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ABSTRACT. In this paper we introduce and develop the theory of weakly Arf rings,
generalizing the Arf rings originally defined by J. Lipman in 1971. We provide charac-
terizations of the weakly Arf rings and study their relation with the Arf rings and the
strictly closed rings. Furthermore, we give various examples of weakly Arf rings that
come from idealizations, fiber products, determinantal rings, and invariant subrings.
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1. INTRODUCTION

The Arf rings, which we focus on in the present paper, trace back to the classification of
certain singular points of plane curves by C. Arf in 1949 (see, e.g., [I0], [24], and [25]). In
1971, J. Lipman introduced the Arf rings by extracting the essence of the rings considered
by C. Arf. Using this notion, he proved that a one-dimensional complete Noetherian local
domain A with an algebraically closed residue field of characteristic zero has minimal
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multiplicity (i.e., the embedding dimension of A equals the multiplicity of A), provided
that A is saturated in the sense of O. Zariski [29]. The proof of this result depends on
the fact that such a saturated ring is an Arf ring. The notion of Arf ring is defined for
Noetherian semi-local rings A satisfying that every localization Ay, at a maximal ideal M
is Cohen-Macaulay and of dimension one. In [I8, Theorem 2.2], it is proved that a ring A
is Arf if and only if every integrally closed open ideal is stable; equivalently, all the local
rings infinitely near to A, i.e., the localizations of its blow-ups, have minimal multiplicity.
As J. Lipman mentioned in [I8], the defining conditions of an Arf ring are technical, but
they are convenient to work with, and easy to state.

Definition 1.1 ([2, 08]). Let A be a Noetherian semi-local ring such that A, is a one-
dimensional Cohen-Macaulay local ring for every M € Max A. Then A is called an Arf
ring if the following conditions hold:

(1) Every integrally closed ideal I in A that contains a non-zerodivisor has a principal
reduction, i.e., I"*' = al™ for some n > 0 and a € I.

(2) If z,y,z € A such that z is a non-zerodivisor on A and y/x, z/z € Q(A) are integral
over A, then yz/x € A, where Q(A) denotes the total ring of fractions of A.

A typical example of an Arf ring is a ring with multiplicity at most two; see [I8, Ex-
ample, page 664], [[1, Proposition 2.8]. As the Arf property is preserved by the standard
procedures in ring theory, such as completion, localization, and faithfully flat extensions,
examples of Arf rings are abundant; see [I8, Corollaries 2.5 and 2.7]. Assume for sim-
plicity that A is a one-dimensional complete Noetherian local domain with algebraically
closed field. As noted by J. Lipman in [I8], among all the Arf rings between A and its
integral closure A, there is a smallest one, called the Arf closure. Since the Arf closure
maintains the multiplicity of A and commutes with quadratic transforms, i.e., blow-ups
of the maximal ideal, the multiplicity sequence of A along the unique maximal ideal of
A is the same as that of the Arf closure. This fact leads to characterizations of Arf rings
by means of the semigroup of values, which gives rise to the notion of Arf semigroups.
The value semigroup of the Arf closure appears as an Arf semigroup, i.e., a numerical
semigroup H satisfying the following condition:

If x,y,z € H such that xr <y and z < z, theny+2 —x € H.

The Arf property for numerical semigroups and algorithms to compute the Arf closure
of various rings, such as the coordinate rings of curves, were studied in [3, B, 28]. Further-
more, V. Barucci and R. Fréberg [6] explored the question of when the Arf semigroups
are almost symmetric, and gave a characterization of them. Recently, E. Celikbas, O.
Celikbas, S. Goto, and N. Taniguchi (the fourth author of this paper) generalized their
results; see [0, Theorem 1.1, Corollary 1.2].

The theory of Arf rings is, so to speak, a prototype of the theory of one-dimensional
Cohen-Macaulay rings, and it has evolved into mostly the theory of numerical semigroups,
i.e., the theory of singularities of plane curves, and the study of Arf closures. Having said
that, the theory of Arf rings might also develop in ring theory and one still needs to
pursue the work of C. Arf and J. Lipman in the literature.
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The main purpose of this paper is to inspect the theory of Arf rings in detail, and
to attempt to motivate the interested readers to study in this direction. More precisely,
we are concerned with the question of what happens if we remove the condition (1) and
assume only the condition (2) in Definition ITII. We call such a ring a weakly Arf ring.

Definition 1.2. A commutative ring A is said to be weakly Arf, provided that yz/x € A
whenever z,y, z € A such that x € A is a non-zerodivisor on A and y/z, z/x € Q(A) are
integral over A.

The difference between Arf and weakly Arf rings is determined by the existence of
principal reductions of integrally closed ideals. Thus, when (A, m) is a one-dimensional
Cohen-Macaulay local ring, these notions are equivalent if the residue class field A/m
of A is infinite, or if A is analytically irreducible, i.e., the m-adic completion A of A is
an integral domain. In particular, these notions coincide for numerical semigroup rings.
However, Arf and weakly Arf rings are not equivalent in general as weakly Arf rings are
defined in a more general situation. Besides, as J. Lipman pointed out, there is an example
of a one-dimensional Cohen-Macaulay local ring that is weakly Arf, but not Arf; see [I8,
page 661]. In the present paper, we delve into this example by giving two different proofs
(see Example @8, Corollary M), and construct other examples to study the theory of
Arf and weakly Arf rings.

The investigation of weakly Arf rings opens the door leading to the frontier of this new
topic and gives us new knowledge of Arf rings. For example, in Sections B and B, we obtain
Arf rings arising from idealizations and fiber products. Besides, we provide an affirmative
answer for the conjecture of O. Zariski, which states the Arf closure coincides with the
strict closure; see Section [d. We also observe that Arf rings appear in determinantal rings
and invariant subrings, see Sections I and 2. In addition, Theorem 2 reveals that
the Arf property depends on the characteristic of the ring.

We now state our results more precisely, explaining how this paper is organized. In
Section B, we begin with the basic properties of the algebra A? of A at an ideal I, which will
be needed throughout this paper. In contrast with Arf rings, we give a characterization
of the weakly Arf rings in terms of the stability of the integral closure of a principal ideal.
Section B provides further properties of the weakly Arf rings, including the fact that the
weakly Arf property is inherited under cyclic purity maps. In particular, we give a partial
answer to the question of when the rings of invariants are weakly Arf; see Corollary B=2.

In Section B, we explore the strict closedness of rings in connection with Arf and weakly
Arf rings. Theorem B2 shows that, if A is a Noetherian ring which satisfies the Serre’s
(S3) condition, then A is strictly closed in its integral closure A if and only if A is weakly
Arf and Ap is an Arf ring for every P € Spec A with ht4 P = 1. Hence, if we additionally
assume that ht4M > 2 for every M € Max A, the strict closedness coincides with the
weakly Arf property; see Corollary E6. As an application of Theorem B3, we prove the
following.

Theorem 1.3 (Corollary B12). Let A be a Noetherian integral domain. Suppose that A
satisfies the Serre’s (S3) condition and A contains an infinite field. Then A is weakly Arf
if and only if so is the polynomial ring A[ X1, Xo, ..., X,] for everyn > 1.
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In Sections B and B, we study the question of when idealizations and fiber products
are weakly Arf and Arf rings, which allows us to enrich the theory and produce concrete
examples of such rings. The main results of these sections are the following.

Theorem 1.4 (Theorem 52). Let R be a Noetherian ring, and let M be a finitely gen-
erated torsion-free R-module. Then the idealization A = R x M of M over R is a weakly
Arf ring if and only if R is a weakly Arf ring and M is an R-module.

Theorem 1.5 (Theorem B2). Let (R, m), (S, n) be Noetherian local rings with a common
residue class field k = R/m = S/n. Suppose that depth R > 0 and depth S > 0. Then the
fiber product A = R xS of R and S over k is a weakly Arf ring if and only if so are the
components R and S.

In Section [, we give a modification of Arf closures, called weakly Arf closures, to
investigate weakly Arf rings in accordance with our situation. We prove in Theorem &4
that the Arf property implies the strict closedness of the ring without assuming that the
ring contains a field. This generalizes [I8, Theorem 4.6], and hence the strict closure
coincides with the Arf closure. This gives a complete answer for the conjecture posed by
O. Zariski; see [I8, page 651].

Theorem 1.6 (Corollary 8). Let A be a Noetherian semi-local ring such that Ays is a
one-dimensional Cohen-Macaulay local ring for every M € Max A. Suppose that A is a
finitely generated A-module. Then the Arf closure of A coincides with the strict closure
of A in A.

As an application of weakly Arf closures, in Section B, we are concerned with core
subalgebras of the polynomial ring k[t] over a field k. The class of core subalgebras
includes the semigroup rings k[H] of a numerical semigroup H.

Section U is devoted to study the weakly Arf property for the algebra A’ of an ideal
I. For a Noetherian ring A, Max A(A) denotes the set of all the maximal elements in the
set of all proper ideals that are the integral closure of a principal ideal generated by a
non-zerodivisor on A with respect to inclusion. By computing the set Max A(A), we give
an example of a weakly Arf ring which is not Arf; see Example 8. Notice that, if A is not
integrally closed, there exists M € Max A(A) such that pa(M) > 2; see Proposition B2
Here, we denote by p4(/N) the number of elements in a minimal system of generators of an
A-module N. By using this phenomenon, we define A; to be A, if A is integrally closed.
Otherwise, if A # A, we define A; = AM = _,[M": M"], where M € Max A(A) such
that pa(M) > 2. Set Ay = A, and for each n > 1, define recursively A, = (A,_1),.
Hence, we have a chain of rings

A=A CA C---CA,C---CA
by the algebras AM, where M € Max A(A); see Definition B9. The main result of Section
A is the following, which extends the condition (i) < (iii) as in [I8, Theorem 2.2].

Theorem 1.7 (Theorem BI). Let A be a Noetherian ring, and consider the following
conditions:

(1) A is a weakly Arf ring.



ON THE UBIQUITY OF ARF RINGS 5

(2) For every M € MaxA(A), M : M is a weakly Arf ring and M? = aM for some
a€ M.

(3) For every chain A = Ay C A; C--- C A, C --- C A obtained from Definition I3,
A, 1s a weakly Arf ring for every n > 0.

(4) For every chain A = Ay C Ay C --- C A, C --- C A obtained from Definition I3,
and for everyn > 0 and N € Max A(A,), N?> =bN for some b € N.

Then the implications (1) < (2) < (3) = (4) hold. If dim A =1, or A, is quasi-unmized

for every p € Spec A, the implication (4) = (1) holds.

In Section M, we study Example B8 in detail, determine all the integrally closed ideals
that contain a non-zerodivisor, and give our second proof for this example. Furthermore,
we provide other examples of weakly Arf rings that are not Arf. Inspired by Corollary B2,
we note that some of the invariant subrings could be weakly Arf. In Section I, we explore
the weakly Arf property for the rings of invariant acting on subgroups of GLy(k), where k
is a prime field of characteristic 2. Invariant subrings may appear as determinantal rings.
Therefore, in view of Section [, it seems worth studying when determinantal rings are
weakly Arf; we do this in Section IA. Theorem T2 guarantees that the Arf property
depends on the characteristic of the ring.

In Section 3, we investigate the strict closedness and the Arf property of rings in
connection with the direct summands, and prove the following.

Theorem 1.8 (Corollary I318). Let R be a Noetherian semi-local ring such that Ry is a
one-dimensional Cohen-Macaulay local ring for every M € Max R. Suppose that R is an
Arf ring. Then, for every finite subgroup G of AutR such that the order of G is invertible
in R, RY is an Arf ring.

Throughout this paper, unless otherwise specified, let A be an arbitrary commutative
ring, let W(A) be the set of non-zerodivisors on A, and let F4 be the set of open ideals in
A, i.e., the ideals of A that contain a non-zerodivisor on A. For an ideal I in A, we denote

by I the integral closure of I in A. We set A(A) = {(z) | x € W(A)}. For A-submodules
X and Y of the total ring of fractions Q(A), weset X : Y = {a € Q(A) | aY C X}.

For an A-module M, £4(M) denotes the length of M and p4(M) stands for the number
of elements of a minimal system of generators for M. When A is a Noetherian local ring
with maximal ideal m, for each m-primary ideal I in A, let e?(A) denote the multiplicity
of A with respect to I. We also denote e(A) = e%(A).

2. BASIC PROPERTIES OF WEAKLY ARF RINGS

In this section we give the definitions and some basic properties of the Arf and weakly
Arf rings. For each I € Fj4, there is a filtration of endomorphism algebras as follows:

ACI:ICI?:I?C---CI":I"C---CQ(A).

Set AT =, o [I™ : I"]. The ring A’, an intermediate ring between A and Q(A), coincides
with the blow-up of A at I when A is Noetherian and of dimension one. For each n > 0,
note that I" € F4 and A’ = A", When A is Noetherian and I contains a principal
reduction, A’ is a module-finite extension over A, and A C A’ C A where A denotes the
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integral closure of A in Q(A). In particular, for a Noetherian semi-local ring A such that
Ay is a one-dimensional Cohen-Macaulay local ring for every M € Max A, all the blow-
ups A’ of A at I € F, are finitely generated A-modules and A C A’ C A, because there
exists an integer n > 0 such that I™ contains a reduction; see [, Proof of Proposition
1.1]. Notice that, if a € I is a reduction of I, i.e., I""' = al” for some r > 0, then one

has: ; I’” ;
A=A [—] = —, Where — = {f

a a” a a

e 1} C Q(A).

Moreover, if a € I is a reduction of I, then A7 = I : I"™ for every n > r. Hence, the
reduction number redg (/) of I with respect to @ = (a), the minimum integer r > 0
satisfying the equality I"™1 = QI", is equal to the minimum integer n > 0 such that
Al = [ ", Therefore, redg(I) does not depend on the choice of a principal reduction
Q = (a) of I.

Anideal I € F, is called stable in A, if A’ =1 : 1, or, equivalently, IA’ = I. Moreover,
an ideal I € F, is stable if and only if I? = al for some a € I. See [I8, Lemma 1.8] for
the proof of this fact.

Before stating the definition of the weakly Arf rings, we recall the notion of Arf rings.

Definition 2.1 ([2, 08]). Let A be a Noetherian semi-local ring such that Ay is a one-
dimensional Cohen-Macaulay local ring for every M € Max A. Then A is said to be an
Arf ring, if the following conditions are satisfied:

(1) If I € F4 is an integrally closed ideal in A, then I has a principal reduction.
(2) If 2,9,z € A such that x € W(A) and y/x, z/x € A, then yz/z € A.

A Noetherian local ring A with multiplicity at most two is Arf; see [I8, Example, page
664], [, Proposition 2.8]. Numerical semigroup rings provide numerous examples of Arf
rings. Indeed, let k[[t]] be the formal power series ring over a field k. For an integer
n> 2, A= k[[t", " ... > 1] is an Arf ring; see [@, Example 4.7]. Idealizations and
fiber products also produce Arf rings; see Section B. For example, let A = k[[z,y, 2]] /(2> —
yz,y? — zx, 2% — x?y), where k[[x, vy, z]] denotes the formal power series ring over a field
k. Both the idealization A x m = k[[x,y, z,u,v,w|]/I and the fiber product A x, A =
kl[z,y, z,u,v,w]]/J are Arf rings by Theorems 512 and B0, since A is Arf and mA = m,

where m is the maximal ideal of A and
I = (u,v,w)*+ (yu — v, 2u — yv,yv — aw) + (2° — yz,y* — 22, 2* — ya?)
+ (z%u — 2v, 20 — yw, 2%V — zw)

J = (2% —yz,y? — 22,2* — y2?) + (¢ — vw,v® — wu, w? — u?v)

+ (z,y,2) - (u,v,w).

Arf rings show up in many other places such as invariant subrings and determinantal rings
as well; see Sections [ and 2. Furthermore, let us here mention that the Arf property
depends on the characteristic of the rings; see Theorem XTI

In what follows we present a weaker version of this concept in commutative rings that
are not necessarily Noetherian semi-local. In the rest of this section, we present several
basic properties and characterizations of this new class of rings.
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Definition 2.2. Let A be an arbitrary commutative ring. We say that A is a weakly Arf
ring, if x,7, 2z € A such that x € W(A) and y/z,z/x € A, then yz/x € A.

Every Arf ring is weakly Arf. The difference between Arf and weakly Arf rings is
only the existence of reductions of integrally closed ideals. Thus, for a one-dimensional
Cohen-Macaulay local ring A with maximal ideal m, these notions are equivalent if the
residue class field A/m of A is infinite, or if A is analytically irreducible, i.e., the m-adic
completion Aof Ais an integral domain. However, we will show in Sections 9 and 10 that
weakly Arf rings are not necessarily Arf even though the local rings are Cohen-Macaulay
and of dimension one; see Example B8 and Remark IT4.

Every integrally closed ring is a weakly Arf ring; hence so is every ring whose total ring
of fractions coincides with the ring itself (e.g., a Noetherian local ring A with depth A = 0).
Next we give a list of some of the examples of weakly Arf rings that follow from the results
proved later; see Examples P74, 08, 813, Corollaries B2, T2, bd, and Theorems G110,
.

Example 2.3. Let £ be a field.

(1) Let k[s,t] be the polynomial ring over k. Then, for each £ > 1, A = k[s,t?,t**!] is a
weakly Arf ring.

(2) Let S = k[t] be the polynomial ring over k. Then, for each £ > 2, A = k[t* + t*F1] +
t+2S is a weakly Arf ring.

(3) Let A be an integral domain and let G be a finite subgroup of AutA. Suppose that
the order of G is invertible in A. If A is a weakly Arf ring, then so is the invariant
subring A%,

(4) Let A be a Noetherian integral domain with the Serre’s (Ss) condition, containing an
infinite field. Then A is a weakly Arf ring if and only if so is the polynomial ring
AlX1, X, ..., X,] for every n > 1.

(5) Let S = k[t] be the polynomial ring over k and set R = k[t?,t**1] (¢ > 1). Then the
idealization A = R x S®" is a weakly Arf ring for every n > 0.

(6) Let (R, m) be a Noetherian local ring. Then R is a weakly Arf ring if and only if so
is the fiber product A = R Xg/m R.

(7) Let k[X,Y, Z] be the polynomial ring over k. Then A = k[X,Y,Z]/I,(XY Z)is a
weakly Arf ring, where I3(M) denotes the ideal of k[ X, Y, Z] generated by 2 x 2-minors
of a matrix M.

(8) Let k[[X, Y]] be the formal power series ring over k and set A = k[[X,Y]]/(XY (X +
Y)). If k is a prime field of characteristic 2, then A is a weakly Arf ring, but not an
Arf ring.

We now explore basic properties of weakly Arf rings. We begin with the following,
which corresponds to the equivalence (i) < (ii) of [I8, Theorem 2.2] for Arf rings.

Theorem 2.4. Consider the following conditions:

(1) A is a weakly Arf ring.

(2) For every I € A(A), there exists a € I such that I? = al.

Then the implication (1) = (2) holds and the converse holds if A is Noetherian.
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Proof. (1) = (2) Let I € A(A). We write I = (a) for some a € W(A). For each y, 2 € I,
we have 5, z € aA, because (a) = aA N A. This shows y/a,z/a € A, and we get yz € aA
as A is weakly Arf. Write yz = aw for some w € A. Then, since

w z —
_:g._eA’
a a a

we have w € aAN A = (a) = I. Therefore, I? = al, as desired.

(2) = (1) Suppose that A is Noetherian. Let z,y,z € A such that x € W(A) and
y/z,z/xr € A. Set I = @ Then, by our hypothesis, we can choose a € I such that
I? = al, that is, A = I : I. Remember that the reduction number does not depend
on the choice of principal reductions of I. Thus, since A is Noetherian, the ideal (z) is
a reduction of I; hence I? = zI. As y/x,z/x € A, we have y,z € tANA = (z) = I.
Therefore, yz € I? = 1 C xA, which completes the proof. O

We now consider the question of how the weakly Arf property is inherited under local-
izations. For a commutative ring A, we set X;(A) = {P € Spec A | depth Ap < 1}.

Lemma 2.5. Let A be a Noetherian ring. Then one has the equality
(1 4p=A in Q(A).

PeXi(A)
Proof. In the ring Q(A), we consider A as a subring of Ap for every P € X;(A); hence
A C Npexyay Ap. Conversely, let z € (pey, (1) Ap and assume that ¢ A. We write
x = b/a, where a,b € A such that a € W(A). Then, since x ¢ A, we see that (a) 14 b C A.
Let P € Assa(A/[(a) :a b]). We then have P € Asss(A/(a)), because the homothety map
b: A/[(a) :a b] = A/(a) is injective. Hence depth, ,(Ap/aAp) = 0, so that P € X;(A).
Notice that depth Ap = 1, because a € A is a non-zerodivisor on A. In particular, z € Ap.

Choose ¢ € A and s € A\ P such that
.T:—:E n AP.
s

Thus, there exists u € A\ P such that u(bs — ac) = 0, namely, us € (a) :4 b C P.
Consequently, because u ¢ P, we conclude that s € P, which gives a contradiction.
Hence (\pey, (1) Ap = A, as claimed. O

Recall that, for a Noetherian ring A and n € Z, we say that A satisfies the Serre’s (S,,)
condition, if depth Ap > min{n,dim Ap} for all P € Spec A. We then have the following.

Theorem 2.6. Let A be a Noetherian ring. Consider the following conditions:
(1) A is a weakly Arf ring.

(2) S7LA is a weakly Arf ring for every multiplicatively closed subset S of A.
(3) Ap is a weakly Arf ring for every P € X;(A).

Then the implications (2) = (3) = (1) hold. If A satisfies (S1), then the implication
(1) = (2) holds.

Proof. (2) = (3) This is obvious.
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(3) = (1) Let z,y,2 € A such that 2 € W(A) and y/z,2/x € A. We will show that
yz € zA. Indeed, for each P € X;(A), we have yz € xAp, since Ap is weakly Arf and
y/x,z/x € (A)p = Ap. Therefore, by Lemma 23,

Yz € m x-Ap=ux- ﬂ Ap = zA.
PeXi(A) PeXi(A)
Hence A is a weakly Arf ring.
(1) = (2) The proof is based on [I8, Lemma 4.10, part (ii), page 679]. We assume that A
satisfies (S)). Let x,y,2 € S™'A with 2 € W(S~'A) such that y/z, z/x € S-1A = S~'A.
Without loss of generality, we may assume that

_a b _c
T YT T
where a,b,c € A and a € W(A). In fact, since z is regular in S~ A, we may choose a
to be a regular element of A. To see this, let K be the kernel of the map A — S~'A.
Let Py, ..., P, be all the associated prime ideals of A; by our assumptions, they are all
minimal prime ideals of A. Note that (a) + K € P; for every 1 < i < n. It then follows
that there exists k € K such that a + k£ does not belong to any of the ideals P;, i.e., a+ k
is a regular element of A. Since z =a/1 = (a+k)/1 in St A, we may replace a by a + k

and assume that a € W(A). Now, because

b _
y_boz_c gug
r a T a
there exist s,t € S such that sy/x = sb/a € A and tz/x = tc/a € A. Since A is a weakly
Arf ring and a € W(A), it follows that (st)bc € a A, and therefore

st st bc a4 B 1
T YF = 161(5 A)=z(STA)

which yields yz € 2(S7'A). Hence S7'A is a weakly Arf ring. O

Next we give an example that illustrates Theorem IZZG. Recall, for a Noetherian local
ring A, we denote by e(A) the multiplicity of A.

Example 2.7. Let B = k[s,t] be the polynomial ring over a field k, and let A =
k[s,t?,t2**1] (¢ > 1). Then A is a two-dimensional Cohen-Macaulay ring and A is a
weakly Arf ring.

Proof. Since B is a module-finite extension over the ring A, we have dimA = 2. In
addition, A is a Cohen-Macaulay ring, since A = k[X,Y, Z]/(X?*! — Y?). To show that
A is weakly Arf, by Theorem I3, it is enough to show that Ap is weakly Arf for every
P € X;(A). In fact, for each P € X (A), the definition ensures that depth Ap < 1. We
may assume that depth Ap = 1, as the local ring Ap with depth Ap = 0 is always weakly
Arf. Note that Ap is a one-dimensional Cohen-Macaulay local ring with e(Ap) < 2 and
Bp = Ap is a DVR. In particular, Ap is an Arf ring by [, Proposition 2.8]. Hence, Ap
is a weakly Arf ring, as well. O

The following corollary is a direct consequence of Theorem EG; see also [[4, Proposition
2.8].
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Corollary 2.8. Let A be a Noetherian ring. Suppose that A satisfies (Sg) and e(Ap) < 2
for every P € Spec A with ht P < 1. Then A is a weakly Arf ring.

Proof. For every P € X (A), Ap is Cohen-Macaulay, as A satisfies (Sz). We may assume
dim Ap = 1. The assumption shows that Ap is an Arf ring by [@, Proposition 2.8].
Therefore, A is a weakly Arf ring. O

Closing this section, let us discuss the weakly Arf property in terms of the algebra A’
of the ideal I € A(A). To do this, we need some auxiliaries. We will revisit the algebras
Al in Section .

Lemma 2.9. Suppose that the ideal (a) is integrally closed for every a € W(A). Then A
1s integrally closed.

Proof. Let x € A and write z = b/a with b € A and a € W(A). Since b € aANA = (a) =
(a), we have © € A. Hence A is integrally closed. O

Proposition 2.10. Let A be a Noetherian ring and assume that A is a weakly Arf ring.

For each a € W(A), we set I = (a) and B = A", Then the following assertions hold.

(1) B = Al is Noetherian and weakly Arf.
(2) B= A if and only if I = (a).

Proof. First notice that B is Noetherian since B is a module-finite extension over A.
As I € A(A), we have I? = al by Theorem 2Z4. Hence B = A’ = I : I. Moreover,
B = A[f] = Lin Q(A). Thus we get B = A if and only if I = (a) which proves the
assertion (2). Although the assertion (1) immediately follows from Proposition 871, we
now give a brief proof of this statement here. Let «, 3,7 € B such that a € W(B) and
B/a,v/a € B. Since B = é, we can write

z

Yy
o= —, B:_v v =
a

a a

together with x,y,2 € I. Note that + € W(A). Since 8/a = y/z,v/a = z/rin B= A
and A is weakly Arf, we get yz € *A. We set J = (?) Then y,z € AN A = J and
J? = xJ, because J € A(A) and red(,)(J) does not depend on the choice of reductions
(x) of J. Hence there exists i € J such that yz = xi. Therefore

o J T I
Pr_yz_t T T _p
a ar a a_a a
which shows B is a weakly Arf ring. OJ

We are now ready to prove the last result of this section. For an A-module M, we
denote by €4(M) the length of M as an A-module.

Theorem 2.11. Let A be a Noetherian ring. Suppose that A is a finitely generated A-
module and 0 < (4(AJA) < oco. If A is a weakly Arf ring, then there exist subrings
Ao, Ay, ..., Ap of Q(A) satisfying the following conditions:

(1) A= Ag CA G C A =4,

(2) A; = (Ai_l)l“l, and I,_y = a;_1A;_, for some a;_, € W(A;_1).
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Proof. Let n = £4(A/A) > 0. Since A is not integrally closed, by Lemma 29, we can
choose a € W (A) such that I = (a) is not integrally closed. Proposition E-I0 guarantees
that A’ = I : I is Noetherian, weakly Arf, and A C A’ C A. Notice that A; = A is
a module-finite extension over A; and £4,(A;/A;) < €4(A/A;) < n. Thus, by repeating
this procedure, we get the required subrings Ay, Ay, ..., Ay of Q(A). O

3. FURTHER PROPERTIES OF WEAKLY ARF RINGS

The purpose of this section is to develop the theory of weakly Arf rings. Let us begin
with the following, which plays an important role in our discussion.

Proposition 3.1. Let p : A — B be a homomorphism of rings. Suppose that aBNA = (a)
and p(a) € W(B) for every a € W(A). If B is a weakly Arf ring, then so is A.

Proof. Let z,y,z € A such that € W(A) and y/x,z/x € A. The map ¢ : A — B
naturally extends to a map ¢ : Q(A) — Q(B) of the total rings of fractions, because
v(a) € W(B) for every a € W(A). Since B is weakly Arf, we get p(z) € W(B), and
o(y/r),0(z/x) € B. Thus we conclude that ¢(yz) = ¢(y)¢(z) € p(x)B = xB. This
implies yz € tBN A = (z). Therefore A is a weakly Arf ring. OJ

We summarize some consequences of Proposition B.

Corollary 3.2. The following assertions hold.

(1) Let A be an integral domain and let R C A be a subring of A such that R is a direct
summand of A as an R-module. If A is a weakly Arf ring, then so is R.

(2) Let A be an integral domain and let G be a finite subgroup of Aut A. Suppose that the
order of G is invertible in A. If A is a weakly Arf ring, then so is R = A®.

(3) Let ¢ : R — A be a faithfully flat homomorphism of rings. If A is a weakly Arf ring,
then so is R.

(4) Let n > 0 and let A = R[X1, Xs, ..., X,] be the polynomial ring over a ring R. If A
s a weakly Arf ring, then so is R.

(5) Let M be a torsion-free module over a commutative ring R. If the idealization A =
R x M is a weakly Arf ring, then so is R.

We now examine the weakly Arf property in terms of the completion.

Proposition 3.3. Let (A, m) be a one-dimensional Noetherian local ring. Then the fol-
lowing conditions are equivalent.

(1) A is a weakly Arf ring.

(2) The m-adic completion A of A is a weakly Arf ring.

Proof. (2) = (1) This follows from Corollary B2 (3).

(1) = (2) Let J € A(A) and write J = (@), where a € W (A). We may assume that o
is not a unit in A. Hence, J is an m-primary ideal of A. We are now going to show that
J is stable, that is, J? = a.J. To do this, let I = J N A. Then I is an m-primary ideal of
Aand J = IA. Moreover, since

~

IACTACIA=T=J=IA,
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we obtain 1. A=TA. Thus I is 1ntegrally closed in A, because Ais faithfully flat over A.
Set QQ = aA and q= Q N A. Then qA Q, so that ua(q) = 1, namely, g = aA for some
a € A. Hence QQ = ad = qA = gA. In this case, one can show I = aA. Indeed, let us
consider the equalities

[A=J=(a)=aAd=aA=aA A
where the last equality follows from Remark B4 below. Again, since A is faithfully flat
over A, we get I = aA. Remember that a forms a non-zerodivisor on A. Tt follows that

a is a non-zerodivisor on A. Thus, I € A(A) and hence [? = zI for some x € I (use
Theorem P4). In particular, I? = al. Consequently, the equalities

J? = (IA)? = a(IA) = a(IA) = aJ
yield that Aisa weakly Arf ring. This completes the proof. 0
In the proof of Proposition B33, we use the following fact.

Remark 3.4. Let (A,m) be a Noetherian local ring, let a be an m-primary ideal of A.
Then dA = aA.

Proof. Let J = aA. Then J is an m-primary ideal of A and @A C J. Since ad is a
reduction of J, we can choose an integer n > 0 satisfying Jntl = (aA)J” Let I = JNA.
Then [ is an m-primary ideal of A and J =1 A. The equality [ ntl A = (a] ”)A 1mphes
It = al™ that is, a is a reduction of I. Hence I C @, so that J = IA - aA as
desired. O

By Corollary B2 (3), the implication (2) = (1) in Proposition B33 holds if A is a
Noetherian local ring of arbitrary dimension. However, the implication (1) = (2) does
not hold in the case dim R > 2.

Remark 3.5. Let C[[t, s]] be the formal power series ring over the field C and set R =
C[[t*, #°,t%, s]]. Then, since R is an isolated complete intersection singularity with dim R =
2, by [20], we can choose a UFD A such that R = A. Note that A is a weakly Arf ring,
because it is a normal domain. If A is weakly Arf, then the faithfully flat homomorphism
S = C[[t*, 1%, 15]] — R = A guarantees that S is weakly Arf. Hence S is an Arf ring. This
is impossible, because S does not have minimal multiplicity.

The following example shows that, for a weakly Arf ring A, the ring A/(z) is not
necessarily weakly Arf for a general non-zerodivisor x on A, and vice versa.

Example 3.6. Let U = k[X,Y, Z] be the polynomial ring over a field k. Then the
following hold.

(1) U/(X?3 — Z?) is a weakly Arf ring.

(2) U/(X? - Z%Y? - XZ) is not a weakly Arf ring.

Proof. Let t denote an indeterminate over k. Note that we have U/(X?—Z?) = k[t? 13, Y]
By Example E22, U/(X3 — Z?) is a weakly Arf ring. However, U/(X?® — Z2,Y? — X 7)
k[t* 15,15 is not weakly Arf, because (t!) is a reduction of m, but m? # t*m, where
m = (t4,15,1°). O
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In addition, let k[[¢]] be the formal power series ring over a field k& and consider the ring
A = k[[t*,t°,15]]. Then A is not weakly Arf since A is not an Arf ring and every open
ideal of A has a principal reduction. On the other hand, as depth A/(z) =0, A/(z) is a
weakly Arf ring for every x € W(A).

The next proposition plays a crucial role in our arguments; for example, in the proofs
of Example B8 and Corollary I8 in Sections 8 and [d.

Proposition 3.7. Let {A;}iea (A # 0) be a family of commutative rings and let A =
[Lica Ai- Then A is a weakly Arf ring if and only if so is A; for every i € A.

Proof. Notice that, for each a = (a;)ien € A, we have a € W(A) if and only if a; € W(A4;)
for every i € A. Then Q(A) = [[;cp Q(A;) and A C [[,c, Ai. For each i € A and
x € Q(A4;), we define T € Q(A) as follows:

’ L (5 #1)

Hence, if z € A;, then 7 € A, because T = T + «, where

(f)j:{x (7 =1) and Ozj:{o (7 =1) for each j € A.

(7)., = { v =) in Q(A;) foreach je A,

0 (j#4) L (j#1)
We now assume that A is a weakly Arf ring. Fix ¢ € A. Let z,y,2z € A; such that
r € W(A;) and y/z,z/x € A;. One can show that Z € W(A) and 3/7,%Z/7 € A. Hence,
y -z € TA, which yields yz € zA;. Therefore A; is a weakly Arf ring. Conversely,
suppose that A; is weakly Arf for every ¢ € A. Let a,b,c € A such that a € W(A) and
bla,c/la € A. Write a = (a;)ier, b = (bi)ica, and ¢ = (¢;)ica, Where a;,b;,c; € A;. For
each i € A, passing to the i-th projection p : Q(R) — Q(R;), x +— x;, we see that

by ¢ _—
S e,
a; a;
This gives b;c; € a;A;. Therefore, be € aA, and hence A is a weakly Arf ring. O

If A is a finite set, then A = [Lica A;. However, the next example shows that the
equality is false in general.

Example 3.8. Let B = k|t] be the polynomial ring over a field k. For each n > 0, we set
A, = k[t "], Then A C [[,-, An, where A =], ., An.
Proof. For each n > 0, we set z,, = t and = = (z,,) € Q(A). Then, since A, = B, we have
r €[]0 A,. Suppose that x € A. Then there exists an integral equation
o™ =0
where £ > 0 and ¢; € A for all 1 < i < /. For each n > 0, in A,, we have
et e = [2 Far™ o+ e] =0,

which implies [¢;], # 0 for some 1 < i < 0. As [¢;], € A,, we see that i € H,,, where
H, = (n,n+ 1) denotes the numerical semigroup generated by n and n + 1. Therefore,
n < i < £ which gives a contradiction. Hence, z ¢ R, as desired. O



14 E. CELIKBAS, O. CELIKBAS, C. CIUPERCA, N. ENDO, S. GOTO, R. ISOBE, AND N. MATSUOKA

In this paper we will frequently refer to the examples arising from the idealizations and
the amalgamated duplications. Let A be a commutative ring and let I be an arbitrary
ideal of A. For an element a € R, we set R(«) = A& [ as an additive group and define
the multiplication on R(«) by

(a,x) - (b,y) = (ab,ay + bx + a(zy))

for (a,x),(b,y) € R(a). If @« =0, then R(0) = A x I is called the idealization I over A,
which is introduced by M. Nagata ([I9, Page 2]). If @ = 1, then R(1) = A [ is called
the amalgamated duplication of A along I in [9]. Notice that the amalgamated duplication
A I behaves very much the same way as the idealization A x I (see e.g., [§, 9, [T, 26]).
Moreover, the amalgamated duplication contains the fiber product of the two copies of
the natural homomorphism A — A/I via the identification: A a1 = A x4,; A, where
(a,1) — (a,a + 1). Later we will deal with the idealizations and the fiber products; see
Sections 5, 6, and 14.

Furthermore, we have an isomorphism At A = A x A of rings. As a special case of
the amalgamated duplications, we immediately get the following.

Corollary 3.9. A A is a weakly Arf ring if and only if so is A.

4. STRICT CLOSURES AND POLYNOMIAL EXTENSIONS

We start this section by recalling the definition of the strict closure of a ring introduced
by J. Lipman [I8]. For a commutative ring A, we define

A*:{x€Z|m®1:1®xinX®Az} C A

which forms a subring of A, containing A. The ring A* is called the strict closure of A in
A, and we say that A is strictly closed in A, if the equality A = A* holds.
We begin with the following.

Lemma 4.1. Let A be a Noetherian ring. If A satisfies (S1), then (ST1A)* = S71A* in
Q(S~LA) for every multiplicatively closed subset S of A.

Proof. Since A satisfies (S1), every associated prime ideal of A is minimal prime, so that
S71Q(A) = Q(S~'A). Remember that S™'A = S—1A. Let £ € S~'A and write & = z/s
where 2 € A,s € S. We identify ¢ = /s with (1/s) ® x via the natural isomorphism
ST1TA~ S 1A®,4 A. We also have the canonical isomorphisms

STTARg 14 STTAX (STTA®R A ®g-14 (STTARLA) 2 STTAR, (AR, A),
whence the elements £ ® 1 and 1 ® £ in S™'A ®g-14 S~'A correspond to the elements
(1/s)1® (z®1)] and (1/s)[1® (1®z)] in ST'A®4 (A®4 A), respectively. Therefore

te(S'A) ifandonlyif 1@ (z®@1)=1® (1®2)in ST'A®4 (AR, A).

The latter condition is equivalent to saying that there exists ¢ € S such that ¢ - (zx ® 1) =
t-(1®z)in A®4 A, ie., tv € A*. Tt then follows that & € (S~'A)* if and only if
E=uz/s € STTA* as desired. O
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Recall that, for a commutative ring A, we set X;(A) = {P € Spec A | depth Ap < 1};
see Section 2. The following ensures that the strict closedness is a local condition.

Proposition 4.2. Let A be a Noetherian ring. Suppose that A satisfies (S1). Then the
following conditions are equivalent.

(1) A is strictly closed in A.
(2) Ap is strictly closed in Ap for every P € X1(A).

Proof. By Lemma B0, we only need to prove the implication (2) = (1). Suppose the
contrary, i.e., we assume that A C A*. Choose P € Asss(A*/A) and write P = A :4 x for
some z € A*. By setting x = b/a with a € W(A) and b € A, we then have P = (a) 14 b
and the homothety map b : A/P — A/(a) is injective. Since P € Assq(A/(a)), we have
depth,,(Ap/aAp) = 0. This implies depth Ap = 1. In particular, P € X;(A), and hence
Ap is strictly closed. Therefore, because /1 € (Ap)* = Ap, we can write /1 = y/s with
y € A,s € A\ P, so there exists t € A\ P such that t(sx) =ty € A. This implies ts € P,
which is a contradiction. Hence A is strictly closed in A. 0

The relation between Arf rings and the rings that are strictly closed in their integral
closure was explored in [IR; Section 4]. More precisely, for a Noetherian semi-local ring A
such that Aj; is a one-dimensional Cohen-Macaulay local ring for every M € Max A, J.
Lipman proved that, if A is strictly closed in A, then A is an Arf ring, and the converse
holds if A contains a field; see [IR8, Proposition 4.5, Theorem 4.6].

Let us first emphasize that the Arf property implies the strict closedness of the ring
without assuming that the ring contains a field. Indeed, to show [I8, Theorem 4.6], J.
Lipman only used the assumption that the ring contains a field in the proof of [I8, Lemma
4.7]. We prove that this lemma also holds in the case where the ring does not contain a
field.

Lemma 4.3. Let (A,m) be a one-dimensional Cohen-Macaulay local ring. Suppose that
m? = zm for some z € m. Set A} = A™ =mz~'. Let Ay C C C A be an intermediate
ring such that C' s a finitely generated A-module and let o : C @4 C — C ®4, C' be an
A-algebra map such that a(z ®@y) =z @y for every x,y € C. Then Kera = (0) :cg ¢ 2.

Proof. Notice that Kera = (z®1—1®x | x € Ay). This implies Keraw C (0) :¢0,¢ 2, as
r € A; and A; = mz~!. Let us make sure of the opposite inclusion. Let n = ug(C) and
choose a minimal free presentation

AP B A9 S 05 )
of C' as an A-module, where ¢ > 0. This induces an exact sequence
CaaA® 8 0@, A" Y55 00,0 —0

of A-modules. Note that if C'is a free A-module, then n =1 and C' = A = A;. Hence, we
may assume that C' is not A-free, i.e., £ > 0. Let {f;}1<j<¢ and {e; }1<i<n be the standard
bases of A% and A®" respectively. Let us write ¢ = [a;j] where a;; € m.

0T L) >
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Thus, for each 1 < j </, we have

n
j>: E az-jez-.
i=1

Let £ € C ®4 C such that &z = 0. We write £ = > ¢;(1 ® b;), where ¢; € C and
bi = (e;). Since £z =Y (2¢;)(1 ® b;) = 0, we can choose n € C ®4 A®* such that

n

(Coe)mn) =) (z¢)(1®e).

=1

Let us write n = S, d;(1® f;) with d; € C. As C ®4 A% = C, the equalities

7=1

n L n n L

Z(Zcz) l®e;) = Zd 1®¢(f;) = Zdj 1® (Z aijei>] = Z (Z al]d> (1®e)
i=1 j=1 i=1 =1 \j=1

yield that

y4
zC; = E aijdj
Jj=1

for every 1 < i < n. Hence, in C ®,4 C, we have

n n 4 ¢ n
=) alleb)=)Y_ <Zal-jdj> 1@b)=> (Zzw) (1®b)

Jj=1

where b;; = a;;27! € mz~! = Ay, Therefore, in C' ®4, C', we obtain
l n l n
al@) =) (Z(dj ® bijbi)> => |d;® (Z bijbi>] =0
j=1 i=1
where the last equality comes from the fact that

i=1 7=l
i=1 =1

This completes the proof. O

Consequently we have the following.

Theorem 4.4 (cf. [IR, Proposition 4.5, Theorem 4.6]). Let A be a Noetherian semi-local
ring such that Ay is a one-dimensional Cohen-Macaulay local ring for every M € Max A.
Then A is strictly closed in A if and only if A is an Arf ring.

In our more general context, the following still holds.

Theorem 4.5. Let A be a Noetherian ring. Suppose that A satisfies (S3). Then the
following conditions are equivalent.

(1) A is strictly closed in A.
(2) A is a weakly Arf ring and Ap is an Arf ring for every P € Spec A with ht4P = 1.
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Proof. (1) = (2) Let z,y,2 € A with 2 € W(A) such that y/x,z/x € A. In the ring

A®4 A, we have
%®1:g®<m-i> = <y-x>®izl®%.
x x x x x x
If A is strictly closed, then yz/x € A. Hence A is a weakly Arf ring. Let us make sure
of the Arf property for the local ring Ap. For each P € Spec A with ht,P = 1, Ap is
strictly closed; see Proposition B=2. Hence, by [I8, Proposition 4.5], we conclude that Ap
is an Arf ring.

(2) = (1) By Proposition B2, it is enough to show that Ap is strictly closed for every
P e X;(A). As P € X (A), we have depth Ap < 1. If depth Ap = 0, then it coincides
with its total ring of fractions. This yields that Ap is strictly closed. We assume that
depth Ap = 1. Then, because A satisfies (S), we see that Ap is a Cohen-Macaulay local
ring with dim Ap = 1. Hence, by Theorem B4, Ap is strictly closed. This completes the
proof. O

Recall that, for a given one-dimensional Cohen-Macaulay local ring (A, m), if A is an
Arf ring, then A is weakly Arf. The converse holds if every integrally closed m-primary
ideal I in A contains a principal reduction, i.e., there exists a € [ such that (a) is a
reduction of I (see Definitions E and E72). In particular, the notions of Arf ring and
weakly Arf ring coincide, if the ring possesses an infinite residue class field. Hence we get
the following.

Corollary 4.6. Let A be a Noetherian ring. Suppose that A satisfies (S2) and one of the
following conditions:

(1) A contains an infinite field.
(2) htaM > 2 for every M € Max A.

Then A is strictly closed in A if and only if A is a weakly Arf ring, or, equivalently Ap
is an Arf ring for every P € Spec A with ht,P = 1.

Proof. By Theorem E3, it is enough to show that A is weakly Arf if and only if Ap is an
Arf ring for every P € Spec A with ht, P = 1. Recall that the weakly Arf property of
A and that of Ap for every P € X;(A) coincide; see Theorem 8. Hence the assertion
follows, if A contains an infinite field. Suppose now that ht 4 M > 2 for every M € Max A
and that A is a weakly Arf ring. Let P € Spec A with ht4P = 1. Choose a maximal
ideal M in A such that P C M. Then dim A/P > 1 and hence the cardinality of A/P
is infinite. Thus Ap is a one-dimensional Cohen-Macaulay local ring with infinite residue
class field and that is weakly Arf. Hence Ap is an Arf ring. O

In Corollary B8, we cannot remove the assumption that ht ;M > 2 for every M € Max A
unless A contains an infinite field as we show in the following.

Remark 4.7. For i = 1,2, let A; be a Cohen-Macaulay local ring with dim A; = i. Then
A = A x Ay is a Cohen-Macaulay ring with dim A = 2. If A; and A, are weakly Arf
rings, then so is A; see Proposition B71. Moreover, the strict closedness of A leads us to
obtain that both A; and A, are strictly closed in A; and A, respectively. Therefore, if
A; is not strictly closed, then A cannot be strictly closed in A even if A, is strictly closed.
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Corollary 4.8. Let (A,m) be a Noetherian local ring with dim A > 2. Suppose that A
satisfies (S2). Then A is strictly closed in A if and only if A is a weakly Arf ring.

In the rest of this section, we explore the weakly Arf property for polynomial extensions.

Lemma 4.9. Let Q(A)[X] be the polynomial ring over Q(A) and set B = A[X]. Suppose
that B C Q(A)[X] (e.g., A is an integral domain). Then B* = (A*)[X]. Therefore, B is
strictly closed in B if and only if A is strictly closed in A.

Proof. Since W(A) C W(B), we may consider Q(A) C Q(B). As B C Q(A)[X] € Q(B),
Q(B) coincides with the total ring of fractions of Q(A)[X]. By [5, (5.12) Proposition|, we
see that B = A[X], so we then have the canonical isomorphisms
BopB = A[X]|@ax AX] = (A[X]®4 A) @ax) (A[X] ©4 A)
=~ AX]®a (Z@A Z) - (ﬁ XA z)[X]
Then the element a X" ® 3X¢ in B ®p B corresponds to X" ® (a ® 3) in (A®4 A)[X]

via the above isomorphisms, where o, 3 € A and n,¢ > 0. Let £ € B. We write
&= Zle a; X" with a; € A. Then

¢ € B* if and only if Zle X'®@(a;®1)= Zle X'®(1® ),

which is equivalent to saying that o; ® 1 =1® «; for all 1 <1¢ < ¢, i.e., o; € A*. Hence
B* = (A*)[X], as desired. O

Corollary 4.10. Let A be an integral domain. If A is strictly closed in A, then the
polynomial ring A X1, Xs, ..., X,,...] is a weakly Arf ring.

Proof. Let T = A[X3, Xs,...,X,,...] be the polynomial ring over A. Let z,y,z € T
such that x # 0 and y/x, z/x € T. Choose an integer n > 0 such that z,y,z € T}, and
y/z,z/x € T,, where T, = A[X1, Xs,...,X,]. By Lemma B9, T}, is strictly closed, and
hence it is weakly Arf. Hence yz € 2T, C 2T, so that T' is a weakly Arf ring. O

By Corollary B2 (4), if the polynomial ring A[X]| over a commutative ring A is weakly
Arf, then so is A. For the converse, we have the following.

Theorem 4.11. Let A be a Noetherian ring. Suppose that A satisfies (S3), the polynomial
ring Q(A)[X] is integrally closed (e.g., A is an integral domain), and one of the following
conditions:

(1) A contains an infinite field.
(2) htaM > 2 for every M € Max A.

Then A is a weakly Arf ring if and only if so is A[X].

Proof. By Corollary BB, A is weakly Arf if and only if it is strictly closed in A. We set
B = A[X]. Then B C Q(A)[X]. Hence the assertion follows from Lemma E9. O

To sum up this kind of arguments, we finally get the following.

Corollary 4.12. Let A be a Noetherian integral domain. Suppose that A satisfies (S)
and one of the following conditions:
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(1) A contains an infinite field.

(2) ht s M > 2 for every M € Max A.

Then A is a weakly Arf ring if and only if so is the polynomial ring A[X1, Xo, ..., X,] for
everyn > 1.

As we show next, the ‘only if’ part of Theorem BIT is false in general.

Proposition 4.13. Let (A,m) be an Artinian local ring and let B = A[X] be the poly-
nomial ring over A. Then B is a weakly Arf ring if and only if m®> = (0). Hence, if
m? # (0), then B is not a weakly Arf ring, but A is weakly Arf.

Proof. Let f € W(B). Set I = fB. Then one has mB C I, as m is nilpotent. We set
C = B/mB = (A/m)[X]. Because fB is a reduction of I, we then have

ICC fC = fC

whence IC' = fC. Therefore, I = fB + mB. Since I? = fI + m?B, we get 1?2 = fI
provided m? = (0). Hence B is a weakly Arf ring. Conversely, suppose that B is weakly
Arf. Then, by taking f = X and applying the above argument, we get 1?2 = X1 + m?B.
Since I € A(B), Theorem P4 shows that I? = XI. Hence m* C X1, ie., m?*=(0). O

As an application of Theorem E—T1l, we obtain the following results related to the core
subalgebras in the polynomial ring. We will use Proposition B4 in Section B.

Proposition 4.14. Let S = k[t] be the polynomial ring over a field k and let k C R C S
be an intermediate ring such that t"S C R for some n > 0. Then R is a weakly Arf ring
if and only if Ry is an Arf ring, where m =tS N R € Max R.

Proof. We denote by N = tS the maximal ideal of S. Since R, C Sy, = Sy and every
ideal of R, contains a principal reduction, R, is an Arf ring if and only if R, is weakly
Arf. Hence, if R is a weakly Arf ring, then the local ring R, is Arf; see Theorem 8.
Conversely, if Ry is an Arf ring, then it is strictly closed by [I8, Theorem 4.6]. Note
that, for each P € Spec R such that P # m, we have Rp is regular. Indeed, if P # m,
then R : S & P, because R : S contains t"S. Hence Rp = Sp, so that it is regular with
dim Rp < 1. Therefore, if R, is an Arf ring, then by Proposition B2 we conclude that R
is strictly closed; hence R is weakly Arf. This completes the proof. 0

We will occasionally refer to the examples arising from numerical semigroup rings. Let
0 < aj,as,...,ap € Z (£ > 0) be positive integers such that GCD(aq, as,...,a;) = 1. We
set

‘
H = {(ay,aq,...,ap) = {Zciai |0 <¢ €Zforall 1 Sigé}
i=1
and call it the numerical semigroup generated by {a; }1<i<¢. Let S = k[t] be the polynomial
ring over a field k. We set R = k[H| = k[t*,t*,...,t*] in S and call it the semigroup
ring of H over k. The ring R is a one-dimensional Cohen-Macaulay domain with R = S
and m = (t,t%,...,t%) =tSN R € Max R.

With this notation, we end this section with the following.
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Corollary 4.15. Let S = k[t] be the polynomial ring over an infinite field k. Let R =
k[H] be the semigroup ring of a numerical semigroup H. If Ry is an Arf ring, then the
polynomial ring R| X1, X, ..., X,] is a weakly Arf ring for everyn > 0, where m = tSNR.

5. ARF AND WEAKLY ARF RINGS ARISING FROM IDEALIZATIONS

In this section, we study the problem of when the idealizations A = R x M of torsion-
free modules M over Noetherian rings R are Arf and weakly Arf. The main goal is to
enrich the theory by providing concrete examples of weakly Arf rings. Throughout this
section, let R be a Noetherian ring, and let M be a finitely generated torsion-free R-
module. Let A = R x M be the idealization of M over R. Thus A = R® M is considered
as an R-module and the multiplication in A is given by

(a,x) - (b,y) = (ab, bx + ay)

for each (a,x),(b,y) € A; see also Section 3. Note that it follows that A is Noetherian
and a = (0) x M is an ideal of A with a* = (0). Hence, when (R, m) is a local ring, then
sois A = R x M with the maximal ideal m x M since R = (R x M)/a.

In this section, we consider M as an R-submodule of L = Q(R) ®g M, since M is
torsion-free. Notice that Q(A4) = Q(R) x L and A= R x L.

Lemma 5.1. M is an R-module if and only if (a) - M = aM for every a € W(R).

Proof. Suppose that M is an R-module. For each a € W(R), we have (a) = aRNR C aR.
Hence (a)-M C aR-M = aM. In particular (a)-M = aM. Conversely, let € R. We write
2 =b/a with a € W(R) and b € R. Then b € aRN R = (a). Hence bM C (a)M = aM,
which implies M C M. Therefore, M is an R-module. ([

We are now ready to prove the following characterization of the weakly Arf property of
the idealization A = R x M.

Theorem 5.2. The following conditions are equivalent.
(1) A= Rx M is a weakly Arf ring.

(2) R is a weakly Arf ring and (a) - M = aM for every a € W(R).
(3) R is a weakly Arf ring and M is an R-module.

Proof. (2) < (3) This follows from Lemma BT.

(1) = (2) Let a € W(R). Set I = (a). Then, since o = (a,0) is a non-zerodivisor on
A, we get J = aA € A(A). Hence, by Theorem 24, J?> = aJ = (a,0).J = a.J, so that
J pu—

aA. Therefore we have the equalities
J=aA=aANA=(@Rxal)NA=@RNR)xM=IxM

whence J? = I? x IM and aJ = al x aM. Consequently, I? = al and IM = aM. In
particular, R is a weakly Arf ring.

(2) = (1) Let « € W(A). We write o = (a,b), where a € R and b € M. Then, because
a € Ais a unit in Q(A), so is @ € R in Q(R), i.e., a € W(R). Let J = aA. As the
element (0, b) is nilpotent, we have J = (a,0) (a)

aA. Hence, by setting I = (a), we obtain
J=aA=aANA=(aRxal)NA=(@RNR)xM=1x M.
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Thus, J? = I? x IM = al x aM = aJ, where the second equality comes from the weakly
Arf property for R and our hypothesis. Hence, J?> = aJ = aJ, because red(,(J) =
red(q)(J) = 1. This implies A is a weakly Arf ring. O

As a consequence of Theorem B2, we have the following corollaries.
Corollary 5.3. R X R is a weakly Arf ring if and only if R is integrally closed.
Notice that, if M is a torsion-free R-module, then it is torsion-free as an R-module.

Corollary 5.4. Let N be a finitely generated torsion-free R-module. Then the following
conditions are equivalent.

(1) A= Rx N is a weakly Arf ring.

(2) R is a weakly Arf ring.

Hence, if L is a fractional ideal of R, then A = R x L is a weakly Arf ring if and only
if so is R. In particular, we have the following.

Corollary 5.5. A= R x (R: R) is a weakly Arf ring if and only if so is R.

For a given numerical semigroup H, the integral closure of the semigroup ring k[H] over
a field k£ coincides with the polynomial ring with one variable; see the discussion before
Corollary BT3. Hence, by Corollaries b4 and b3, one can construct numerous examples
of weakly Arf rings obtained from k[H].

Corollary 5.6. Let (R, m) be a Noetherian local domain and let M be a finitely generated
torsion-free R-module. Suppose that R is a weakly Arf ring and R is a DVR. Then the
following conditions are equivalent.

(1) A= Rx M is a weakly Arf ring.
(2) M = R™ as an R-module for some n > 0.

Proof. Notice that depth R > 0 and depthz M > 0. Hence the condition (1) is equivalent
to the condition that M is an R-module, i.e., M is R-free. ([l

Example 5.7. Let S = E[[t]] be the formal power series ring over a field k. We set
R = K[[t?,#}]]. Then A = R x S®" is a weakly Arf ring for every n > 0. In addition,
R x (t2,t%) is a weakly Arf ring, because (¢,t%) = t>S = S as an R-module.

An almost Gorenstein ring is one of the generalizations of a Gorenstein ring, defined by
a certain embedding of the rings into their canonical modules. The theory was initially
established by V. Barucci and R. Fréberg [6] in the case where the local rings are analyti-
cally unramified of dimension one. However, since the notion given by [6] was not flexible
for the analysis of analytically ramified case, in 2013, S. Goto, N. Matsuoka and T. T.
Phuong [[4] extended the notion over one-dimensional Cohen-Macaulay local rings. Two
years later, in 2015, S. Goto, R. Takahashi, and N. Taniguchi [I5] gave the definition for
the almost Gorenstein rings of arbitrary dimension, by using the notion of Ulrich modules.
The reader may consult [, 14, 5] for basic properties of such rings.
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Recently, E. Celikbas, O. Celikbas, S. Goto, and N. Taniguchi [7] explored the question
of when the Arf rings are almost Gorenstein. In particular, a criterion for the idealization
R x m to be almost Gorenstein Arf ring is given in [, Corollary 4.11].

Let us now investigate what happens if the idealization R x m is an Arf ring.

Corollary 5.8. Let (R,m) be a one-dimensional Cohen-Macaulay local ring, possessing
an infinite residue class field. If R x m is an Arf ring, then R is an almost Gorenstein
Arf ring, and m : m is a Gorenstein ring.

Proof. Suppose that R x m is an Arf ring. Then R x m is weakly Arf; so we obtain the
condition that R is weakly Arf and mR = m. Then R is a module-finite extension over
R, because R = m : m is the endomorphism algebra of m. Hence, the m-adic completion
R of R is reduced. By [14, Proposition 2.7, Corollary 2.8], we choose an R-submodule
K of R such that R € K C R and K = Kp as an R-module, where Ky denotes the
canonical module of R. As mK C m, we conclude that R is an almost Gorenstein ring
([Td, Theorem 3.11]). Since R has an infinite residue class field, it is Arf; hence R has
minimal multiplicity. Thus m? = am for some a € m. The Gorenstein property for the
algebra m : m follows from [, Theorem 5.1]. This completes the proof. O

Inspired by Corollary B8, in what follows, we study the Arf rings obtained by idealiza-
tion more generally. We denote by A = R x M the idealization of M over R. Consider
the canonical ring homomorphisms ¢ : R — A, a +— (a,0), p: A = R, (a,b) — a.

Lemma 5.9. The following assertions hold true.

(1) Let I be an ideal of R and set L =1 x M. Then L is an ideal of A, and L is integrally
closed in A if and only if I is integrally closed in R.

(2) Conversely, let L be an ideal of A. Then L is integrally closed in A if and only if
there exists an integrally closed ideal I in R such that L = I x M. When this is the
case, one has I = ¢~ 1(L).

Proof. (1) Notice that L is an R-submodule of A. For each a € A, ¢ € L, we write
a = (a,z) and ¢ = (i,y) with a € R,i € I,z,y € M. Then
al = (a,z)(i,y) = (ai,ay + ix) € L

which yields that L is an ideal of A. Suppose that L is integrally closed in A. Then, for
every b € I, we get (b,0) € IA C L = L. Hence, b € I, i.e., I is an integrally closed ideal
in R. On the other hand, we assume that I is integrally closed. For every a = (a,z) € L,
via the projection p : A — R, we obtain a € LR = I = I. Therefore, « € I x M = L,
whence L is integrally closed.

(2) Let us make sure of the ‘only if’ part. Since L is integrally closed, it contains
(0) x M. Let I = p~'(L). Then, it is straightforward to check that L = I x M. Hence,
by (1), we conclude that [ is integrally closed. O

Let us note the following.

Lemma 5.10. For each f = (a,x) € A, the following assertions hold true.
(1) f e W(A) if and only if a € W(R).
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(2) (f) = (a,0)A in A.
Proof. (1) Suppose that f € W(A) and a ¢ W(R). Choose p € Ass R such that a € p.
Let P =p x M. We then have an isomorphism

of R,-algebras, which implies P € Ass A. This is impossible, because f € P. Hence
a € W(R). Conversely, we assume that f ¢ W(A) and a € W(R). Take P € Ass A
such that f € P. Let us write P = p x M with p € Spec R. Then a € p. Since
a € W(R) and M is torsion-free, we see that a is a non-zerodivisor on M. Therefore we
get depthp M, > 0, whence depth Ap > 0. This makes a contradiction.

(2) This follows from the fact that (0, x) is nilpotent. O

We then have the following.

Proposition 5.11. A(A) ={I x M | I € A(R)}.

Proof. Let I € A(R) and write I = (a) with a € W(R). We consider L = [ x M.
By Lemma B39 (1), L is an integrally closed ideal in A. Let f = (a,0) € L. Then
f is a non-zerodivisor on A and (0) x M C fA C L = L. Moreover, we have that
Ix(0)CIACaA=fA Hence, L=1xM C fAC L,ie., L= fAc A(A).
Conversely, let L € A(A). Since L is integrally closed, we can choose an integrally
closed ideal I in R such that L = I x M and I = ¢ '(L). Let f € W(A) such that
L = fA. Write f = (a,2) where a € I,z € M. Then, by Lemma 510, we get L = (a,0)

and a € W(R). Hence I = (a) € A(R), which gives a desired equality.

(SN

Similarly for the weakly Arf property, we have the following.

Theorem 5.12. The following conditions are equivalent.
(1) A= Rx M 1is an Arf ring.

(2) R is an Arf ring and (a) - M = aM for every a € W(R).
(3) R is an Arf ring and M is an R-module.

Proof. Since R is Noetherian and M is finitely generated as an R-module, A = R x M
is a Noetherian ring with dim A = dim R. Notice that A is semi-local if and only if so
is R. Moreover, we have Max A = {m x M | m € Max R}, and for each m € Max R,
the equality dim A, = dim R,, holds, where n = m x M. Hence, A, is a one-dimensional
Cohen-Macaulay local ring if and only if so is Ry,.

(2) & (3) This follows from Lemma 5.

(1) = (3) Suppose that A is an Arf ring. For each integrally closed ideal I € Fp in
R, weset L =1 x M. Then L € F, is an integrally closed ideal in A, so that L? = fL
for some f € L. By setting f = (a,z) € W(A) with a € I,z € M, we have a € W(R)
and L = fA = (a,0)A. Hence (a,0) is a reduction of L, so that L?> = aL. Therefore
I* = al and IM = aM. In particular, R is an Arf ring. We are now going to prove that
M is an R-module. Let ¢ € R and write ¢ = z/a where 2 € R and a € W(R). Then

r=ap €aRNR=(a). Weset I = (a) and L =1 x M. Then L is the integral closure
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of (a,0)A. Applying the above argument, we get IM = aM, whence apM C aM. Thus,
oM C M,ie, R-M =M.

(3) = (1) We assume that R is an Arfring and R-M = M. Let L € F4 be an integrally
closed ideal of A. Choose an integrally closed ideal I in R such that L =1 x M. We see
that I contains a non-zerodivisor on R. The Arf property of R implies that I? = al for

some a € I. Hence a € W(R) and I = (a). By setting f = (a,0) € L, we obtain
L?=1?>xIM and fL =al x aM.
Since IM C (aR)M = aM, we have IM = aM. Hence L?> = fL, i.e., Aisan Arfring. O

Corollary 5.13. Let N be a finitely generated torsion-free R-module. Then the following
conditions are equivalent.

(1) A= R x N is an Arf ring.

(2) R is an Arf ring.

6. ARF AND WEAKLY ARF RINGS ARISING FROM FIBER PRODUCTS

In this section we investigate the Arf and weakly Arf properties of local rings obtained
from fiber products. First, we recall the definition and basic properties of fiber products.
Let R, S, and T be arbitrary commutative rings, and let f : R — T and g : S — T be
homomorphism of rings. The fiber product R xS of R and S over T with respect to f
and g is the set

A:=RxpS={(a,b) e Rx S| f(a) =g(b)}

which forms a subring of B = R x S. We then have a commutative diagram
R
N
A T
N
S

of rings, where p; : A — R,(x,y) — z and ps : A — S,(x,y) — y stand for the
projections. Hence we get an exact sequence

0— A BT

of A-modules, where ¢ = [ 7 g]. The map ¢ is surjective if either f or g is surjective.
Moreover, if both f and g are surjective, then T is cyclic as an A-module, so that B is a

module-finite extension over A. Therefore we have the following (see e.g., [I]).

Lemma 6.1. Suppose that f: R — T and g : S — T are surjective. Then the following
assertions hold true.

(1) A is a Noetherian ring if and only if R and S are Noetherian rings.
(2) (A,J) is a local ring if and only if (R,m) and (S,n) are local rings. When this is the
case, J = (m xn)NA.
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(3) If (R,m) and (S,n) are Cohen-Macaulay local rings with dim R = dim S = d > 0 and
depthT > d — 1, then (A, J) is a Cohen-Macaulay local ring and dim A = d.

With this notation the first main result in this section is stated as follows.

Theorem 6.2. Let (R,m) and (S,n) be Noetherian local rings with a common residue
class field k = R/m = S/n. Suppose that depth R > 0 and depth.S > 0. Then the
following conditions are equivalent.

(1) A= R xS is a weakly Arf ring.

(2) R and S are weakly Arf rings.

Proof. Notice that depth A > 0. We denote by J = m x n the maximal ideal of A. Since
B = R x S is a module-finite birational extension over A, we get Q(A) = Q(R) x Q(S5)
and A =R x S as well.

(2) = (1) Let K € A(A). We choose o € W(A) such that K = (a). May assume
a € J=mxn. Let us write @ = (x,y) with x € m and y € n. Since o € W(A), we have
z€W(R)and y € W(S). Set I = () in R and I = (y) in S. Then

K=(a)=aAnA=[(z,9)(RxS)NB]NA=[aRNR)x (ySNS|NA=1 x I

where the last equality follows from the fact that I; x I, Cm xn=J C A. Since R and
S are weakly Arf, by Theorem P4, we get I? = xI; and I3 = yl,. This yields

K?* =1} xIZ = (21)) x (yI) = (z,y) (I, x ) = aK
so that A is a weakly Arf ring. o

(1) = (2) Let I; € A(R). Set I} = (z) with z € W(R). We may assume x € m. Hence
I, Cm. As depth S > 0, we can choose y € n such that y € W(S). We put a = (z,y).

Then o € W(A). Let K = (a) be the integral closure of the ideal (a) in A. The weakly
Arf property for A leads us to obtain K* = aK. As in the proof of (2) = (1), we have

K = aA = I, x (y). Hence the equalities K2 = I? x ((y))? and aK = (zI;) x (y(y))
induce I? = x1,. Therefore R is weakly Arf. Similarly, S is a weakly Arf ring. O

When R = S, we can remove the condition depth R > 0. For an integer ¢, an ideal [
and a module M over a Noetherian ring R, we denote by H%(M) the i-th local cohomology
module of M with respect to I.

Corollary 6.3. Let (R, m) be a Noetherian local ring. Then A = R X g/ R is weakly Arf
if and only if so is R.

Proof. By Theorem B2, we may assume depth R = 0, i.e, R is a weakly Arf ring. To
prove depth A = 0, we assume depth A > 0. Then H(A) = (0), where J = m x m. The
exact sequence 0 - A — B — R/m — 0 of A-modules gives rise to a sequence

0 — HY(A) = H2(R) x H2(R) — R/m.

This makes a contradiction, because HY (R) # (0). Hence depth A = 0. Therefore A is a
weakly Arf ring. O

Hence we have the following.
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Corollary 6.4. Let (R, m) be a Noetherian local ring. If R is a weakly Arf ring, then so
s R XR/mR XR/m """ XR/mR.

Let us now explore a gluing which is a special kind of fiber products.

Theorem 6.5. Let S be a Noetherian semi-local ring. Suppose that S is integrally closed
and it contains a field k. Let J be an ideal of S and assume the following conditions:

(1) J < J(S),

(2) JNW(S) #0, and

(3) dimg S/J < oo,

where J(S) denotes the Jacobson radical of S. Then R =k + J is a weakly Arf ring.

Proof. Notice that .S is a module-finite extension over R. Indeed, because of the condition
(3), we see that (g(S/J) < co. It then follows that S/.J is a finitely generated R-module.
The natural surjection S/J — S/R guarantees that S/R is a finitely generated R-module,
whence so is S. Therefore, R is a Noetherian ring with dim R = dim S. In addition,
we claim that R is a local ring with maximal ideal J. In fact, note that J € Max R.
The condition (1) ensures J C M for every M € Max S, so that J C M N R. Hence
J = M N R, as claimed. By the condition (2), we obtain Q(R) = Q(S) and hence S = R.

Let I € A(R). Set I = (a) for some a € W(R). We may assume that a € R is not a unit

in R,i.e.,a€ J. Then (a) = aRN R = aS, because aS C J C R. Therefore
I? = (aS)? = a(aS) = al.

Hence R is a weakly Arf ring. O

Let us note some examples.
Example 6.6. Let k[[X, Y]] be the formal power series ring over a field k. We consider
S = E[[X*, X3Y, X2Y2, XY3 V] and J = (X%, X?Y, XY3 V%), Then R = k + J is a
weakly Arf ring.
Example 6.7. Let S = E[[X1, Xo,..., X4, Y1,Ya, ..., Y]] (d > 1) be the formal power
series ring over a field k and J = (X1, X,..., X)) N (Y1, Ys,...,Yy). Then R = S/J is a
weakly Arf ring.

Next we explore the Arf property for fiber products. In what follows, let (R, m), (S, n) be
Noetherian local rings with a common residue class field k = R/m = S/n. As in Theorem

62, we assume that depth R > 0 and depth S > 0. Weset A=Rx,; SCB=RxS.
To state the second main result, let us begin with the following.

Lemma 6.8. Let I be a proper ideal of R and let J be a proper ideal of S. We set
K =1 x J which forms an ideal of A. Then K is integrally closed in A if and only if I

and J are integrally closed in R and S, respectively.

Proof. Note that K Cm xn C A and K is an ideal of B, so K is an ideal of A. If I and
J are integrally closed, then so is K in B. Hence, K is integrally closed in A. Conversely,
we assume K = K in A. Let us choose z € I. Then z € m, so that (z,0) € m x n C A.
Hence (x,0) € I x J = K = K, which implies x € I. Therefore, I is integrally closed in
R. Similarly, we have J = .J in S, as desired. O
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We apply Lemma BER to get the following.

Corollary 6.9. Let K be a proper ideal of A. Then K is integrally closed in A if and
only if there exist a proper integrally closed ideal I of R and a proper integrally closed
tdeal J of S such that K =1 x J.

Proof. We only prove the ‘only if’ part. Suppose that K is integrally closed in A. Then
K=K =KANA. Since A= R x S, we choose ideals I; and J; in R and S satisfying
KA =1, x J,. Therefore

K = (L xJ)NA=[, x J)NBINA
= [(LNR)x (JNS)NA
= (LNR)x (JiNY)

where the last equality follows from the fact that I; and J; are proper ideals in R and S,
respectively. By setting I = [N R and J = J; NS, we have K = [ x J, and the assertion
follows from Lemma BR. U

We are now ready to prove the second main result in this section.

Theorem 6.10. Let (R, m), (S,n) be Noetherian local rings with a common residue class
field k = R/m = S/n. Suppose that depth R > 0, depth S > 0, and dim R = dim S = 1.
Then the following conditions are equivalent.

(1) A= R xS is an Arf ring.

(2) R and S are Arf rings.

Proof. Suppose that A is Arf. Let [ be an integrally closed proper ideal in R such that
I € Fpg, i.e., it contains a non-zerodivisor on R. We set K = I x n. Then K is integrally
closed in A, so that it is stable, i.e., K? = aK for some a € K. Write a = (z,y) with
x € I and y € n. We then have I? = zI. Hence R is an Arf ring. Similarly, S is Arf. On
the other hand, suppose that both R and S are Arf rings. Let K € F4 be an integrally
closed proper ideal in A. By Corollary B9, we may choose integrally closed ideals I in R
and J in S such that K = I x J. Since I and J are stable, K is also stable. Hence A is
an Arf ring. O

Closing this section, let us note an example of a weakly Arf ring obtained from the
amalgamated duplication. Let R be a commutative ring and I € Fr. Weset A= R [
the amalgamated duplication of R with respect to I. Notice that Q(A) = Q(R) < Q(R)
and A= R R.

With this notation we have the following.

Proposition 6.11. Suppose that I is an ideal of R. Then A = R < I is weakly Arf if
and only if so is R.

Proof. Since R is a direct summand of A as an R-module, by Corollary B2 (1), if A is
weakly Arf, then so is R. Conversely, assume that R is a weakly Arf ring. Let o, 8,7 € A
such that o € W(A) and §/a,v/a € A. Write o = (a,z), f/a = (b,y), and v/a = (c, 2),
where a € R, x € I, and b,c,y,2 € R. Then

B = (a,x)(b,y) = (ab,ay + xb+ zy), v = (a,z)(c,z) = (ac,az + xc+ x2)
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so that ay, az € I, because I is an ideal of R. As ab, ac € aR, the weakly Arf property of
R guarantees that abc = (ab - ac)/a € R. Hence

D~ a)(e) = (@) e bz +yety2)
= (abc,abz + ayc + ayz + xbc + xbz + xvyc + xyz) € A
which shows that A is a weakly Arf ring. OJ

Corollary 6.12. Let R be a Noetherian ring. Suppose that R is a module-finite extension
over R. For each f € W(R)N (R : R), we set [ = fR. Then A = Rv< I is weakly Arf if
and only if so is R.

7. WEAKLY ARF CLOSURES

As proved by J. Lipman in [I8], among all the Arf rings between a ring and its integral
closure, there is a smallest one, called the Arf closure. The reader may refer to [I8] for
its basic properties. In this section we slightly modify this closure, and use it in our
investigation of the weakly Arf rings.

For a Noetherian ring A, we define V4 to be the set of all weakly Arf rings B such that
B is an intermediate ring between A and A and is a module-finite extension over the ring
A. Suppose that Y4 # (). Notice that this assumption is automatically satisfied if A is a
module-finite extension over A. However, the set Y4 could be non-empty, even though A
is not finitely generated, as we show next.

Remark 7.1. Let S = k[[t]] be the formal power series ring over a field k, Ry = k[[t*, t°, t9]]
and Ry = k[[t*,t%,15,¢7]] be semigroup rings. We consider the idealizations A = Ry x S
and B = R; x S. Then A = S x Q(S) is not finitely generated as an A-module. However,
B is a module-finite extension over A and is a weakly Arf ring; see Corollary 8.

Inspired by Lipman’s construction of the Arf closures, we set
A=A [[A[ | I € A(A)] C Q(A)

which forms a subring of Q(A), containing A. We then have A; C B for every B € YVa.
Indeed, for each I € A(A), we choose a € W(A) such that I = (a). Let B € V4. Set
J = aB. By Theorem 24, we have J? = a.J, because J € A(B). Hence, B/ = B [Z] =2

a

and BY D A[L] = Al so that TA" C IB’ C JB’ = J C B. Thus A; C B, as claimed.
In particular, A; is Noetherian.

Definition 7.2. For each n > 0, we define recursively
s { A (n=0),
[A,-1]; (n>0).
Then, for each B € Y4, we have a chain
A=A CA C---CA,C---CB
of rings. Set Arf(A) = J,5o An- Notice that Arf(A) coincides with the Arf closure when

A is a Noetherian semi-local ring such that every localization of A at maximal ideal M is
a one-dimensional Cohen-Macaulay local ring and A is a finitely generated A-module.
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We then have the following (see [I8, Proposition-Definition 3.1]).

Proposition 7.3. Let A be a Noetherian ring. Suppose that Y4 # 0 (e.g., A is a finitely
generated A-module). Then Arf(A) is a weakly Arf ring, and Arf(A) C B for every
B e Y,.

Proof. et B € Y4. As A C Arf(A) C B, the ring Arf(A) is a finitely generated A-

module and Arf(A) = A, for sufficiently large n. Let I € A(A,). We write I = zA4,
for some x € W(A,). Then I(An)l C A, = A, Foreachy € (An)l, we have

zry € 2A, N A, = zA, = I, because A, = (An)l. Hence x (An)l C I. On the other hand,
because rA,, is a reduction of I, we obtain

I I

A)' =4 = 2=

(4 =) 5] 23
which yields I C z (A,)". Tt follows that I (A,)" = x (A4,)". Therefore, I (4,)" C I, i.e.,
I(A,)" = 1. Thus I is stable, and hence Arf(A) = A, is a weakly Arf ring. O

Although the Arf closures behave well and play one of the central roles in Lipman’s
paper, the notion is defined in a bit restricted situation. In the following, we define the
closure in a more relaxed situation.

In what follows, let A denote an arbitrary commutative ring. We consider

Ale[% x € W(A),y,z € A such that %,%Eﬁ] in Q(A).

Then A C A; C A is an intermediate ring between A and A.

Definition 7.4. For each n > 0, we define recursively

An = { [A,—1]; (n>0).

Notice that, for each n > 0, Q(A,) = Q(A), 4, = A, and we have a chain
A=A CAC---CA4,C---CA
of rings. Set A% = UnZO A, and call it the weakly Arf closure of A.

Proposition 7.5. The following assertions hold true.

(1) A% is a weakly Arf ring.

(2) For every intermediate ring A C B C A such that B is weakly Arf, one has A* C B.
In particular, A* C A*.

Proof. (1) Let z,y,2 € A% such that v € W(A®) and y/z,z/x € A®. For large n > 0, we
have z,y,z € A,, whence 2 € W(A,,) and y/x,z/x € A,. Hence yz/x € A1 C A% so
that A is a weakly Arf ring.

(2) Firstly, we will check that A,, C B for every n > 0. Suppose n > 0 and the assertion
holds for n — 1. Let z,y,z € A,_1 such that x € W(A,_,) and y/z, z/z € A,_;. Since
A,_1 C B, we have x,y,z € B. Because Q(B) = Q(A), we have x € W(B). Moreover,
y/x,z/x € B = A, which yields that yz/x € B. Therefore A, = (A,_1); C B. O
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Hence we have the following.

Corollary 7.6. Suppose that A is Noetherian and Y4 # 0 (e.g., A is a finitely generated
A-module). Then Arf(A) = A®.

Corollary 7.7. Let A be a Noetherian ring. Suppose that A is a finitely generated A-
module and one of the following conditions:

(1) A contains an infinite field.
(2) ht s M > 2 for every M € Max A.

If A satisfies (Ss), then A® = A*.

Proof. Notice that A* is Noetherian and weakly Arf. If A contains an infinite field, then
so does A*. On the other hand, if we assume htyM > 2 for every M € Max A, then
ht 4a N > 2 for every N € Max A”. Indeed, let N € Max A* and set M = N N A. By [IR,
Theorem 4.2], we then have

dim(R“)N = dim RM
which yields ht4«N > 2. Then, by Corollary BB, A® is strictly closed in Ae. Hence
A% = (A%)* D A*. Thus A* = A*, as desired. O

Finally we reach the goal of this section by giving an affirmative answer for the conjec-
ture posed by O. Zariski; see [I8, page 651].

Corollary 7.8. Let A be a Noetherian semi-local ring such that Ay is a one-dimensional
Cohen-Macaulay local ring for every M € Max A. Suppose that A is a finitely generated
A-module. Then the Arf closure of A coincides with the strict closure of A in A.

Proof. Since Arf(A) is an Arf ring, it is strictly closed in A by Theorem E3. Hence the
assertion follows from Proposition [3. 0

8. CORE SUBALGEBRAS OF POLYNOMIAL RINGS

In this section, we study the weakly Arf property and the weakly Arf closure for certain
subalgebras of the polynomial ring with one indeterminate over a field k. The class
of subalgebras discussed in this section includes the semigroup rings k[H| of numerical
semigroups H.

Throughout this section, let S = k[t] denote the polynomial ring over a field k, and
let R be a k-subalgebra of S. We say that R is a core of S, if t*S C R for some integer
n > 0. If R is a core of S, then

k[tn,tn+1, . ’th—l] g R g S’

and a given k-subalgebra R of S is a core if and only if R O k[H] for some numerical
semigroup H. Thus, once R is a core of S, R is a finitely generated k-algebra of dimension
one, and S is a birational module-finite extension of R with t"S C R : S. Although typical
examples of cores are the semigroup rings k[H| of numerical semigroups H, cores of S do
not necessarily arise from the semigroup rings k[H| in general. Let us note the simplest
example.

Example 8.1. Let R = k[t> +t3] +t*S. Then R # k[H] for any numerical semigroup H.
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The goal of this section is to prove the following.

Theorem 8.2. The following assertions hold true.
(1) R* = R*.
(2) The following conditions are equivalent.
(a) R is a weakly Arf ring.
(b) R is strictly closed in R.
(¢) Ry is an Arf ring, where m = tS N R.
(3) If R is a weakly Arf ring, then the polynomial ring T = R[X1, Xa, ..., X,] is strictly
closed for every n > 0. In particular, T is a weakly Arf ring.

Proof. (1) Since R C R* C R* C R, we obtain R® is a core of S. By Proposition [ZH,
R® is a weakly Arf ring, and so is the local ring (R%),,, where M = tS N R* € Max R".
Besides, every ideal in (R?),, has a principal reduction. This implies (R*),, is an Arf
ring. Let P € Spec R* such that P # M and htg. P = 1. Then (R*), is a DVR (see the
proof of Proposition Z714). By Theorem B4, we conclude that R® is strictly closed. Hence
R* = (R*)" 2 R*, so that R* = R*.

(2) If R is strictly closed in R, then R is a weakly Arf ring. The latter condition is
equivalent to saying that Ry, is Arf; see Proposition B14. If R is a weakly Arf ring, then
by Proposition 3 (2), we get R C R* = R* C R. Hence R is strictly closed in R.

(3) This follows from Lemma B9 and the fact that R is an integral domain. O

Let us note one example.

Example 8.3. Let n > 3 and R = k[t",t"™! ... t**7!]. Then R is a weakly Arf ring.
Hence R = (k[t™, "1, ... t2"72])".

Proof. Let V' = E[[t]] denote the formal power series ring over k. The semigroup ring
A= E[[t", "t 277 ] is an Arf ring. See [, Example 4.7] for the proof. In particular,
A is a weakly Arf ring. Since A is given by the mR-adic completion of the local ring R,
by Proposition B33 (or Corollary B2 (3)), Ry is weakly Arf, where m = tSNR. Thus, R is
also a weakly Arf ring, so that it is strictly closed in R. Consider T = k[t", t"*, ... 272
in S = k[t]. Then the local ring 7, is not an Arf ring, where n = ¢S N 7. Hence T is not
strictly closed in 7. Therefore, by Theorem B2, we conclude that T C T* = T* C R* = R.
This shows R =T = T, since {7(R/T) = 1. This completes the proof. O

9. CHARACTERIZATION IN TERMS OF THE ALGEBRAS A’

As J. Lipman proved in [I8], a ring A is Arf if and only if all the local rings infinitely
near to A, i.e., the localizations of the blow-ups of A, have minimal multiplicity. See [IR,
Theorem 2.2] for details. In this section, we investigate a characterization of weakly Arf
rings in terms of the algebras A’ of I in A(A).

Proposition 9.1. Let I C A be an ideal of A. Suppose that I = (a_) and I?* = al for
some a € INW(A). Set B=1:1 (= A"). Then the following conditions are equivalent.
(1) B is a weakly Arf ring.

(2) Ifr € INW(A), y,z € A such that y/x,z/z € A, then yz/z € A.
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Proof. Since I? = al, we have

ACB=1:1==-CA.

I
a
Hence B is a birational extension of A and B = A.
(2) = (1) Let a, 8,7 € B such that « € W(B) and 8/a,v/a € B. Write a = x/a, 3 =
y/a, and v = z/a, where x,y,z € I. Then x € W(A) and
T R
r o T o«
It then follows that yz € zA. Since yz/z =z - (yz/2?) € zANA = (z) C T =1, we get
v w1
a  ax a a

=B

and hence B is a weakly Arf ring.
(1) = (2) Let 2,y,z € A such that x € TN W(A) and y/z,z/z € A. Then y,z €

tANA = (z) CI=1. Hencez/a,y/a,z/a € B. Since x/a € W(B), the weakly Arf
property for B implies yz/ax € B, so that yz € xI C xA. This completes the proof. [

As a direct consequence, we have the following.

Corollary 9.2. A is a weakly Arf ring if and only if Al is a weakly Arf ring for every
IeAA).

Proof. Suppose that A is a weakly Arf ring. For each I € A(A), if we write I = (a) for
some a € W(A), then I? = al; see Theorem 24. In particular, I is stable, i.e., AT =1:1.
Hence, by Proposition B, A’ = I : I is a weakly Arf ring. The converse holds, because
AeAA). O

Corollary 9.3. For each a € W(A), we set I = (a). Then the following conditions are
equivalent.

(1) I’ =al and B =1 : I is a weakly Arf ring. o

(2) For each b€ INW(A), J* =0bJ and J : J is a weakly Arf ring, where J = (b).

Proof. (1) = (2) Let b € I be a non-zerodivisor on A. We set J = (b). For each y,z € J,

we have y/b, z/b € A, because J = (b) C bA. Hence yz/b € A by Proposition B, Thus
Yz Yz —
?_b-ﬁebAmA_J.
This yields yz € bJ. Therefore, J?> = bJ. Let us make sure of the weakly Arf property
for J: J. Let x,y,2 € A such that € JNW(A) and y/z,2/x € A. Since v € INW (A)
and B is weakly Arf, we obtain yz/x € A. Again, by Proposition @1, we see that J : J
is a weakly Arf ring.
(2) = (1) If we choose b = a, then the implication holds. O

Notation 9.4. We now define I'(A) to be the set of all the proper ideals I in A(A). We
denote by Max A(A) the set of all the maximal elements in I'(A) with respect to inclusion.

Hence we have the following.
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Corollary 9.5. Consider the following conditions:

(1) A is a weakly Arf ring. o

(2) If M € MaxA(A), then M : M is a weakly Arf ring and M? = aM, M = (a) for
some a € M NW(A).

Then the implication (1) = (2) holds and the converse holds if A is Noetherian.

Proof. By Corollary 82, we only need to prove the implication (2) = (1). Assume that
A is Noetherian. Let I € A(A). We write I = (a) for some a € W (A). We will show that
I? = al. Indeed, firstly we may assume that I is a proper ideal of A, i.e., I € T'(A). As A
is Noetherian, we may choose an ideal M € Max A(A) such that I C M. Hence, M : M
is a weakly Arf ring and M? = bM, M = (b) for some b € M NW(A). As I C M, we
have a € M NW (A), whence I? = al by Corollary B3. Therefore, A is a weakly Arf ring,

as desired. U
We explore one example.

Example 9.6. Let k[[X, Y]] be the formal power series ring over the field k = Z/(2). We
consider A = k[[X,Y]]/(XY(X +Y)). Then MaxA(A) = {(z,y?), (2%, y), (z + y,zy)},
where x,y denote the images of XY in A, respectively. Hence, A is a weakly Arf ring,
but not an Arf ring.

Proof. We denote by m = (z,y) the maximal ideal of A. Let us consider the ideals
I = (z,y?), I = (2%,y), and I3 = (v + y,zy). Then I, = () + m? = (z) & ((z + y)y),
L=y +m?=(z(z+y) D (y), and I3 = (z+y) + m* = (v +y) & (vy). Hence, we have
the isomorphisms

L:, =2 Enda() ZA/((x+y)y) x A/(x)
Iy: I, = Enda(l2) = Af(y) x A/(z(z +y))
I3: I3 = Enda(l3) 2 A/(x+y) x A/(zy)

of A-algebras, where End4 (/) denotes the endomorphism algebra of an ideal I in A. The
rings A/(x), A/(y), and A/(x+y) are DVRs. Moreover, the multiplicities of A/((x+y)y),
A/(x(x +y)), and A/(xy) are equal to two; hence they are Arf rings by [, Proposition
2.8]. Then, by Proposition B72, [; : I; is a weakly Arf ring for every 1 <i < 3.

It is straightforward to check that I? = (z+y*) [, I3 = (2°+y) Iy, and I2 = (z+y+zy)l3.
Notice that I; N W(A) # @ for every 1 < i < 3. Since A is reduced, we get A =
A/(x) x A/(y) x A/(x 4+ y) which is a principal ideal ring. This implies the equalities
I, =1;,-ANA = I,ANA. Tt follows that I, is integrally closed in A for every 1 < i < 3. As
k = 7Z/(2), the maximal ideal m does not have a principal reduction (see e.g., [27, Example
8.3.2], [16, (14.5)]). Hence m ¢ A(A), so that [; € Max A(A), because £4(A/I;) = 2. We
then have the following.

Claim. For each I € T'(A), I C I; for some 1 <i < 3.

Proof of Claim. Let f € W(A). We set I = (f). Then f € m, so that f = xa + yf for
f

some a, 3 € A. As m? C [;, we may assume f ¢ m?. Hence, without loss of generality,
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we may also assume that o =1+ ¢ with € e m. If § € m, then f € I;. Suppose § &€ m.

Then # =1 mod m. By setting § = 1 + 7 for some n € m, we have
f=x+y+zétyne (x+y) +m?=1Is.

Therefore, I = m C I, =1, for some 1 < i < 3. O

We conclude that Max A(A) = {I; | 1 <1i < 3}. In particular, by Corollary @3, A is a
weakly Arf ring. However, because m is not stable, the ring A is not Arf. OJ

In what follows, we assume that A is a Noetherian ring. Notice that Max A(A) = ()
if and only if A = Q(A). Moreover, we have the following, which plays a key in our
arguments.

Proposition 9.7. The following conditions are equivalent.
(1) A is integrally closed.
(2) If M € MaxA(A), then usa(M) = 1.

To prove Proposition B4, we need some auxiliaries.

Lemma 9.8. Let a,b € W(A) such that (a) C (b) = (b). We write a = bc with ¢ € W(A)
and set I = (a), J = (c¢). Then the following assertions hold true.

(1) I=0bJ CJ.

(2) I =J if and only if b is an unit in A.

(3) I? = al if and only if J* = cJ.

Proof. (1) We have I = (a) = (b)(c) 2 (b) - (¢) = bJ. For each x € I, let us write z = by

where ¢ € A. Since I = (a) = aA N A, we choose y € A such that x = ay. Hence

bp =2 =ay = (be)y = b(cy).
This shows ¢ = cy € cAN A = J. Therefore I = b.J C J, as desired.

(2) If b is a unit in A, then J = bJ. Hence I = J. Conversely, suppose that I = J.
Then bJ = J. We can choose £ € (b) satisfying (1—¢&).J = (0). In particular, (1—&)a = 0.
This shows b is a unit in A.

(3) This follows from the fact that I? = b*J? and al = (b*c)J = b*(cJ). O

We are now ready to prove Proposition B2

Proof of Proposition [0-7. (1) = (2) Suppose that A is integrally closed. Let I € A(A).
Set I = (a) for some a € W(A). Then [ = AN A = aA. In particular, us(M) = 1 for
every M € Max A(A).

(2) = (1) By Lemma 29, we will show that the ideal (a) is integrally closed in A for
every a € W(A). Indeed, let us consider the set

s={@|aecm(), @<}

and assume that S # (. As A is Noetherian, we may choose a maximal element [ in &
with respect to inclusion. Let us write I = (a) for some a € W(A). Then [ is a proper
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ideal in A, so there exists M € MaxA(A) such that I C M. Let b € W(A) such that
M = (b). Since pa(M) =1, we obtain M = (b). Therefore

I'=(a) C (b) = (b).
Let us choose ¢ € W (A) such that a = be. Set J = (¢). If the ideal (c) is integrally closed,
ie., J = (c), then I = bJ = (bc) = (a). This contradicts the assumption that I € S.
Hence J # (c), so J = (¢) € S. The maximality for I ensures that I = .J. Hence b is a
unit in A, which makes a contradiction, because M = (b). Consequently, the ideal (a) in
A is integrally closed for every a € W(A), as wanted. O

Hence, by Proposition 874, there exists M € Max A(A) such that pa(M) > 2, provided
A is not integrally closed. By using this phenomenon, we define the following chain of
rings between A and A.

Definition 9.9. We define A; to be A if A is integrally closed. Otherwise, if A # A, we
define A; = AM where M € Max A(A) such that ps(M) > 2. Set Ay = A, and for each
n > 1, define recursively A,, = (4,-1);.

By definition, we then have a chain of rings
A=A CAC---CAC---CA

by the algebras AM where M € Max A(A). Let us remark here that A; = A depends on
the choice of M € Max A(A), if A is not integrally closed; see Example O15. Hence, the
above chain is not uniquely determined in general. However, if the ring A satisfies certain
conditions (e.g., A is a numerical semigroup ring), then the chain is uniquely determined,
as we show in Corollary OT4.

Notice that, if A is not integrally closed, then A # A;. Indeed, choose M € Max A(A)
so that pa(M) > 2 and A; = AM. We set M = (a) for some a € W(A). Then, because
(a) is a reduction of M, we have

M M
Al:AM:Al—} o — DA
a a
If A= Ay, then M = (a), which is impossible, because pa(M) > 2. Hence, A # A

provided A is not integrally closed.

Remark 9.10. For a fixed chain A = A4y C A C --- C A, C --- C A, we see that A is
finitely generated as an A-module if and only if the chain is stable, i.e., A, = A, for
some n > 0, which is equivalent to saying that A, = A for some n > 0.

For a Noetherian local ring (A, m), we say that A is quasi-unmized, if Min A = Assh 4,
ie., dim A/ @ = dim A for every @) € MmA where A denotes the m-adic completion of
A. The reader may consult [I9, 21, 22, 23] for basic properties.

We also recall the notion of degree for modules. Let A be a Noetherian ring with
dim A > 0, X a finitely generated A-module such that aX = (0) for some a € W(A). We
define

degy X = Y l4(X,)€Z
pEH(A)
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and call it the degree of X, where H1(A) = {p € Spec A | dim A, = 1}.
With this notation, we have the following, which corresponds to (i) < (iii) of [IR,
Theorem 2.2] for Arf rings.

Theorem 9.11. Let A be a Noetherian ring. Consider the following conditions:

(1) A is a weakly Arf ring.

(2) For every M € MaxA(A), M : M is a weakly Arf ring and M? = aM for some
a€ M.

(3) For every chain A = Ay C Ay C --- C A, C --- C A obtained from Definition T3,
A, is a weakly Arf ring for every n > 0.

(4) For every chain A = Ay C Ay C --- C A, C --- C A obtained from Definition T3,
and for every n >0 and N € Max A(A,,)), N> = bN for some b e N.

Then the implications (1) < (2) < (3) = (4) hold. If dim A =1, or A, is quasi-unmized

for every p € Spec A, the implication (4) = (1) holds.

Proof. (1) < (2), (1) = (3) See Corollary @2 and Corollary 3.

(3) = (1), (3) = (4) Obvious.

(4) = (1) May assume dim A > 0. We will show that, for every I € A(A), there exists
a € I such that I? = al. Suppose the contrary and take a counterexample I € A(A)
such that ¢ = deg, A/I is as small as possible. Let us now replace I with a maximal
element I € A(A), satisfying I? # al for every a € I and ¢ = deg, A/I. We then have
(#0and I C A Let M € MaxA(A) such that I C M and write I = (a), M = (b)
with a,b € W(A). Then we see that M # (b). In fact, suppose that M = (b). Then,
since (a) C (b) = (b), if we write a = be with ¢ € W(A), then I = b.J, where J = (c). As
I? # al, we have J? # c¢J by Lemma OR. The canonical surjection A/I — A/J shows
¢ > deg, A/J, and by the minimality of ¢, we have ¢ = deg, A/J. Hence, the maximality
for I guarantees that I = J, so that b is a unit in A. This makes a contradiction. Thus
M # (b), as claimed. Therefore, because pa(M) > 2, we can choose A; to be the algebra
AM. We set B=A; = AM and L = { in Q(A). By [I8, Lemma 2.3], we have L € A(B)
and L = @ Look at the isomorphism B/L = 2 /1 =~ M /T of A-modules. We then have
an exact sequence

0—B/L— A/l - A/M—0
of A-modules, which yields deg, B/L < deg, A/I, because M # A.

Claim. Ifdim A =1, or A, is quasi-unmized for every p € Spec A, then
degy B/L < deg, B/ L.
Let us note the following result which is essentially due to L. J. Ratliff, Jr [21].

Lemma 9.12 (cf. [20, THEOREM 3.8]). Suppose that A, is quasi-unmized for every p €
Spec A. Then, for every intermediate ring B between A and A and for every P € Spec B,
we have

dim Bp = dim A,
where p = PN A.
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Proof. Notice that B, is integral over A, and Q(A,) = Q(B,). We may assume that
(A, m) is a local ring with p = m. Hence P € Max B. Set M = P and d = htgM. Choose
a maximal chain

PPCPC---CP=M
of prime ideals in B. By setting p; = P, N A, we have a chain

poCpC---Cpg=m
of prime ideals in A. As Py € Min B, we get PyQ(B) = poQ(A), which implies py € Min A.
Note that B/F, is a integral extension over A/py and

0) S P /Ry G PP S C Fa/Py=M/F

is a maximal chain in Spec B/Fy. Thus, by [19, (34.6) Theorem]|, we get

(0) € p1/po Cp2/p1 € -+ Cpa/Po =m/po

is a maximal chain in Spec A/pg, whence d = dim A/pg. Moreover, because A is quasi-
unmixed, we conclude that dim A = dim A/py + dim Ay, = d + 0 = d; see [1Y, (34.5)].
This completes the proof. O

We are now ready to prove the claim.

Proof of Claim. Firstly, suppose that A, is quasi-unmixed for every p € Spec A. Then

degy B/L = > (a,(B,/LB,)
peH1(A)

> 5,(B,/LB,)

pEH1(A)

= > S sy (By/LBy)w)

peH(A) MeMax By

= ) > Up,(Bq/LBq)

PEHl(A) QEHl(B), QNA=p

= ) (5,(Bo/LBg)
QEH(B)

as wanted. If dim A = 1, then degy B/L = (4(B/L) < {p(B/L) = degy B/L. O

v

Therefore, we have
degy B/L < degy B/L < deg, A/l ="/
and the minimality for ¢ guarantees that

v ()

Hence I? = al, which makes a contradiction. Thus, for every I € A(A), there exists a € [
such that I? = al. Therefore, A is a weakly Arf ring. This completes the proof. U
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In the rest of this section, we discuss the problem of when the chains defined in Defi-
nition @9 are uniquely determined. In what follows, let S = k[t] be the polynomial ring
over a field k, and let R be a core of S, i.e., kK C R C S is an intermediate ring and
t°S C R for some ¢ > 0. Then t°S = (t¢) € A(R) and (t¢) C R.

Let I € A(R) such that I # R. Set I = (a) with a € W(R). We now write I.S = ¢S
where p =t"f, n >0, f € S,and f(0) = 1. Since I = ISNR, we then have (0) # IS C S,

and

I=pSNR=("SNR)N(fSNR)=(t"SNR)-(fSNR).
See [12, Lemma 3.1] for a proof.
With this notation we have the following.

Proposition 9.13. The following assertions hold true.

(1) If n =0, then I = (a) = (f). o

(2) If n >0 and R = k[H], then I Ct"SN R C R, = (t°)

where H denotes a numerical semigroup, e = min(H \ {0}) stands for the multiplicity of

H, and Ry =tSNR.

Proof. (1) Suppose n =0. Then [ = fSNR, f € k, and fS = 1S = aS, so that f = za
for some x € k\ {0}. Thus f € R and hence I = (f) = (a) by [I2, Theorem 2.4 (2)].
(2) Since n > 0, we have I C t" N R. If R = k[H] is a semigroup ring of H, then
t"SNRCRCtSNR=R, =t°SNR=(t)
as desired. In particular, I C R, € MaxA(R). O

Consequently, we have the following.

Corollary 9.14. Let R = k[H| be the semigroup ring of a numerical semigroup H,
e =min(H \ {0}), and Ry =tS N R. Then the following assertions hold true.

(1) Ry = (t°) € Max A(R), and pur(Ry) = 1 if and only if e = 1.

(2) For every I € Max A(R), we have I = Ry, or ur(l) = 1.

Therefore, if R is not integrally closed, i.e., ur(Ry) > 2, we have
R
Ry =R™ =R L—*] =k [to, 4 0, e

because (t¢) is a reduction of Ry = (t*,t%,...,t*), where H = (a1, az,...,as) (£ > 0),
0 < ai,as,...,a € Zsuch that ged(ay, as, ...,a,) = 1. Hence, R; is uniquely determined
by R and it forms a numerical semigroup ring. However, R; is not necessarily unique in
general, which we will show in the following example.

For an m-primary ideal I in a Noetherian local ring (A, m), recall that ¢}(A) denotes
the multiplicity of A with respect to I.

Example 9.15. Let ¢ > 2 and R = k[t' + "1 +¢"*2S in S = k[t]. We set M =tSNR.
Then R is a core of S and the following assertions hold true.

(1) t9¢ R for every 1 < g </{+1.

(2) R: S=t"*%2S and M € A(R).
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(3) Let I = t*2S. Then I € MaxA(R), ur(I) > 1, and Ry = Rf = S.
(4) R is strictly closed in S = R.

(5) Let a = t*+t"*Tand I = (a). Then I € Max A(R), ur(I) > 1, and R, = Rf = k[t2,#3].

Proof. Notice that R # k[H] for any numerical semigroup H and t**! ¢ R,
(1) Suppose that t¢ € R for some 1 < ¢ < £. Then

where ¢; € k, n > 0, and £ € S. For each 2 <7 < n, because ¢ + 2 < 2( < il, we get
t1 = cit’ + ettt 12y

for some n € S. Hence ¢ = ¢ and ¢; = 1, which make a contradiction. Therefore, t? ¢ R
forevery 1 < ¢ </ +1.

(2) Let us write R : S = t%S, where 0 < ¢ < ¢+ 2. By (1), we have ¢ =0, or ¢ = £ + 2.
If ¢ =0, then R = S. This implies ¢ € R, which is absurd. Hence ¢ = ¢ + 2, so that
R: S = t'*2S. Suppose that M € A(R). Let us write M = (b), where 0 # b € R and b is
not a unit in R. Then, since M'S = bS, we get t* = ab for some o € k\ {0}. Thus t‘ € R.
This is impossible. Hence, M ¢ A(R), as claimed.

(3) We set ¢ = ¢+ 2 and I = t°S. Then I = t¢. Since I # (t°), we have pgr(I) > 1.

In particular, I C R. Choose J € Max A(R) such that I C J. By setting J = (b) with
b€ R\ k, we then have

t°=1"2 € J CbS.
Choose & € S such that t“2 = b¢. We may assume b = t? for some 1 < ¢ < £ + 2. Since
t9=5b¢€ R, we get ¢ = ¢+ 2. Hence I = J € MaxA(R). Moreover, because (t°) is a
reduction of I, we conclude that

Rl—RI—R[é}—S

as desired.

(4) Let a =t* + ¢ and f =1+t. Weset N =¢S5 and consider A = Ry; CV = Sy.
Since M = (a) + t**25, we have M'S = t/((f,1?)S) = t*S. Let m = MA and n = NV.
Then mV = ¢V = aV which shows that Q = aA is a reduction of m. Hence

el (A) = eb(A) = L4(V/QV) = La(V/mV) = La(V/HV) = ¢.

We then have V = Zf;é At Let a = 72V, Since m = @Q + a, we have m?> = Qm + a2
Now, because a? = t**4V o = t'f, and f is a unit in V, we get

@ o MY Cm
a
whence a? C Qm. Therefore m? = Qm, which yields that
Boar=T_CQF8 4 ey ey
a a

and the Jacobson ideal J of B is t2V. Hence B’ = V. Consequently A is an Arf ring by
(I8, Theorem 2.2]. Therefore R = R*.

==
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(5) Let a = t* +t"*Y and f = 1 +t. Set I = (a). Then I # R and I € A(R). Since
1S = a8, we have that
I=aSNR=(t'SNR)-(fSNR) = MK.
where K = fSN R € MaxR. Let J € MaxA(R) such that I € J. We write J = (b),
where b € R\ k. Since a € J C bS, we can write a = b for some £ € S. Hence
b= cath-(1+1t)%

where a € k\ {0}, 0 < ¢ </, and ¢o € {0,1}. If o = 0, then t% € R. Thus ¢, = 0 by
the assertion (1), so that b € k. This is impossible. Therefore, g = 1. If ¢; = 0, then
f € R. Hence t € R, a contradiction. Thus ¢; > 0 and

J=@"SNR)(fSNR)=MK =1

which shows I € Max A(R). In particular, I? = al, because R is weakly Arf. Moreover,
because at> € aS N R = (a) = I and t*> ¢ R, we obtain that I = (a) # (a). Hence
pr(I) > 1. Because R! = I : I and t'*2S C R, it is straightforward to check that
t2,t* € Rf =1 :1. Hence k[t?,t3] C RI. If R = S, then t € R!. Thus t'*1 +t*2 = at €
IRT C I CR. Ast™*? € R, we have t'*1 € R. This is impossible. Therefore R = k[t? t?],
as desired. 0

10. ARF RINGS VERSUS WEAKLY ARF RINGS

By definition, when A is a Cohen-Macaulay local ring with dim A = 1 possessing an
infinite residue class field, the ring A is Arf if and only if it is weakly Arf. However, as
we have shown in Example I8, a weakly Arf ring is not necessarily Arf. In this section
we delve into this example.

Theorem 10.1. Let (A, m) be a reduced Noetherian local ring. Suppose that the following
conditions hold, where Ass A = {Py, P,...,P,} (n>1).

(1) P, + P; =wm for every 1 <1,j < n such that i # j.

(2) A/P; is integrally closed for every 1 < i < n.

(3) A contains a field k such that the composite map k — A — A/m is bijective.
Then A* =k +mA. In particular, A/A* is a vector space over A/m.

Proof. Since A is reduced, we have an injection
AL A=A/PLx A/Pyx ---x AJP,, a— (4,T,...,q).

For each 1 <i < n, we set ¢; = (0,...,0,1,0,...,0) € A. We then have

whence
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Let o € A and write a = (ay, as, . .., @,) with a; € A, we have
a®1:Zai(ei®€j)a 1®Oz:Zaj(ei®ej)
2 12
so that a ® 1 = 1 ® « if and only if a;(e; ® €;) = a;(e; ® ;) for every 1 < 7,7 < n in
Ae; ®4 Aej;. The latter condition is equivalent to a; = a; mod m for every 1 <¢,5 <n

such that i # j, because Ae;®4 Ae; = A/P,@4 A/P; = A/m. Thatis, a1 = as =--- = a,
mod m. Therefore, since k& = A/m, we conclude that A* = k 4+ mA. In particular
m(A/A*) = (0). O

As a corollary, we get the following.

Corollary 10.2. Under the same hypothesis as in Theorem D, A is strictly closed in
A if and only if mA = m. When this is the case, A is an Arf ring, provided that A is a
Cohen-Macaulay local ring with dim A = 1.

Proof. Notice that A* = k + mA. Hence A = A* if and only if mA C A, i.e., mA = m.
This condition is equivalent to m : m = A. If dim A = 1 and A is Cohen-Macaulay, then
A is an Arf ring, because (X) 15 a DVR for every M € Max A and A is only the blow-up
of A; see [I8, Theorem 2.2]. O

Let us revisit Example O4.
Example 10.3. Let B = k[[X, Y]] be the formal power series ring over a field k and set
A=B/(XY(X +Y)). Then we have the following.

(1) Ais a Cohen-Macaulay local ring with dim A = 1,

(2) A is reduced, and
(3) Ass A = {(z), (), (x +y)}, where =,y denote the images of X,Y in A, respectively.

Hence, A* = k + mA.
Moreover, we have the following, which gives another proof for the fact that a weakly

Arf ring A is not necessarily Arf, even though A is a one-dimensional Cohen-Macaulay
local ring.

Theorem 10.4. Let B = k[[X, Y]] be the formal power series ring over a field k and set
A=B/(XY(X+Y)). Then, for every integrally closed m-primary ideal I of A, we have
I =m, or I? = al for some a € I, where m denotes the maximal ideal of A.

Proof. Let z,y be the images of X, Y in A, respectively. Suppose the contrary. We choose
an integrally closed m-primary ideal I € F4 such that I # m, and I? # al for every a € I.
We then have I C m, pus(f) > 2, and I = AN A. First, we prove the following.

Claim. A: A =m2
Proof. Remember that A = A/(z) x A/(y) x A/(x+y). For each o € A, we have a A C A
if and only if there exist a,b,c € A such that

a—ac(zr), acyn(z+y)=(yl+y)),

a—be(y), be(x)N(z+y)=(z(x+y)),

a—cée (r+y), and ce€ (x)N(y) = (xy).
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The latter condition is equivalent to « € (z,y*)N(y, z?)N(zy, z+y) = m?, as claimed. O

Hence I € m?. Indeed, if I C m?, then A C A. Since A is a principal ideal ring, there
exists o € I such that I = IA = aA. Thus

I? = (aA)? = a(ad) = ol

which makes a contradiction. Therefore I € m?. Choose f € I\ m? such that f € W(A).
Then f € m\ m?, so that I/(f) is a non-zero ideal in an Artinian local ring A/(f) and
m/(f) is principal. Therefore, pa(I) = 2. By setting f = za+ yfS with «, 5 € A, because
f € m?, we may assume a € m. Set f' = x+ SBa~ly. Since fA = f'A, we may also assume
that f = = + Py for some 5 € A. Remember that (z) € Ass A and f is a non-zerodivisor
on A. This implies f & (z), and hence 8 ¢ (x). Therefore, because A/(z) is a DVR with
maximal ideal m/(x) = (7), we have

B=7-7" in A/(z)
> 0.

where 7 € A is a unit in A and ¢ > 0. Hence 8 = 7y’ + an for some n € A. This yields

the equalities
f=a+By=a+(ry" +any=ax1+yn) +7y = (1+yn)(e+ry™

where 7/ = 7(1 +yn)~t € A. If we set f' =z + 7'y**!, then fA = f'A. Hence, without
loss of generality, we may assume

f=x+4¢ey® forsome e&m, £>0.

As pa(I) = 2, we can write I = (f, &) for some € € A. Again, because € is a non-zero
element in A/(f), we obtain

Tyt in A/(f)

3
> 0. Thus I = (f,€&) = (f,y"). Hence

where 7 € A is a unit in A and n

I = (x + eyt,y"), where ¢ € A is a unit in A and £,n > 0.

We now assume that n < ¢. Then I = (z,y"), so that I? = (22, zy",y*"). Note that
n > 2, because I # m. Since xy" = xy? - y" 2 = —z?y - y" 2 € (2?), we get 12 = (22, y*").
By [I3, Theorem|, I? = al for some a € I (actually, I? = (z + y™)I). This is impossible.
Hence n > ¢ (> 1). Remember that ] = TANAand A= A/(z) x A/(y) x A/(z+y). We
then have

A=F)e@®eF 1-277)
so that, if £ > 1, then (1 —&-7*"1) is a unit in A/(x + y) and
IA=(7)e @) e @)
which forms a principal ideal in A generated by (3¢, 7,7) € A. Hence, for a € A, we have
a € I if and only if

(@@@) = (7.7,5) (@be) n A=A/()xA/(y) x A/(x+y)
for some a,b,c € A. The latter condition is equivalent to saying that

a€ (z,y)N(z,y)N(z+yy) = (z,y)
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whence I = (z,y%). Hence I? = (22, 2y 4*), and because ¢ > 2, we conclude that
I? = (22, y*). Therefore, by [I3, Theorem|, we get I2 = al for some a € I (in this case,
I? = (x +y*)I). This makes a contradiction. Thus £ = 1, and hence

I=(x+ey,y"), wheree € Aisaunitin A, n > 1, and f =z +ey € W(A).
Now, we have
IA=@e@e(E-1-7 7"

Because (z 4+ ) € Ass A and f € W(A), we have f = (¢ — 1) - 7 is a non-zero element in
A/(x +vy). In particular, e — 1 & (v +y). If e — 1 ¢ m, then

TA= (@) & (T)e (1)

By the same argument as above, we get I = (x,y) N (z,y) N (x + y,y) = m. This is
impossible. Hence ¢ —1 € m. Since A/(x + y) is a DVR with maximal ideal m/(z + y),
we can write

e—1=7-7" in A/(z+vy)
where 7 € A is a unit in A and m > 0. Hence, ¢ — 1 = 7y™ + (x + y)h for some h € A.
Then € = 1 + (z + y)h + 7y™. Hence, by setting 7/ = 7(1 + yh)~', we have
I = (x+eyy") = (x—l—y%—(:c—l—y)yh—i—ry’”“,y")
((z+ )X +yh)+ 7y ")
(L+yh)(@z+y+7y™),y")

/ erl7 Y )

= (x4+y+71y
We now divide into two cases. If m +1 > n, then I = (z +y + 7'y™ y") = (z + y,y").
Otherwise, we assume that m + 1 < n. Then

MA=@e@e (fy)=@e@e (T-7"y) =@ e@ae @)
so that I = (z,y) N (z,y) N (x +y,y™ ™) = (z +y,y™""). Hence, in any case, we have
I = (x+vy,y") for some n > 1.
Then, because zy" + y" ™ = (z + y)*y"', we get

o= (@+y)oy +y" ™ y™) = (@ +9)> @+ )" L y™)
= ((+v)?*y™")

which yields I? = al for some a € I (we can choose a = = + y + y", or use [I3]). Finally
we found a contradiction. Hence, I = m, or I? = al for some a € I. This completes the
proof. O

Hence, we have the following.

Corollary 10.5. Under the same notation as in Theorem [IA, if |k| = 2, then A is
weakly Arf, but not an Arf ring.
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Proof. Let I € A(A) and assume that [ # A. Since |k| = 2, by [24, Example 8.3.2] (or
[T6, (14.5)]), we obtain that, for every f € m, (f) is not a reduction of m. This implies
that m & A(A). Hence, I? = al for some a € I by Theorem [I4. That is, A is a weakly
Arf ring; see Theorem Z4. Since e(A) = 3 and pa(m) = 2, the ring A does not have
minimal multiplicity. Therefore, A is not an Arf ring. 0

Closing this section we prove the following.

Corollary 10.6. Let B = k[[X, Y]] be the formal power series ring over a finite field k
and set A= B/(Y [[,e,(X +aY)). Then A is a weakly Arf ring if and only if |k| = 2.

Proof. We only prove the ‘only if’ part. Assume that A is a weakly Arf ring. We set
Z = [],er(X +aY). We denote by x,y, » the images of X,Y, Z in A, respectively. Notice
that A = A/(y) x [[,cr A/(z + ay). Let I = (y, z). Then, by setting f =y + z, we have
I = (y, f). Hence, because yf = y? + yz = y*, we obtain I? = fI. Note that f € I forms
a non-zerodivisor on A, and

IA=@Ye@ae---ao@=@e@e -a@=rA

where ¢ denotes the cardinality of the field k. Since A is a principal ideal ring, we get
TA=T-A=TA. Hence

I=TANA=fANA=(y,29) = (y,2) =1

which shows I € A(A), I = (f). Hence, by Corollary 32, I : I is a weakly Arf ring,
because I? = fI. On the other hand, note that (0) :4 vy = (2), (0) :a 2 = (y), and
I = (y) @ (2). Besides, Homa((y), (2)) = Homa((z), (y)) = (0). Therefore we have an
isomorphism

I:12=Ends((y)) x Enda((2)) = A/(2) x A/(y)

of A-algebras. Hence, by Proposition B72, we get A/(z) is a weakly Arf ring. We set
C = B/(Z) = A/(z). Then |MaxC| = q = |k|. Therefore, by [I'7, Hilfssatz 2], for each
J € F¢, there exists € € J such that £C = JC. In particular, if we take J to be the
maximal ideal of C, then J contains a parameter ideal @) = (£) as a reduction. Hence,
because J € A(C) and C is weakly Arf, we conclude that C' has minimal multiplicity.
Consequently, the multiplicity ¢ = |k| is equal to the embedding dimension 2. That is,
|k| = q = 2, as desired. O

To sum up the arguments in this section, we record the following.
Remark 10.7. Let B = k[[X, Y]] be the formal power series ring over a field k = Z/(2)
and set R = B/(XY (X +Y)). Let A be the one of the following rings:

(1) A = R x M, where M is a finitely generated R-module which is torsion-free as an
R-module.

(2) A= R Xp/m R, where m denotes the maximal ideal of R.

(3) A=TI-, R, where n > 0.

Then A is a weakly Arf ring, but not an Arf ring.
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11. EXAMPLES ARISING FROM INVARIANT SUBRINGS

Throughout this section, unless otherwise specified, let £ be a field of characteristic
two, and let S = k[X, Y] be the polynomial ring over k. Consider S to be a Z-graded ring
via the grading Sop = k and X,Y € S;. Since ch k = 2, we obtain the general linear group

GLa(k) ={(1), (1 7). (Y6).(51), (16), (Y1)}
which is isomorphic to the symmetric group of degree 3. For each o € GLy(k), we define
(3) =07 ().
Then the element ¢ € GLg(k) induces the k-automorphism ¢ : S — S of S so that
0(X) = X; and a(Y) = Y;. This gives a group homomorphism
p: GLy(k) — Autg(S)
and it assigns the map o to each o € GLy(k).

In this section, let us explore the invariant subring R® of R = k[X,Y]/(XY (X +Y)),
where G is a subgroup of GLy(k). We denote by z, y the images of X, Y in R, respectively.
For a matrix M with the entries in a ring R, let Io(M) be the ideal of R generated by
2 X 2-minors of M.

Let H = ((19)) be a subgroup of GLs(k). This acts linearly on S. Since XY -(X+Y) €
SH  the cyclic group H also acts on R.

Theorem 11.1. The following assertions hold true.

(1) R = klz,zy + y*, 2y* + y°].
(2) R 2 k[X, A, B]/I,(X 4 B) as a graded k-algebra, where k[X, A, B] denotes the poly-
nomaual ring over the field k.

(3) RH is strictly closed in RY . In particular, RY is a weakly Arf ring.
Proof. (1) The homogeneous component R, of R is spanned by

Ry =k, Ry = (x,y), and R, = (z", 2" 1y, y").

because 2"y = 2" %y? = ... = ay" ! in R for every n > 2. We denote by [[R]] =

Yoo o dimy R, A" € Z[[A]] the Hilbert series of R. Then
I=X I+ A+N
Rl =753 =———
- -

— 1420+ 3N+ 43N -

which shows that {z™, 2" 'y, y"} is a k-basis of R,, (n > 2). We are now computing the
homogeneous component of R. Obviously, (RH )0 = k. Suppose that n = 1. For each
a € Ry, we can write o = ax + by, where a,b € k. We then have o € R¥ if and only if
azx + b(z +y) = ax + by, which implies a + b = a. Hence b = 0, so that (R") = (z). We
assume that n > 2. Consider o € R,, and write a = az™ + bz" 'y + cy”, where a, b, c € k.
Then, a € R¥ if and only if

az™ 4+ bz (z +y) +clz +y)" = ax” + bx" ty 4 cy”
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which is equivalent to

bz" +c |z" + " "y " ry" | = 0.
1 n—1

Hence (b + ¢)z™ + ¢(2™ — 2)z" 'y = 0, so that b + ¢ = 0. Consequently, we conclude
that (RH)n = (2", 2"y + y"). Therefore, R¥ is generated by z and {z" 'y + y"},>2
as a k-algebra. Besides, for n > 4, let us write n = 2a + 3b with a,b > 0. If a = 0
and b > 0, then y" + 2"ty = 33 + 231y = (2%y + y3)°. Ifa > 0 and b = 0, then
Y+ 2"y = y? + 2?7y = (xy + y?)* Finally if a,b > 0, then

2a—1 3b—1

v+ 27 y) = (zy + )" 2Py + 7).

Therefore, R = k[z, vy + y?, 2%y + 3], as desired.
(2) Note that dim R¥ =1 and 2 + 2y + y* € R is a non-zerodivisor on R. Hence R
is a Cohen-Macaulay ring. Set a = zy + y* and b = 2%y + % in R¥. Let

Y RT)(2* 4+ a) = R/(2* +a) 2 kX, Y]/(X?+ XY + Y3 XY + XY?)

be the k-algebra map such that ¢(Z) = X and ¢(7) = Y. Then {1, X, X2, X2Y'} forms a
k-basis of Im 1), whence dimy, R¥ /(2% 4+ a) > 4. On the other hand, let U = k[X, A, B] be
the polynomial ring over k and consider the k-algebra map

yn 4 xnfly — (yQa T

¢: U — R" =k[z,a,b]

so that ¢(X) = z, p(A) = a, and p(B) = b. Since za = 0, zb = 0, and a® = b,
the map ¢ induces the surjection ¢ : U/(XA, XB, A® — B?) — RY. Remember that
2?2 +a = 2% + 2y + y? is a non-zerodivisor on R. By setting K = Ker , we obtain the
exact sequence

0= K/(X?+A)K - U/(XA, XB,A* - B* X?+ A) —» R*/(2* +a) = 0

of U-modules. Notice that the mid term U/(XA, XB, A*> — B2, X? + A) is isomorphic
to k[X, B]/(X?, X B, B?). By computing the dimension as a k-vector space, we conclude
that dimy R /(22 + a) < 4. Hence dimy, R” /(2% + a) = 4 and we have an isomorphism

U/(XA,XB,A* -~ B> X*+ A) = RY /(2? + a).
This yields K/(X? + A)K = (0), so that K = (0). Therefore we obtain the isomorphism
RT > U/(XA,XB,A* — B®) = k[X, A, B]/Io( X 47 B)

0 B A

of graded k-algebras.
(3) This follows from Proposition T2 below. O

Proposition 11.2. Let k be an arbitrary field (not necessarily of characteristic two). Let
U = k[X,Y, Z] be the polynomial ring over k. Set R = U/Iy(X ) Z). Then R is strictly
closed in R. In particular, R is a weakly Arf ring.

Proof. We consider U as a Z-graded ring under the grading Uy = k, X € Uy, Y € U,

and Z € Us. Set a = (X Z) = (XY,XZ,Y?® — Z?). Then a is a graded ideal of
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U with htya = 2. In particular, R is a Cohen-Macaulay ring with dim R = 1. Since
a=(X,Y3—-Z?)N(Y,Z), we then have an exact sequence

0= REU/Y.Z)x U/X,Y? - 2%) - U/(X,Y,Z) = 0

of U-modules. Note that U/(Y,Z) = k[z] is a DVR and U/(X,Y? — Z?) = kly, 2] =
k[t?,t3] C k[t], where x,y, 2 denote the images in the corresponding rings and ¢ is an
indeterminate over k. Let M = (z,y,z) € MaxR, where x,y, z denotes, again, the
images in R. Then M? = (z + y)M and pur(M) = 3. Hence

M
RM — :R+< ro_® > in Q(R)
T+ z+y r+y

because M = (z + y, z, 2). Since £(z) = (,0), £(2) = (0,2) = (0,3), £(z +y) = (z,y) =
(z,t%) via the identification U/(X,Y? — Z2) = kly, z] = k[t?,t3], we obtain

() wn, (1) -
which yield that RM = (1, (1,0), (0,¢)). Since (0,1) € RM, we have
RM D R(1,0) + R(0,1) = k[z] x k[y, 2] = k[z] x k[t?,¢%].
Now, because k[t] = k[t?, t3] + k[t?, 3]t and (0,t) € RM, we see that
RM C klx] x k[t] = R

whence RM = R. Therefore, Ry is an Arf ring. Let N € MaxU such that N O a and
N # (X,Y,Z). We then have either N 2 (X,Y? — Z?) and N 2 (Y, Z), or N 2 (Y, Z)
and N 2 (X,Y? — Z?). Hence the multiplicity of Ry is at most 2, that is, Ry is an Arf
ring. Therefore, R is strictly closed in R. 0

In what follows, let G = (({1)) be the subgroup of GLy(k). Then, similarly for the
subgroup H of GLy(k), it acts linearly on S.

Theorem 11.3. The following assertions hold true.
(1) S =k[X?+ XY + Y2 XY(X +Y), X3+ X?Y + V3.
(2) S¢ = k[A, B,C]/(A3 — (B? + BC + C?)) as a graded k-algebra, where k[A, B, C]
denotes the polynomial ring over the field k.
Proof. Set a = X?+ XY +Y2 b= XY (X +Y)=X?Y + XV? and ¢ = X3+ X?Y + Y3
We then have a,b,c € S and a® = b*> + bc + b%. Let R = k[a,b,c]. Then R C SY. Let
fO)=t—X)t—(X+Y)t-Y)=t"—at+bc S[t]
be the polynomial in S. Then f(X) = f(Y) = 0, so that S is integral over R; hence
dimR = 2. Let U = k[A, B,C] be the polynomial ring over k, and consider U as a
Z-graded ring with the grading Uy =k, A € Uy, and B,C € Us. Let
po:U—R

be the k-algebra map so that p(A) = a, p(B) = b, and ¢(C) = c¢. Then ¢ is a surjective,
graded homomorphism, and A% — (B* + BC + C?) € Ker¢. Hence we get a surjection
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©:U/(A3 - (B*+ BC + C?)) — R which induced by the map ¢. Set L = Kerp. Hence
we get the exact sequence

0— L/BL — U/(A*— (B*+ BC +C?),B) = R/(b) = 0
of U-modules. Notice that
U/(A’ — (B*+ BC + C?), B) 2 k[A, C]/(A® — C%) = k[t*,£°] (C klt])

is an integral domain of dimension one, where ¢ denotes an indeterminate over k. There-
fore, because dim R/(b) = 1, we have

U/(A® — (B* + BC + C?),B) = R/(b)
which yields L/BL = (0). Hence L = (0). Finally we get the isomorphism
R=U/(A* — (B*+ BC + C?))
of graded k-algebras, and the Hilbert series [[R]] of R is given by

1— )6 1+ )3

[R]] = 1= A (1= A)(1—A3)  (1—A2)(1—A%)

Notice that S¢ is a Cohen-Macaulay ring, because the order of G is invertible in k. Since
a,b € SY is a homogeneous system of parameters in S¢, we have an isomorphism

S%/(a,b)S = [S/(a,b)S]° .

The k-basis of S/(a,b)S is {1, X, Y, X2 XY, X?Y}, which yields that [S/(a,b)S]" = k +
k - 2%y, where z,y stand for the images of X,Y in S/(a,b)S. Hence [[SY/(a,b)SC]] =
[[[S/(a,b)S]°]) = 14 A* so that

1+ M3
L= W)= N)

151 =

Therefore R = S¢ as desired. O

Consequently we reach the following.

Corollary 11.4. Let R = k[X,Y]/(XY(X +Y)). Then the following assertions hold
true.

(1) RE > k[t2,t%] as a graded k-algebra, where t denotes an indeterminate over k.
(2) RY is strictly closed in RG.

Proof. (1) This follows from [S/(b)S]¢ = S /bSE.
(2) Since RE = k[t?,¢3] and k[t?, %] is a weakly Arf ring, RC is strictly closed by
Theorem K. U
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12. EXAMPLES ARISING FROM DETERMINANTAL RINGS

The aim of this section is to prove Theorem 21, which shows that the Arf property
depends on the characteristic of the base ring. In what follows, let U = k[[X, Y, Z]| denote
the formal power series ring over a field k, and a = I($ % £). Recall that Io(M) is the

ideal of U generated by 2 x 2-minors of a matrix M. Set
A=U/a=klx,y, =]

where z, y, z stand for the images of X,Y, Z in A, respectively. Notice that A is a Cohen-
Macaulay local ring with dim A = 1.

Theorem 12.1. The following assertions hold true.

(1) If chk = 3, then A is not an Arf ring.
(2) If chk # 3 and there exists o € k such that a # 1, o® = 1, then A is an Arf ring.

Proof. Let m = (z,y, z) be the maximal ideal of A. Then m?> = zm = ym = zm. Hence
z,y,z € W(A) and A has minimal multiplicity 3. Set ¢t = y/x € Q(A). We then have

t:—:—:_

x Yy oz

so that y = tx, 2 = ty, and © = tz. Hence t3 = 1 in Q(A). Let B = A™ denote the
blow-up of A at m. Then, because m? = zm, we have

_ m_E: 2\ _
B=A = - (1,t,t%) = A[t]

where the third equality follows from m = (x, tx, t?z).
(1) Suppose that chk = 3. Set s =t —1 € B. Then s> = 0 and B = A[s]. Let M be
the maximal ideal of B. We then have s € M and M N A = m. Hence

M D mB + sB = (z,tx,t*r,8)B = (v,5)B

which implies the surjection A/m — B/(x,s)B # (0). Actually, it is bijection, and
hence B/(x,s)B is a field. Because of the surjection B/(z,s)B — B/M, we have the
isomorphisms

A/m= B/(z,s)B = B/M.
Thus, M = mB+sB = (x,s)B. Therefore, we obtain that B is a local ring with maximal
ideal M = (z,s)B and A/m = B/M.

Let k[[X, S]] be the formal power series ring over k and ¢ : k[[X,S]] — B be the
k-algebra map defined by ¢(X) = x and ¢(S) = s. Then ¢ is a surjective, graded ring
homomorphism, and S® € Ker ¢. Since B is a Cohen-Macaulay local ing with dim B = 1,
we get

Ker ¢ = (S™) for some 1 <n < 3.

If n # 3, then S? € Ker . That is, s> = 0 in B. Since 0 = s? = t* + ¢ + 1, by multiplying
22, we have y? + xy + 22 = 0 in A. Hence X? + XY + Y2 € a, so that

X2 XY 4+ Y2 =a(X?—-YZ)+b(Y? - X2Z) +c(Z* - XY)
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for some a,b,c € k, which makes a contradiction, because a = 1 = 0. Therefore, n = 3
and we have the isomorphism
B = K[[X, S])/(5%)

of k-algebras. Hence, the blow-up B = A™ does not have minimal multiplicity, so that A
is not an Arf ring by [I8, Theorem 2.2].

(2) Suppose ch k # 3 and there exists @ € k such that a # 1 and a® = 1. We consider
A ={a € k]|a’®=1}. We then have |A| = 3, because the polynomial f(t) =t —1 € kl[t]
does not have double root. For each oo € A, we define

P,=(Y —aX,Z—-a*X)CU.

Then P, + (X) = (X,Y, Z), which implies Y — aX,Z — X, X is a regular system of
parameters in U. Since U/P, is a DVR, P, € SpecU and hty P, = 2. Let k[[X]] denotes
the formal power series ring over k and ¢ : U — k[[X]] be the k-algebra map so that
o(X) =X, oY) =aX, and ¢(Z) = a*X. Then Kerp = P, and a C P,.

With this notation we have the following.

Claim. (., Po = a and, for each o, € A, P, # Py if o # .

Proof of Claim. If P, = Pj for some «,3 € A such that a # 8. Then Y — aX,|Y —
pX € P,. Hence (o« — )X € P,, it shows X € P,. Thus hty P, = 3, which makes a
contradiction. Hence {P,}.ca is distinct. Let us make sure of the first assertion. To do
this, for each o € A, let

Poa=(y—az,z—a’z) CA=U/a

which is an associated prime ideal of A, because p, € Min A. Since {P,}sen is distinct,
Ass A D {p, | « € A}, and |A| = 3, we have | Ass A| > 3. On the other hand, we get

3=pa(m)=el(A) = > La,(Ay)-€h(A/p) > |Ass A > 3
peAss A

where the second equality follows from the fact that A has minimal multiplicity. This
shows | Ass A| = 3 and hence Ass A = {p, | @ € A}. Besides, for each p € Ass A, we have
that A, is a field and A/p is a DVR. Consequently, (,c, #o = (0) in A, and therefore
Naca Pa = a, as desired. O

In particular, by the above claim, A is a reduced ring, so that
A=U/P, xU/Ps x U/P,
where A = {a, 3,7}. We now consider 4 in A via the injection
A— A=U/P, xU/Ps x U/P, = k[z] x k[z] x k[z]

where = denotes the images in the corresponding rings. Thus, we identify x € A with
(v,7,7), y € A with (az, Bz,vyx), and 2 € A with (o?x, f%x,7?z). Hence

t=2=(a,p) €A
so that t — a = (o, 8,7) — (o, o, ) = (0, 8 — o, ¥ — «). Therefore
(t—a)A=(0) xU/Ps x Up, C A.
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Choose N € Max A such that (t — a)A C N. Since N D mA + (t — a)A, we obtain
M2OmB=(t—«)B

where M = N N B. Now, since B = Alt] = A[t — a], we get A/m = B/[mB + (t — a)B|.
Moreover, because B/ [mB + (t —«)B] — B/M is surjective, it is bijection. Hence
A/m = B/M and M = mB + (t — a)B. For each a € A, we set

M,=mB+ (t—«o)B

which is a maximal ideal of B. Then {M,}qea is distinct. Indeed, if M, = My for some
a, 3 € A such that oo # 3. Because t — a,t — € M,, we have 0 # o« — 3 € M,. This
is impossible. Hence, the element of {M,},ea is distinct from each other. In particular,
| Max B| > 3. In the meantime, for each M € Max B, we can choose N € Max A such that
NNB = M. Since | Max A| = 3, we conclude that | Max B| < 3. Hence, | Max B| = 3 and
Max B = {M,, Mg, M.} (Here A = {«, 3,7}). Therefore, because B is complete (since
A= E), we choose local rings By, By, and Bs such that

B = Bl X BQ X B3.
We then have the equalities

3= ch(A) = Gu(A) = a(B) = La(B/XB) = 3 La(Bi/XBy).

Hence ¢4(B;/XB;) = 1 for every 1 < ¢ < 3, which shows (p,(B;/XB;) = 1. Therefore,
B; is a DVR with maximal ideal X B;. Thus, B = By X By x Bj is regular. Therefore
B = B = A, because Q(B) = Q(A). This implies that A is an Arf ring, since B has

minimal multiplicity and B = A. This completes the proof. 0

Hence, the Arf property depends on the characteristic of the field k. Consequently we
have the following.

Corollary 12.2. Suppose that k is an algebraically closed field. Then A is an Arf ring if
and only if ch k # 3.

In the rest of this section, let us consider R = k[X,Y, Z]|/Io($ Y ). We denote by
x,1y, z the images of XY, Z in R, respectively.

Corollary 12.3. Suppose that chk # 3 and there exists o € k such that o # 1, o = 1.
Then R is strictly closed in R.

Proof. Let U = k[X,Y, Z] be the polynomial ring over the field k and a = L($£ % £).
Notice that R is Cohen-Macaulay and of dimension one. Thanks to Theorem T2 (2), it
is enough to show that, for every p € Max R such that p # (z,y, 2), R, is regular. To do
this, let P € SpecU such that P D a and P # (X,Y, 7). Then X ¢ P. Let us consider
U=U [1] in Q(U). Then
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is a polynomial ring over E, where k = k [X, %], Y, = %, and Z; = % Besides,

al = (1-Y12,,Y2 — Z,Z? — Y1). Hence we get the isomorphism
U/aU = k[yi]/ (Y — 1, Y} = V1) 2 k[Vi] /(Y — 1)

of k-algebras. We consider A = {o € k | o® = 1} and set A = {a,3,7}. Because
Y2 = (Y1 — a)(Y1 — B)(Y1 —~) in k[Y;], we have the isomorphisms

U/aU = k[Vi)/(Y 1) 2 ke (b[Y1)/ (Y~ 1))

k@ (Y1)/ (Y1 — @) x k[Yi]/(Yi — B) x kVi]/(Y: — 7))
~ L@y (kx kx k)

= 75 X E X E

I

of %—algebras. As X ¢ P, we conclude Rp is regular. Hence R is strictly closed in R. O

13. DIRECT SUMMANDS OF WEAKLY ARF RINGS

Some of the rings of invariants could be strictly closed in their integral closures; see
Theorem [T and Corollary II—4. In this section, we investigate this phenomenon.

For commutative rings A and B, we denote by B/A a ring extension, i.e., A is a subring
of B. Let T'= W(A) be the set of all non-zerodivisors on A. We begin with the basic
definition.

Definition 13.1. We say that the extension B/A satisfied the condition (t), if W(A) C
W (B), and for every x € Q(B), there exists t € W(A) such that tz € B.

In particular, if B/A satisfies (), then Q(B) = T~!'B. For the converse, we have the
following lemmata.

Lemma 13.2. Suppose that B is an integral domain, and B is integral over A. Then the
extension B/A satisfies ().

Proof. We have T C W(B). Hence B C T~'B C Q(B). Since T"'B is an integral
extension over Q(A) = T~'A, we obtain that T-'B is a field. Thus T™'B = Q(B), so
that B/A satisfies the condition (f). O

Lemma 13.3. Let B be a Noetherian ring, which is integral over A. Suppose that the
following conditions:

(1) For every P € AssB, PN A € Ass A.
(2) Q(A) is an Artinian ring.
Then the extension B/A satisfies (£).

Proof. Take a non-zerodivisor f € T on A. If we assume that f € P for some P € Ass B,
then f € PN A € AssA. This makes a contradiction. Hence 7" C W(B), so that
B C T 'B C Q(B). Since T7!'B is an integral extension over Q(A) = T7'A, T7'B is
an Artinian ring. For each f € W(B), it is an unit in T-'B. Therefore T7'B = Q(B).
Hence B/A satisfies the condition (f). O

With this notation we have the following.
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Theorem 13.4. Suppose that B is integral over A, A is a direct summand of B as an
A-module, and the extension B/A satisfies (). If B is strictly closed in B, then so is A
in A. In particular, A is a weakly Arf ring.

Proof. Since A is a direct summand of B, we choose an A-linear map p : B — A such
that p(a) = a for each a € A. The condition (f) of B/A guarantees that Q(A) C Q(B).
Hence, A C B. We now consider a homomorphism ¢ : A®4 A — B ®p B of additive
groups such that p(z ® y) = 2 ® y for each z,y € A. Let # € A*. Then 2 € A C B and

r®l=1®z in B®g B.

This implies z € B* = B. As x € Q(A) = T7'A, we write z = a/t where a € A and
t € T. Then a = p(a) = p(tx) = tp(x), so that x = a/t = p(x) € A. Therefore A is
strictly closed in A, as desired. 0

Corollary 13.5. Let R be a commutative ring, and let G be a finite group whose order is
invertible. Suppose that the extension R/RC satisfies (1), where RC denotes the invariant
subring of R. If R is strictly closed in R, then so is RS in RG. In particular, RS is a
weakly Arf ring.

Proof. Let n denote the order of G. Then an R®-linear map

1
'R —RC aw— —
p ;ar > o(a)
celG
gives a split monomorphism, so that R® is a direct summand of R as an R“-module.

Since the order of G is finite, R is integral over R®. Hence, the assertion follows from
Theorem [34. O

Consequently, by Lemma I3, we get the following.

Corollary 13.6. Let R be an integral domain, and let G be a finite group with the order
of G is invertible in R. If R is strictly closed in R, then so is R® in RC. In particular,
RY is a weakly Arf ring.

Let us note one more consequence of Theorem 3.

Corollary 13.7. Suppose that B is integral over A, A is a direct summand of B as an
A-module, and B is a Noetherian ring. Moreover, we assume that for every P € Ass B,
PNAEAssA and A satisfies (S1). If B is strictly closed in B, then so is A in A.

Proof. Since A is a direct summand of B, A is Noetherian. The total ring of fractions
Q(A) of A is Artinian, because Min A = Ass A. By Lemma [33, the extension B/A
satisfies (£). Hence, the assertion follows from Theorem 3. O

We now apply Corollary 374 to the idealization A = R x M of a finitely generated
torsion-free module M over a Noetherian ring R.

Theorem 13.8. Let R be a Noetherian ring, and let M be a finitely generated R-module
such that M is torsion-free. Suppose that R satisfies (S1). If A = Rx M is strictly closed
in A, then so is R in R.
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Proof. For each P € Ass A, we choose p € Spec R such that P = p x M. We then have
an isomorphism

Ap = Rp X Mp
of Ry-algebras. We will show that p € Ass R. Indeed, assume that p & AssR. Then,
because R satisfies (S1), p contains a non-zerodivisor on M. Hence a is a non-zerodivisor
on M,. This makes a contradiction. Hence p € Ass R, as desired. 0

In the rest of this section, unless otherwise specified, we maintain the following.

Setting 13.9. Let B be a Noetherian ring, and let A be an arbitrary subring of B. We
assume that B is integral over A and A is a direct summand of B as an A-module.

Definition 13.10. We say that B satisfies the condition (C'), if the following conditions
are satisfied:

(1) d =dim B < oo, and

(2) For every maximal chain Py C P, C --- P, in Spec B, we have n = d.
Notice that if B satisfies (C), then dim B, = dim B for every M € Max B.
Lemma 13.11. If B satisfies (C), then PN A € Min A for every P € Min B.

Proof. For each P € Min B, we choose a maximal ideal M in B such that P C M. Let
us consider a maximal chain

P=KRCh<C---CP =M
of prime ideals in B starting from P, and ending to M. We then have n = dim B. Hence,

by setting m = M N A, we see that dim A = dim B = n < dim A,,, so that dim A, = n.
In particular, PN A € Min A. O

Hence we get the following.

Proposition 13.12. Suppose that B satisfies (C'). For each n € Z, if B satisfies (Sy,)
condition, then so is A.

Proof. We may assume n > 0. Suppose that n = 1. We will show that Min A = Ass A.
Indeed, let p € Ass A. Since p € Assy B, we can take P € Ass B such that PN A = p.
Remember that B satisfies (S7), i.e., Min B = Ass B. By Lemma 311, we have p =
PN A€ Min A, so A satisfies (S7). Suppose that n > 2 and the assertion holds for n — 1.
We assume that A does not satisfy (.S,,) condition. Then there exists p € Spec A such that
depth A, < min{n,dim A,}. Hence depth A, < n —1 and dim A, > n. Since B satisfies
(Sp-1), so is A. Therefore, we have

depth A, > min{n — 1,dimA,} =n —1
which yields that depth A, =n —1 > 0. Hence p ¢ Ass A. Now, because A satisfies (.51),

there exists f € p such that f € W(A). Then f € W(B). The splitting monomorphism
A — B gives rise to a split morphism

0—+A/fA— B/fB
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of A/fA-modules, which is also injective. Notice that B/fB is integral over A/fA and
B/ f B satisfies the condition (C). In fact, because f € W(B), dim B/fB = d — 1, where
d = dim B. We now take P, € Ming B/ fB. Choose a maximal chain in Spec B from P;:

fBCPACRC - CP,.

Since f is a non-zerodivisor on B, we see that htg P, = 1, whence P; contains a minimal
prime Py. Thus n = d, which implies that B/ f B satisfies the condition (C). By induction
arguments, A/fA satisfies (S,_1) condition. Therefore

depth(A/fA), > min{n — 1,dim(A/fA),}

which is absurd, because depth A, = n — 1 and dim A, > n. Consequently, A satisfies
(S,) condition. This completes the proof. O

We summarize some consequences.
Corollary 13.13. Suppose that B satisfies (C). If B is Cohen-Macaulay, then so is A.

Corollary 13.14. Suppose that B satisfies (C'). Then the following assertions hold true.

(1) If B satisfies (S) and B is strictly closed in B, then A is strictly closed in A.

(2) If B is a weakly Arf ring satisfying (S2) and Bp is an Arf ring for every P € Spec B
withhtg P =1, then A is a weakly Arf ring, and Ay is an Arf ring for every p € Spec A
with htAp =1.

Proof. (1) By Proposition 312, A satisfies (S1). Hence the assertion follows from Corol-
lary 370 and Lemma 37T

(2) Since A is a direct summand of B, we see that A is Noetherian. Besides, A satisfies
(S3) by Proposition I3T2. By Theorem EH, we conclude that B is strictly closed in B.
Therefore, by the assertion (1), A is strictly closed in A. Again, by Theorem B3, we get
the required assertions. O

For a Noetherian semi-local ring B such that B); is a one-dimensional Cohen-Macaulay
local ring for every M € Max B, the ring B satisfies (C'). Hence we have the following.

Theorem 13.15. Suppose that B is a Noetherian semi-local ring such that By is a one-
dimensional Cohen-Macaulay local ring for every M € Max B. If B is an Arf ring, then
so is A.

Proof. To show A is an Arf ring, we need to confirm ht p = 1 for every p € Max A.
Suppose that there exists p € Max A such that ht 4p = 0. Then p € Ass A. We can choose
P € Ass B so that PN A = p. Since B is integral over A, we see that P € Max B. Hence,
by our assumption, htz P = 1 which makes a contradiction. Thus ht,p > 1 for every
p € Max A, whence htyp = 1. In particular, A, is a one-dimensional Cohen-Macaulay
local ring for every p € Max A. Since B is an Arf ring, by Theorem B4, B is strictly
closed in B. Therefore, A is strictly closed in A, and hence A is an Arf ring. U

Finally we reach the goal of this section.
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Corollary 13.16. Let R be a Noetherian semi-local ring such that Ry; is a one-
dimensional Cohen-Macaulay local ring for every M € Max R. Suppose that R is an
Arf ring. Then, for every finite subgroup G of AutR such that the order of G is invertible
in R, RC is an Arf ring.
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