STRONG TYPE INEQUALITIES AND AN
ALMOST-ORTHOGONALITY PRINCIPLE FOR FAMILIES
OF MAXIMAL OPERATORS ALONG DIRECTIONS IN R?

ANGELES ALFONSECA

ABSTRACT. In this paper we prove an almost-orthogonality principle for
maximal operators over arbitrary sets of directions in R?. Namely, we
obtain LP-bounds for an operator of this type from the corresponding
LP-bounds of the maximal functions associated to a certain partition of
the set of directions, and from the particular structure of this partition.
We give applications to several types of maximal operators.

1. INTRODUCTION

In this paper we continue the study of maximal functions along directions
in R?, initiated in [1] in connection with a certain notion of ‘planar’ almost-
orthogonality.

Let €9 be an ordered subset of [0, 7). We denote its elements by 61,02, . . .,
with -

Z:00>01>92>...>9j>...

We shall refer to €1y as the ‘separating’ set, and to its elements 6; as the
‘separators’. For each j > 1, we have a set Q; C [6;,60;-1), with §; € Q.
The maximal operators associated to these sets are defined as

1

Mo, fle,y) = sup |

h>0,5>1

)

h
/ f(x —tcosb;,y —tsinb;)dt
—h

and

Y

1 h
Mg, f(x,y) = sup Zh/ f(z —tcosb,y —tsinf)dt
h>0,0€9; —h

for 7 > 1. The maximal function over all these directions, that is, on 2 =
U]’21Qj is
Mo f(z,y) = Sup Mg, f(z,y).
J>

We want to determine LP-bounds of Mg from the corresponding LP-
bounds of each Mg ; and the particular structure of the separating set (2y. In
[1], the author proved with F. Soria and A. Vargas the following relationship
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2 A. ALFONSECA

between the L2-norms of Mq and Mg,: there exist constants C7 and Cs,
independent of the set €1, such that
(1) IMol7e 20 < C sup 1Moy 72 200 + Co [ Mag 172 2.c-
J>

As a corollary, one gets a simple proof of a beautiful result by N. Katz
[7], solving a conjecture that was open for many years: if Q has cardinality
N > 1, then

[Ma|z2— 200 < Clog N)®,

for some constants C and « independent of 2. Actually, Katz proves it with
the sharp exponent o = %

Another direct consequence of (1) is the following. If Qg is a lacunary
sequence, then

(2) H sSup MQj ”L2—>L2700 < Csup HMQJ ”L2—>L27007

i.e. we bound the norm of a supremum by the supremum of the norms.
Notice that we cannot directly get strong type 2 inequalities by interpolation
between this and estimates on L1, since U;>18; is an infinite set.

Inequalities (1) and (2) show that the operators Mgq, satisfy an almost-
orthogonality principle when we look at their weak type L? norms. Our aim
is to find a similar relation between the strong-type norms of these maximal
functions. Instead of the geometrical arguments used in [1], we shall follow
the approach of Nagel, Stein, Wainger [8] (see also [9]). In order to do that,
we need to introduce a Littlewood-Paley decomposition and the associated
square function. All this work is presented in Section 2. The last section
contains several applications.

2. THE MAIN RESULT

Let Qo = {01 > 62 > ... > 0; > ...} be a subset of [0, F). For each j > 1,
we consider sets ; C [0;,0;_1), where we take 0y = %. We shall also assume
that 0; € ©;. We define the maximal operators associated to the sets €2,
J=0,as

1 h
Mo, f(z,y) = sup Qh/hf(:c—tcosﬁj,y—tsinej)dt

h>0,j

9

and, if j > 1

1 h
Qh/ f(x—tcos@,y—tsin@)dt‘,
~h

Mg, f(z,y) = sup
h>0,0€Q;

for f € S. We also define the maximal function
Mo f(z,y) = sup Mg, f(x,y).
J>

In order to state our result, we need to introduce a certain square function
associated with Qg. For each j > 1, set 0; = [0;_1 — 0;|. Let us consider the
following angular sectors
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1 1
Aj = {(x,y) €R? |9 — %53- < arctan <_xy> <0j_1+ %5]' } ,

and the wider sectors

1 x 1
Aj = {(x,y) c R? 0; — Ecij < arctan <y> <Oj-1+ Eéj } :

Given j > 1, we pick a function w;, homogeneous of degree zero, C* on

51, identically equal to 1 in A and vanishing outside /Avj The multiplier
operator S; associated to w; is defined by

(S =w;f,
and the square function S by
1/2
Sf(x)= | Y_I8if(x)P
i>1

The properties of S depend in a direct way on the geometry of (.
We can now state the following two results.

Theorem 1. With the above notation, given 2 < p < oo, there exists a
finite constant C), such that

3) Mo fllp < Cp

1Moy fllp + (Sup HMQjHLp—mP) !5f||p] :

j>1

For 1 < p < 2, we get the following

Theorem 2. If1 < p < 2, there exists a finite constant Cp, such that

(4) [[Maflly < Cyp

2
Moy 1010 + (sgguManLMp) HSHLé’LLp] 11
J=

Theorem 1 will follow from the two lemmas below. Let us define the
directional Hardy-Littlewood maximal function, in the direction of 8 by

1

Mpy f(z) = sup oh

h>0

h
/ f(x —tcosf,y — tsinf)dt
—h

Then we have

Lemma 3. For each j > 1 and for all 0 € €,
(5) My f(x) < C[My, f(x) + MMy(S;f)()],

where M is the ordinary Hardy-Littlewood mazimal function.
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Proof. Our argument represents a slight modification of the proof of Lemma
3 in [5]. Choose a positive function ¢ € C§°(R) with ¢y =1 on [-1,1]. Fix
j>1landfe Qj.

Then if f >0,
1 o t
Myf(z) < C sup — 1/1() f(x —tcosf,y —tsinf) dt =
h>02h J oo \ I
(6) = C sup Ny jof(2).
h>0

Set m = 1. Take a function ¢ € C{°(R2), with ¢(¢) = 1 if |[¢] < 1. We
decompose (Np, ;o f) () as

(Nh,jof)(§) = m(h&y cos b + h&ysinb) f(§) =
F(6)+

= m(h&; cosf + h&z sin0) gb(héj &) f(&)
+m(hé; cos @ + héasinb) (1 — d(hd; €)) (1 — w;(hE)) F(€) +
)

+m(h€1cos 0+ héysin0) (1 — ¢(hd; €)) w; (h€) F(€) =
(7) = Injo(f)(&) + Hnjo(f)(&) + Lnjo(f)(E)-
Consider the multiplier in the first term, m(h&; cos§ + hés sin 0)p(hd;&).
If we compose it with an appropriate rotation, we can write it in the form
m(hni)@(ho;n). Then, differentiating with respect to 11 and 7, we see that
the Fourier transform Ky of m(hn)¢(hd;n) satisfies

[21]* 22| B0 ()] < C8;

so that the operator K x f is bounded by the maximal function over rect-
angles of eccentricity ¢; and sides parallel to the coordinate axes. Therefore
supy, Ipj9(f) is bounded by Mps. f, the maximal function over rectangles
of eccentricity d; and sides parallel to the direction . Now, observe that
|0 —0;] < 6;, so the rectangles in the definition of My s, f can be included in
rectangles of comparable area and sides parallel to 6;. Hence,

|sup I j o f ()| < C My, f(z).
h>0

The second term is treated in the same way. The third term is clearly
controlled by M Mjy(S;f). This finishes the proof of Lemma 3.
O

For the proof of Theorem 1, we also need the following lemma.

Lemma 4. Assume that for some p > 1, ¢ > 2 and for any sequence of
functions {f;}, one has
~ 1/q o 1/q
(8) > Mo, 5 <B|[| Y_Ifil°
j=1 j=1

p p
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Then
9) [Mafllp < Cp[[[May fllp + BIISflp]

for some constant C,.
Proof. From the pointwise estimate (5) in Lemma 3, we get

Mof(x) = sup Myf(x) <C

jzl,aeﬂj jZl,@EQj

Mg, f(x) + sup MMa(ij)(fv)]-

Using the Hardy-Littlewood maximal theorem, we have

sup MMy(S;f)|| <Cpll sup Ma(S;f)| -
j21ﬂEQj P jZl,GEQj »
Notice that
o 1/q
sup  Mp(S;f) < | Y sup (My(S;f))* =
§>1,0€Q; D109y
1/q
oo
= | 2 (Mo, (5:0)"
j=1
The hypothesis of the lemma implies now
o 1/q
sup  Mp(S;f)|| < B[ | D18/ <
§>1,0€9; » =
P
- 1/2
<B|[| Y I8/ = B|S{ll,-
j=1
p

In the second inequality we have used that ¢ > 2. This gives (9) and,
therefore, Lemma 4.
O

Proof of Theorem 1. It is a simple consequence of Lemma 4, from the
trivial observation that (8) holds with B = sup || Mq;,||zr—r» and p = q.
O

Proof of Theorem 2. For technical reasons, we shall prove Theorem 2 for
a slightly different square function, S , adapted to the sectors Avj We take
a function w; identically equal to 1 in Avj and vanishing outside a slightly
wider sector. Then we define the operator :9': by

(S;fT=;f,

and consider the associated square function S.
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The proof follows the main circle of ideas that one can find in [3]. We
start by considering the operator Nj ;g f(x) defined in the proof of Lemma
3 by (6). As we did there, we split it into three terms, by (7).

We already know that

(10) sup  (Injo(f) + 1y jo(f)) < Mo, f.
hj>1,0€9;

Without loss of generality, we can assume that €2 is a finite set. Then
there exists a minimal constant C(€2) such that

sup [ jo(f)]
h,j>1,0€9Q;

< CEO [ £llp-

p

Let us take a sequence of functions {g;}. By (7) and (10),

sup [ ;0(g5)| <
h,jZl,Ger

sup  [Nujo(gi)| +  sup  |Injoe(g5) + I joe(g)] <

h,jZl,HEQj h,jZLeEQj
< sup  |Npjg(suplg;l)| + Ma, (Sup Igj\> <
h,j>1,0€Q; J j=1
< sup |y pe(suplg;])| +2 Mg, <Sup !gjl)-
h,j>1,0€Q; j>1 j>1
Therefore,
sup [y 56(g5)| || < (C(Q) +2 [[Mag |l p—p») ||sup|g;
h,j>1,0€Q; j>1
P P
On the other hand, we have
1/p
> sup |T6(g5) 17 <
i>1 h,eeﬂj
- P
1/p
<sup sup |1} 6l > > gl
]21 h,QEQj PP ]21
p
By interpolation (taking § = £),
1/2
(11) > sup |1, 50(g;)I <
j=1

p
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0 1/2
(C<Q) +2 HMQOHLP—>LP)1_0 <$llp sup ’IIIhJﬂ’ > Z ‘gj’2
7>1 h,OEQj LP—Lp >1
p
Now,
sup [ o(f)] || <
h,j>1,0€9; »
1/2
o T2
sup I 0(1 = SO + (|| D sup [ITh;6(S; 1)
h,j>1,0€8; i>1 h,0€Q;
p J>
p

The first term in the last expression is 0, because of the definition of III}, ;¢
and Sj. By (11), the second term is bounded by

0
(CQ) +2 |May | 1) ™" [ sup|| sup |115] |57] -
§>1 ||h,0e9; IpaLp p
By the minimality of C'(2),
c@) <
(12)
0
(C(9) + 2/ Moy || o—12)" ™ | sup || sup |1l |9 .
3>1 ||h,0€Q; P Lr—Lp

From equation (12), we derive the following expression for C(2)
312
) ||SHL/::M] .
Lr—Lp

o f < M(Npjg(@;” * f)),

sup |}, ;e

h,eEQj

c() <2 [HMQOHLP—)LP + (Sup
j>1

Now, we notice that

where M is the Hardy-Littlewood maximal function. The Hardy-Littlewood
maximal theorem and the uniform boundedness of the L'-norm of the @v
imply that

sup
j>1

sup ’IIIh’j’9|

S Cp sup ||MQ] ‘|LP~>LP7
h,0€0; i>1

Lr—Lp J=

and thus Theorem 2 is proved.
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3. SOME APPLICATIONS

Our first application of Theorem 1 will be a generalization of the result by
Nagel, Stein and Wainger [8]. Let Qp = {6;};>1 be a lacunary sequence of
numbers in [0, 7) tending to zero, that is, assume that there exists 0 < A < 1
such that 0 < 0,1 < A0; for all j € N. The above authors proved that Mg,
is bounded in LP for all 1 < p < oco. We shall show that we can introduce
new directions 2; between the lacunary separators of )y and still get a
bounded operator.

Theorem 5. Let Qg be a lacunary sequence. Then, under the hypothesis of
Theorem 1,

(13) [Mafllp < Cp (S}ill) \MQJ-HLP—»LP> 1fllp, 1<p<oo.
J=

Theorem 5 also generalizes the result by Sjogren and Sjolin [9]. In that
paper they proved the same estimate but in the special case in which 2;
is given by a lacunary sequence, for all j. Our result does not depend
on the particular structure of the ;’s, and it shows, in a neat way, that
the orthogonality property mentioned in the introduction holds when the
separating set is lacunary.

Proof. Without loss of generality, we can assume that % < A < 1. We shall
also assume that there exists 0 < A\g < A such that 6;,1 > Aof; for all j.
Actually we can take A\g = A%, and add some terms to the initial sequence
in order to get this. Obviously, the maximal operator associated to the new
sequence is greater than the maximal operator of the former one. We need
this lower bound Ag in order to ensure that, for every j > 1, the sectors A;
and &;:2 do not overlap.

To get (13), we apply Theorems 1 and 2. In our case, because of Nagel,
Stein and Wainger’s result, || Mq,||rr—rr < Cp, and so we get

1Mo fllp < Cp [l fllp + Cp (Sl}p HMQJ‘IILMLP> 1SFllp, if2<p<oo,
J

and
2 .
Mo fllp < Cp | fllp+Cp (Sgll) ||MQ]-||LP~LP> ||S||L/pp_>Lp||f||p7 fl<p<2
J>
Finally, a standard argument, as in [8], gives
1Sfllp < Cpll fllp, 1 <p < oo,
and this proves (13).
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Theorem 5, in turn, gives us the following application: let {#;};>1 be a
lacunary sequence as above and take, for each j, a family of N directions
{ajktr=1,..5 C [0;,0;-1). Define, as usual, the maximal operators Mg, by

1 h
Mg, f(x,y) =sup sup / flx —tcosajp,y —tsina;y)dt|,
h>0k=1,...N | 2h J_p

and

Mo f(z,y) = sup Mo, f(z,y).
j=1

Using Nets Katz’s result [7], we have

sup || Mg, || z2—.r2 < Clog N.
Jjz1

We also have the trivial bound

sup || Mo, |11 100 < ON.
Jj=1

This give us, by interpolation,

2_ _2
sup | Mo, || o—r» < CoN» '(log N)* 7, 1<p<2.
jz1

Then, using (13), we get

2_1 92
[Mafllp < CpN»~(log N)™ 7 [|f|lp, 1<p<2.
Let us now see some other consequences of Theorem 1.

Theorem 6. Let Qg be a set of N uniformly distributed directions, and
assume that (sup;>y [[Mq,||r2—r2) < oco. Then

| Ma fll2 <

Cilog N + Cy (sgg IIMQAIL%Lz)] [1£1l2,
JZ

for some universal constants Cy1, Cs.

Proof. It is just a consequence of Theorem 1. Notice that
[May |22 < Clog N,

as Stromberg proved in [11]. We also use the fact that, in this case, ||Sf||2 ~
| fll2 by Plancherel.
O

Remark. A similar result can be obtained for other values of p # 2.
In particular, for 2 < p < 4, we can use Cordoba’s bound for the square
function associated to these directions (see [4]). We have restricted ourselves
to the case p = 2 for the sake of simplicity.
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We shall now consider more general sets €2g. In order to do this, we need
some definitions. Given an open set U C R, we say that a set of intervals
{I3} is a Whitney decomposition for U (with constant C') if

(1) IgCU, for all ;.
(i) Uls=U
(ii1)  E|Ig| < d(I5,0U) < C|Ig|.

We shall say that a set S of finite cardinality N is of Whitney type with

constants (C1, Cy) if for each s € S there is a Whitney decomposition {13}

of {s}¢ (with constant C7) such that at most Cs(log N)? of the I§ have
nonempty intersection with S. This type of set was introduced by Katz in
[6].

Theorem 7. Assume Qg is a set of Whitney type of cardinality N > 1.
Then

[Mofll2 < Clog N (SHP!MQ ||L2HL2> 1fl2-

Jj>1

Proof. Since € has cardinality N, ||[Mq,|l;2—2 < ClogN, by Katz’s
result [7]. In order to get the conclusion from Theorem 1, we must find an
appropriate bound for the square function term in (3). We shall show that,
for all &,

Zw] ) < C(log N)2.

This estimate, together Wlth Plancherel’s theorem, will prove Theorem 7.
Given 0 € Qo U 6, let & = (cosbi,sinfy). Note that if 1 > 0 > 04
and £ = (cosf,sin @), then

ij(f) < Z%‘(&c—l) + ij(&c),
J J J

so we need only prove -, w;(&) < C(log N)?forallk=1,...,N.
Fix k and consider the Whitney decomposition {I ]ﬁ“} of {6x}¢ given by the
definition of a set of Whitney type. We shall show that for any fixed [,

(14) 3w <6,
J:0;€1%
and this will imply that
ij k) —1+Z Z w;(&) = 1+ C(log N)2.
,6 j 6, 6[;3
Let us prove (14). Observe that the width of the support of w; is less than
3(0;_1 — 0;). So if
2\7j—1 gl

2
(0j—1—05) < 3 min(|0x — 0;1, |0k — 05-1]),
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then w;(6r) = 0. On the other hand, if the reverse inequality is true, then
2 . 2 .
(0-1 = 0;) > g min(|0, — 031, [0k — 01| > 3701\15’-
Now, since the intervals [;,6;_1) are pairwise disjoint, there are at most
[%] + 1 of those 6; € I’g. Hence (14) is proved. This finishes the proof of

Theorem 7.
O

Finally, let us see a result in the spirit of the work of Barrionuevo [2].

Theorem 8. There is a constant Cy > 0 such that for every Qo with
#(20) = N, we have

Co
(15) HMQHL2—>L2 S C() (Sl>111) HMQjHLZ—>L2> N Viog N |
)2

Proof. The proof will be by induction on N. If Cy is big enough, (15) is
true for small N. Now, given a small € to be determined later, we shall say
0; € Qq is ‘bad’ if
> wi(6) > N,
J

i.e. the overlapping of the w;’s on 6; is high.
For a fixed bad 6;, we consider the indices j(1) < j(2) < ... < j(k) <
... <, such that w;(;) # 0. This means that

0j() 9j(k)
0, € |:‘9j(k) ~ 50 ,ej(k)fl + 20 |
Then 60;(;) form a lacunary sequence tending to 6;. Indeed,

1 1
100 = 05| < 5510509 = Ol < 5510500 — i1,

and, as j(k) < for all k, this implies
1
10506 = Oj0e-1) <160 = Oj6-1)| < 5510500-1) = Ojr—2)|-
We define the sets
G-(0) ={j <l:w;(6h) # 0},
Gi(6) =1{j>1:w;(0) #0}.
Then, for a ‘bad’ 0;, §(G—(0;) U G4(6;)) > N°. Set n; = 0;(1), where
[(1) = min{k : §(G_(6k)) > N°}.
Next set ny = 60;(2), where
1(2) = min{k : 04 ¢ G_(n7) and G (64) \ G(n)] > N},

and we proceed by induction. For each k, the set G_(n, ) is a lacunary
sequence. We similarly define 77;, associated to the sets Gy. The set
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{77,?,77,; : k > 1} has at most 2N'=¢ elements. Then, applying Theorem
5, we have that for each k,

(16) | sup  Mq,llr22 <C" sup ||Mo,ll2— 2.
JEGL(n) JEG+(n)

Now we use the induction hypothesis on the cardinality of the separating
set, taking instead of €}y the set {nf}k which, as we pointed out, has at
most 2N17¢ elements. Thus,

(17) ||sup sup MQJ-"LQ_)LQSC()C/Sllp”MQJ-HL2_>L2(N1_€)€.
kjeGi(nf)

Set G = (UpG_(n;)) U (UsG+(n})). Then 2 j¢qwi(0) < N for all 6.
Hence Lemma 3 and an argument as in the proof of Theorem 7 give

(18) | up Mg, ||p2—r2 < C"Nsup | Mo, || g2 2.

Combining (17) and (18), we get
|| sup Mo, || 122 < (CoC'(N'~)+ C"N€) sup | Ma, [| 212
J

If we now choose € = \/%, we have CoC'N~¢ + C" < Cy, for big Cy

depending on C’,C”, and (15) is proved.
[l
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