; the increase is much
more pronounced at large cell sizes.

We now turn our attention to the �local� normal force on

FIG. 8. Influence of the cell size ã /R on the shear stress. �a� Variation of the
shear stress magnitude � as a function of the arc length sxz �measured from
the cell peak� along the cross section of the geometry surface with the plane
y=0 for spreading angle �0=90°. The depicted values of ã /R correspond to
a /R=0.02,0.2,0.3,0.5. �b� As in �a� but for values of ã /R corresponding to
a /R=0.5,0.7,0.8,0.9.

FIG. 9. Influence of the cell size ã /R on the shear stress. �a� Variation of the
shear stress magnitude � as a function of the arc length syz �measured from
the cell peak� along the cross section of the geometry surface with the plane
x=0 for spreading angle �0=90°. The depicted values of ã /R correspond to
a /R=0.02,0.2,0.3,0.5. �b� As in �a� but for values of ã /R corresponding to
a /R=0.5,0.7,0.8,0.9.

087107-7 Nature of the hemodynamic forces Phys. Fluids 18, 087107 �2006�



the cell and its vicinity. Figure 12 shows a three-dimensional
quiver plot of the normal force vector fn= �0,0 , fz

L� for a cell
with ã /R=0.384 and �0=90°. At the upstream portion of the
cell and its vicinity, the normal force points toward the ge-
ometry surface �i.e., in the opposite direction with respect to

the normal vector n� while the opposite happens at the down-
stream portion of the cell. In addition, the normal force is
higher near the intersection of the cell with the vessel while
it decreases as we move toward the plane y=0.

The distribution of the normal force on the cell and its
vicinity is shown in Fig. 13, where we plot the normal force
fn= fz

L along the cross section of the geometry surface with
the plane y=0 for a cell with spreading angle �0=90° and for
different sizes ã /R. Clearly the presence of the cell results in
a significant modification of the normal force �or pressure�
over the cell and its vicinity. We emphasize that the normal
force is the opposite of the pressure, i.e., p=−fn and thus the
pressure is higher at the upstream portion of the cell and
lower at its downstream portion. By increasing the cell size,
the upstream and downstream change in the normal force
�with respect to its value in the absence of the cell� increases
monotonically, in distinct contrast to the behavior of the
magnitude of the shear stress shown in Fig. 8. �We empha-
size that the undisturbed normal force, i.e., in the absence of
the cell, shows a linear variation with position that matches
that in the presence of the cell shown in Fig. 13 far from the
cell’s location.�

FIG. 11. Maximum magnitude of the shear stress �max versus the cell size
ã /R. The spreading angle �0 varies from 5° to 160°.

FIG. 12. A three-dimensional quiver
plot of the normal force fn= �0,0 , fz

L�
for a cell with ã /R=0.384 and �0

=90°. �For this spreading angle, the
cell size corresponds to a /R=0.5, i.e.,
a spherical-like cell with radius half
the vessel radius.� The arrows start
from the geometry surface while their
length is proportional to the magnitude
of the normal force.

FIG. 10. Influence of the spreading angle �0 on the shear stress. �a� Variation
of the shear stress magnitude � as a function of the arc length sxz �measured
from the cell peak� along the cross section of the geometry surface with the
plane y=0 for a cell with ã /R=0.30 and for �0=30° ,60° ,90° ,
120° ,160°. �b� As in �a� but for the plane x=0.
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Figure 14 shows the influence of the spreading angle �0

on the normal force for a typical cell size, ã /R=0.30. As this
figure reveals, by increasing the spreading angle �0 for a
given cell size, the upstream and downstream change in the
normal force increases monotonically due to the correspond-
ing increase in the flow blocking depicted earlier in Fig. 6�b�.

Having considered the �local� shear stress and normal
force on the cell and its vicinity, we now investigate the total
hemodynamic force exerted on the cell. Figure 15 shows that
the total force Fx exerted on the cell along the flow direction
�i.e., the x axis� increases with the cell size ã /R for any
spreading angle as well as with the spreading angle �0 for
moderate and large cell sizes. The increase is much more
pronounced at large cell sizes and spreading angles �as the
curves for �0�90° indicate� due to the resulting higher
blocking to the vessel flow. For small cell sizes, increasing
the spreading angle from small values the total force Fx de-

creases up to �050° as shown in the figure’s inset; for
higher values of �0 the total force increases with the spread-
ing angle.

To investigate further the nature of the force exerted on
the cell, we separate the hemodynamic force on the cell into
its two components, i.e., the shear force Fx

shear and the normal
force Fx

n. The relative magnitude of the two force compo-
nents is shown in Fig. 16. For large vessels �i.e., small ã /R�
the shear force Fx

shear contributes more to the total force than
the normal force Fx

n but the contribution of the normal force
cannot be neglected especially at large spreading angles. For
example, even for ã /R→0 the normal force on an endothe-
lial cell with �0=60° is 30% of the shear force; for an adher-
ent leukocyte with �0=160°, Fx

n is close to 57% of Fx
shear. As

the vessel radius decreases �i.e., ã /R increases�, the relative
contribution of the normal force to the hemodynamic force
increases and at large cell sizes ã /R becomes dominant. The
increase of the relative contribution of the normal force with
the cell size is much faster for large spreading angles. Ob-
serve that for �0=120° and ã /R=0.9, the normal force Fx

n is
4.6 times greater than the shear force Fx

shear.

FIG. 13. Influence of the cell size ã /R on the normal force: variation of the
normal force fn as a function of the arc length sxz �measured from the cell
peak� along the cross section of the geometry surface with the plane y=0 for
spreading angle �0=90�. The depicted values of ã /R correspond to a /R
=0.2,0.5,0.7,0.9. Note that the normal force is the opposite of the pressure,
i.e., p=−fn while the reference pressure p0=0 is taken at the peak of the cell.

FIG. 14. Influence of the spreading angle �0 on the normal force: variation
of the normal force fn as a function of the arc length sxz �measured from the
cell peak� along the cross section of the geometry surface with the plane
y=0 for a cell with ã /R=0.30 and for �0=30° ,60° ,90° ,120° ,160°.

FIG. 15. The total force Fx exerted on the cell as a function of the cell size
ã /R for spreading angles �0=5° ,10° ,20° , . . . ,160° �increments of 10°�.
The inset shows the same variation for small and moderate angles �0

=5° ,10° ,20° ,30° ,40° ,50°. �Note that �wall
� is the undisturbed shear stress

on the vessel wall far from the cell.�

FIG. 16. Relative magnitude of the normal force Fx
n with respect to the shear

force Fx
shear exerted on the cell as a function of the cell size ã /R. The

spreading angle �0 varies from 5° to 160°.
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Figure 17 shows the torque Ty exerted on the cell as a
function of the cell size ã /R for several spreading angles �0.
We emphasize that Ty is defined with respect to the attach-
ment center of the cell on the vessel wall �see Eq. �8� above�.
This figure reveals that for a given angle �0, the torque ex-
erted on the cell shows a monotonic increase with the cell
size ã /R; this increase is much more pronounced at large
spreading angles. On the other hand, for a given cell size
ã /R, the torque on the cell increases with the spreading
angle.

V. ANALYSIS

In our recent Letter on the normal force exerted on vas-
cular endothelial cells,23 we provided a scaling analysis for
the shear and normal force acting on the endothelial cells
that is formally valid for very small cell sizes ã /R and
spreading angles �0. Here we present a short summary of this
analysis since it helps to reveal the nature of the forces on the
cell and explain their behavior with respect to the problem
parameters, i.e., the cell size and the spreading angle. In the
current study, our interest focuses on identifying �by employ-
ing our numerical results� the area of qualitative validity of
the scaling analysis. As shown below, the physical predic-
tions of the scaling analysis �and thus the associated physical
understanding� are qualitatively valid for a wide range of
vessels and spreading angles.

The shear force Fx
shear on the cell is proportional to the

shear stress on the cell �c and the cell’s surface area Sc. For
small spreading angles �0 and small cell sizes ã /R, the cell’s
surface area Sc is proportional to the contact region Ac

��x�y, where �x and �y are the length and the width of the
cell, respectively, while for our problem �x��y. Based on
the cell’s volume, we have V� ã3��x�y�z, where the cell’s
height �z��x tan �0��x�0 for small angles; thus �x��y

� ã�0
−1/3, �z� ã�0

2/3, and Sc� ã2�0
−2/3. The shear stress �c on

the cell is proportional to the undisturbed shear stress on the
vessel wall far from the cell, �wall

� . Thus for small angles and
cell sizes, the shear force on the cell scales as

Fx
shear � �cSc � �wall

� ã2�0
−2/3. �9�

The normal force Fx
n on the cell may be divided into two

distinct components. The first term Fx
n1 arises from the un-

disturbed pressure gradient acting on the cell. For small
spreading angles �0 and small cell sizes ã /R, the pressure
gradient in the flow direction scales as �wall

� /R. The corre-
sponding pressure change over the cell scales as p1

��wall
� �x /R��wall

� �ã /R��0
−1/3. The force component Fx

n1 is
proportional to p1 and the frontal area of the cell, Af

��y�z� ã2�0
1/3. Therefore, for small cell sizes and small

spreading angles, the first normal force component scales as

Fx
n1 � p1Af � �wall

� ã3

R
, �10�

i.e., it is independent of the spreading angle. The other com-
ponent of the normal force Fx

n0 arises from the disturbance of
the base flow owing to the presence of the cell. Since the
pressure change p0 for this term in the absence of the cell is
identically zero, in the presence of a cell p0 scales as �wall

� �0

and thus the associated normal force scales as

Fx
n0 � p0Af � �wall

� ã2�0
4/3. �11�

The pressure gradient normal force component Fx
n1 is negli-

gible at small cell sizes due to its ã /R dependence but be-
comes the dominant component as the cell size increases. On
the other hand, the base normal force component Fx

n0 is neg-
ligible compared to Fx

n1 at moderate and large cell sizes;
however, for small cell sizes Fx

n0 is the dominant component
of the normal force Fx

n on the cell.
We emphasize again that the scaling analysis presented

above is quantitatively valid for very small cell sizes and
spreading angles. In particular, we have verified numerically
its predictions for �0=1° –5° and for ã /R→0, i.e., the range
of quantitative validity of the scaling analysis is extremely
restricted. For a physical point of view, it is of great interest
to see what is the range of qualitative validity of the scaling
analysis and the associated physical understanding.

The scaling analysis predicts that the dependence of the
shear force Fx

shear on ã /R and �0 is associated only with the
corresponding dependence of the cell’s surface area Sc since
the shear stress on the cell �c is predicted to be independent
of the two problem parameters. In particular, Sc� ã2�0

−2/3,
i.e., it increases with the cell size but decreases with the
spreading angle. Figure 18 shows that the scaling analysis
predicts qualitatively the correct dependence of Sc on ã /R
for all cases. In addition, it predicts the correct qualitative
dependence of Sc on �0 for angles �0�80° and for small and
moderate cell sizes ã /R as shown in the figure’s inset. Note
that for larger angles and for large cell sizes, the cell’s sur-
face area Sc increases with the spreading angle as shown in
this figure; this behavior is not predicted by the scaling
analysis.

Figure 19 shows the dependence of the shear stress
�c�Fx

shear /Sc over the cell on the problem parameters. For
small and moderate cell sizes, �c is practically independent
of the cell size for all angles, in qualitative agreement with
the predictions of the scaling analysis. In the same range of
cell sizes, the scaling analysis fails to predict the increase of
�c with the spreading angle �0; however, this increase is

FIG. 17. The torque Ty exerted on the cell as a function of the cell size ã /R
for spreading angles �0=5° ,10° ,20° , . . . ,160° �increments of 10°�. The
inset shows the same variation for small values of the axes.
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rather small even for the entire range of angles studied in this
paper, 5° ��0�160°. For completeness, we note that the
dependence of �c on the problem parameters is similar to that
of the maximum shear stress magnitude �max on the cell pre-
sented earlier in Fig. 11. �The magnitude of �max is about four
times greater than that of �c.�

For large cell sizes ã /R, Figs. 18 and 19 show that while
both surface area Sc and shear stress �c increase with the cell
size, the former shows a faster increase and thus it contrib-
utes more to the total shear force Fx

shear on the cell. This
conclusion is also in qualitative agreement with the predic-
tions of the scaling analysis. Therefore, the predictions of the
scaling analysis for the shear force Fx

shear on the cell are
qualitatively valid for a much wider range of the parameter
space than its formal range of validity. This is also shown in
Fig. 20, where we plot the variation of Fx

shear with respect to
the cell size ã /R and the spreading angle �0.

The scaling analysis predicts that the normal force Fx
n on

the cell is affected by the dependence of both the pressure
change p0 over the cell and of the cell’s frontal area Af on
the problem parameters. In particular, the cell’s frontal area
is predicted to scale as Af � ã2�0

1/3, i.e., it increases with both

the cell size and the spreading angle due to the correspond-
ing increase of the cell’s height, �z. As shown in Fig. 21,
where we plot the frontal area of the cell Af as a function of
the cell size and the spreading angle, the scaling analysis
predicts the correct qualitative dependence for the entire
range of the parameter space.

Figure 22 shows the pressure change p�Fx
n /Af over

the cell as a function of the cell size and the spreading angle.
Note that p increases with both parameters; the increase is
more dramatic at large cell sizes and spreading angles due to
the associated pressure gradient increase resulting from the
higher flow blocking. For small cell sizes, where the normal
force is dominated by its base component Fx

n0, the scaling
analysis predicts that p�p0��wall

� �0, i.e., it increases
with the spreading angle while it is independent of the cell
size ã /R. Therefore, the scaling analysis fails to predict the
increase of the pressure change with the cell size. However,
its prediction of the dependence on �0 is in qualitative agree-
ment with our numerical results. We emphasize that p does
not go to zero as ã /R→0 for finite spreading angles �0
0
as shown in the figure’s inset, in agreement with the predic-
tions of the scaling analysis, p0��wall

� �0.

FIG. 18. The cell’s surface area Sc as a function of the cell size ã /R. The
spreading angle �0 varies from 80° to 160° in increments of 10°. The inset
shows the same variation for small and moderate angles 5°, 10°, 20°,¼, 80°
�increments of 10°�.

FIG. 19. The shear stress on the cell �c�Fx
shear /Sc as a function of the cell

size ã /R. The spreading angle �0 varies from 5° to 160°.

FIG. 20. The shear force Fx
shear exerted on the cell as a function of the cell

size ã /R. The spreading angle �0 varies from 70° to 160° in increments of
10°. The inset shows the same variation for small and moderate angles 5°,
10°, 20°,¼, 70° �increments of 10°�.

FIG. 21. The frontal area of the cell Af as a function of the cell size ã /R.
The spreading angle �0 varies from 5° to 160°. The inset shows the same
variation for small cell sizes ã /R.
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From our analysis above as well as our numerical results
for the cell’s frontal area Af and the pressure change p
presented in Figs. 21 and 22, respectively, it is now obvious
that the normal force Fx

n�pAf increases monotonically
with both the cell size ã /R and the spreading angle �0; the
increase is much more pronounced at high cell sizes and
spreading angles, as shown in Fig. 23. Comparing Figs. 21
and 22, we note that the rapid increase of Fx

n at large cell
sizes and spreading angles results mostly from the corre-
sponding increase of the pressure change p over the cell,
i.e., the pressure gradient.

VI. DISCUSSION

In this paper, we have conducted an extensive study on
the hemodynamic forces exerted on vascular endothelial
cells or leukocytes adhering to the surface of blood vessels.
By taking into consideration the curvature of the vessel
�which has been modeled as a cylindrical tube� and varying
the cell-to-vessel size, our results are applicable to the entire
range of vessels including capillaries �with a typical diameter
of 8 �m�, arterioles, and venules �with a typical diameter of
10–140 �m� as well as arteries and veins �with a typical

diameter up to a few mm�.25 We have also considered a wide
range of cell spreading, from much spread cells with a
spreading angle �0=5° to less spread cells with �0=160°.

A cell adhering to the surface of a blood vessel causes a
significant amplification to the shear stress distribution over
the cell and its vicinity. For a given spreading angle �0, the
shear stress amplification is a weak function of the cell size
ã /R for small and moderate cell sizes as clearly shown in
Figs. 8, 9, and 11. However, for large cell sizes �or small
vessels for a given cell�, the shear stress amplification in-
creases rapidly with the cell size, as shown in Fig. 11. On the
other hand, the shear stress distribution over the cell depends
strongly on the spreading angle �0 at all cell sizes, as shown
in Figs. 10 and 11. The comprehensive figure 11 clearly re-
veals that large spreading angles �0 are accompanied with a
very fast increase in the shear stress for large cell sizes ã /R
�or small vessels for a given cell�. Thus, endothelial cells and
especially adherent leukocytes cause a significant amplifica-
tion to the shear stress distribution in all vessels, especially
in capillaries and post-capillaries. The presence of endothe-
lial cells and adherent leukocytes causes a significant ampli-
fication to the normal force �or pressure� distribution over the
cell and its vicinity as well. This amplification is a mono-
tonic function of both the cell size and the spreading angle,
as shown in Figs. 13 and 14.

The �total� hemodynamic force Fx on the cell increases
with the cell size ã /R for any spreading angle �0 as well as
with the spreading angle �0 for moderate and large cell sizes,
as shown in Fig. 15. For small cell sizes, increasing the
spreading angle from small values, the total force Fx de-
creases up to �050° as shown in the figure’s inset; for
higher values of �0 the total force increases with the spread-
ing angle. Thus, the dependence of Fx on the spreading angle
is rather complicated.

To clarify the physical origin of the hemodynamic forces
on the cells, we separated the total force Fx into its two
components, i.e., the shear force Fx

shear and the normal force
Fx

n. Our analysis presented in Sec. V helps us to understand
the nature of the hemodynamic force Fx on the cell and its
dependence on the problem parameters. This analysis is
based on our numerical results for relevant geometric vari-
ables �i.e., the cell’s surface area Sc and frontal area Af� and
physical quantities �i.e., the shear stress �c and pressure
change p over the cell�. At small cell sizes, the decrease of
Fx with increasing spreading angle for small and moderate
angles �0 �shown in the inset of Fig. 15� is caused by the
dominant shear component Fx

shear and thus by the associated
decrease of the cell’s surface area Sc shown in Fig. 18. The
rapid increase of Fx at large cell sizes and spreading angles
shown in Fig. 15 results mainly from the normal force Fx

n

exerted on the cell and thus by the associated increase of the
cell’s frontal area Af �seen in Fig. 21� and especially that of
the pressure change p over the cell due to pressure gradient
shown in Fig. 22.

In Sec. V, we also compared our numerical results with
the predictions of the scaling analysis for very large vessels
and very spread cells �which is thus extremely restricted
quantitatively to �0�1 and ã /R�1�. Our analysis shows
that the predictions and the associated physical understand-

FIG. 22. The pressure change p�Fx
n /Af as a function of the cell size ã /R.

The spreading angle �0 varies from 5° to 160°. The inset shows the same
variation for small cell sizes ã /R.

FIG. 23. The normal force Fx
n exerted on the cell as a function of the cell

size ã /R. The spreading angle �0 varies from 5° to 160°. The inset shows the
same variation for small cell sizes ã /R.
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ing of the scaling analysis are qualitatively valid for a wide
range of vessels and spreading angles.

Our study shows that the normal force contributes sig-
nificantly both to the �local� force distribution over the cell
and its vicinity as well as to the �total� hemodynamic force
on the cell. The contribution of the normal force cannot be
neglected for all cell sizes ã /R especially for less spread
cells, as shown in Fig. 16. We have also identified the nature
of the normal force on the cell. In particular, for large vessels
the normal force is dominated by its base pressure compo-
nent Fx

n0, which contributes significantly to the hemodynamic
force especially for less spread cells �e.g., adherent leuko-
cytes� as shown clearly in Fig. 16. For moderate and small
vessels, the pressure gradient normal force Fx

n1 contributes
significantly to the hemodynamic force on the cell and even
becomes the dominant component at small vessels �see Fig.
16� due to the associated high flow blocking. In all cases, we
also expect that flowing blood particles �such as red and
white cells� should increase the normal force contribution to
the hemodynamic force on the endothelial cells and adherent
leukocytes due to the associated higher flow blocking they
induce. Since the endothelial cells convert the forces on them
into biochemical signals, we expect the behavior of these
cells to be strongly affected by the normal force exerted on
them. The same conclusion is also true for adherent leuko-
cytes, where the effects of the normal force are stronger due
to the larger spreading angles.

Our study also shows that the spreading of the cell on
the vessel surface cannot be discounted, especially at small
vessels. For example, Figs. 15, 20, and 23 clearly show a
great amplification of the hemodynamic force and its two
components �i.e., shear and normal force� for less spread
cells. This conclusion is in direct contrast to the behavior in
arteries and veins, where the cell spreading has limited ef-
fects on the shear stress amplification caused by the presence
of the cell.37 Therefore, results from arteries and veins should
not be used to explain the physical behavior in smaller ves-
sels. Our study also suggests that, in regions of high hemo-
dynamic forcing, endothelial cells and adherent leukocytes
may be more spread out on the vessel surface to minimize
the forces on them.
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