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An RGF Delta-Gap Source for Thin-Wire EFIE

Benjamin D. Braaten and Robert M. Nelson

Abstract—The derivation of a novel delta source based on a reduced
Green’s function (RGF) is presented for thin-wire scattering problems.
The impressed electric field, typically represented by a delta source, is
generated by a current defined at the source location. By using electrically
small assumptions at the source location, the electric field integral equations
(EFIEs) representing the impressed field created by the defined current can
be evaluated analytically with an RGF. This impressed field is denoted here
as the RGF delta source, or simply, the RGF source. The RGF source is
in the range of the EFIE operator and does not contain the dipole that
is present in the traditional delta source. The numerical results show the
improved convergence of the new RGF source while maintaining accuracy
comparable to that of existing delta source models used in other thin-wire
models, such as the numerical electromagnetics code.

Index Terms—Delta source, electric field integral equations (EFIEs),
Green’s function, numerical electromagnetics code (NEC).

I. INTRODUCTION

Numerical electromagnetics code (NEC)-based software is a use-
ful tool for determining the scattered field Ēs of thin-wire structures.
Methods for evaluating the scattered field using the method of mo-
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Fig. 1. Problem definition.

ments (MOM) have been studied extensively [1]–[12]. But methods of
defining and evaluating the impressed (or source) electric field Ēi for
such problems have been studied considerably less. Typically, an inci-
dent plane wave, a frill source, or a delta source is used in defining Ēi

to evaluate a problem [3]. But previous authors have suggested some
numerical and mathematical shortcomings of a delta source [7], [13].
In particular, Sarkar [7] and Junker et al. [13] mention the dipole that is
present in a delta source as the gap shrinks and the absence of the delta
source in the range of the operator in electric field integral equations
(EFIEs) for thin-wire problems.

We will see in this paper that the reduced Green’s function (RGF)
source presented here is not a dipole and is in the range of the operator
of the EFIE for thin-wire problems. The accuracy and convergence
of the RGF source is then compared with the traditional delta source
and the Gaussian delta source presented by Junker et al. [13]. It is
shown that the RGF source models the current at the source location
better than the traditional delta source, as well as the Gaussian delta
source, and compares well to the measurements of King [14]. It is also
shown that the convergence of the RGF source is twice as fast as the
traditional delta source and the Gaussian delta source. This accuracy
and faster convergence is especially important for problems with a large
value of unknowns [4], [5], [8].

II. DERIVATION

To introduce the RGF source, we consider the perfectly conduct-
ing cylinder problem in Fig. 1(a). It is assumed that the conductor
is emersed in free space, and on the surface, we have the boundary
condition for the electric field, given by

n̂ × (Ēi + Ēs ) = 0 (1)

where, again, Ēi is the impressed electric field, Ēs is the scattered
electric field, and n̂ is the unit normal vector defined on the surface of the
conductor. By using the current continuity equation ∇ · J̄s = −jωρs ,
the scattered field from a surface current J̄s on the conductor can be
written as [6]

Ēs (ρ, z) = −jωĀ −∇ψ (2)
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where

Ā =
1

4π

∫
S

µ0 J̄sφ ds′ (3)

ψ =
−1

4πjωεo

∫
S

∇′ · J̄sφ ds′ (4)

ρs is the surface charge density, and φ = e−j kR /R with R = |r̄ − r̄′|
and k = ω

√
µ0ε0 . The primed notation indicates that the operation is

evaluated with respect to the source coordinates r̄′ and the unprimed
notation indicates the field points r̄.

If we assume that the conducting cylinder in Fig. 1(a) is a thin wire,
then we have a � λ, and only z-directed currents are present on the
conducting cylinder [3]. This then reduces (2) to [6]

Ēs (ρ, z) = −jωĀ − ∂

∂z
ψ (5)

where

Ā =
1

4π

∫
l

µ0 Ī(z ′)φ dz ′ (6)

ψ =
−1

4πjωεo

∫
l

∂

∂z ′ Ī(z ′)φ dz ′. (7)

Equations (5)–(7) represent the scattered electric field due to the current
on the surface of a thin wire where the surface current J̄s can be
determined from Ī = 2πaJ̄s . To excite the problem in Fig. 1(a), we
need to define Ēi in (1). To define Ēi , we start with a small δ-gap in
the wire shown in Fig. 1(b), where δ = z2 − z1 and δ � λ, assuming
that z2 > z1 . We have also defined a current Īδ (z ′) in the positive z-
direction on the z-axis across the δ-gap. The electric field from Īδ (z ′)
can be written as [3]

Ē(ρ, z) = −jωĀ − ∂

∂z
ψ (8)

where

Ā =
1

4π

∫ z 2

z 1

µ0 Īδ (z ′)φ dz ′ (9)

ψ =
−1

4πjωεo

∫ z 2

z 1

∂

∂z ′ Īδ (z ′)φ dz ′. (10)

The electric field in (8) will represent the impressed field Ēi in (1).
However, before evaluating (8), we make the following assumption:
since δ � λ, therefore kR � 1, where R is the distance between
Īδ (z ′) and the path of integration shown in Fig. 1(b). This assumption
allows us to use the following approximation for the free-space Green’s
function [4], [5], [8], [9]:

e−j kR

R
≈ 1

R
. (11)

Substituting (11) into (8) allows us to write the electric field created by
the defined current across the δ-gap for ρ = a and z1 ≤ z ≤ z2 as

Ēi,δ (a, z) = −jωĀδ −
∂

∂z
ψδ (12)

where

Āδ =
1

4π

∫ z 2

z 1

µ0 Īδ (z ′)
1
R

dz ′ (13)

ψδ =
−1

4πjωεo

∫ z 2

z 1

∂

∂z ′ Īδ (z ′)
1
R

dz ′. (14)

Hence, we can now see from the previous substitution the reasoning
behind the RGF notation. Next, if we define the current across the δ-
gap to be constant, Īδ (z ′) = Im , then (∂/∂z ′)Im = 0 for values of z ′

where Im is constant, which yields

ψδ =
1

4πjωεo

∫ z 2

z 1

∂

∂z ′ Im
1
R

dz ′ = 0. (15)

Therefore, evaluating (12) across the δ-gap gives

Ēi,δ (a, z) =
−jωµ0Im

4π
ln

[
R2 + (z2 − z)
R1 + (z1 − z)

]
(16)

where R1 =
√

(z − z1 )2 + a2 and R2 =
√

(z − z2 )2 + a2 . Equa-
tion (16) is the field from the assumed constant current Im and can be
used in (1) to represent the impressed field Ēi . A few points can be
made about (16). From the aforementioned steps, we can see that (16)
is in the range of the operator defined across the current. This yields a
faster convergence when evaluating (1) using the MOM. Also, we can
see that

lim
z 1 →z 2

Ēi,δ (a, z) = 0 (17)

which indicates that the RGF source will never have an infinite capac-
itance, and hence, is not a dipole.

As mentioned earlier, using Ēi,δ for Ēi allows us to solve (1) us-
ing the MOM that will yield the current distribution along the wire.
To solve for the input impedance at the location of the RGF source,
we need to determine the voltage Vgap across the δ-gap . This can
be determined by evaluating Vgap = −

∫ z 2

z 1
Ēi,δ dl across the δ-gap.

Therefore, integrating (16) and multiplying by a negative one gives

Vgap =
jωµ0Im

2π

[
a − Rδ + z1 ln

(
a

Rδ + δ

)
+ z2 ln

(
a

Rδ − δ

)]
(18)

where, again, δ = z2 − z1 and Rδ =
√

δ2 + a2 (assuming z2 > z1 ).
Thus, after determining the current at the source location with the
MOM (i.e., In ), we can use (18) to determine the input impedance
by evaluating Zin = Vgap/In . It should be noted here that the δ in
(18) is the δ-gap used in the current calculations with the RGF source
introduced by (16).

Special care should be taken when evaluating (18) in the MOM.
Because of the inner product associated with the MOM, a direct appli-
cation of (18) should be used only when pulse functions are used as
both basis and weighting functions. When functions other than pulse
functions are used as weighting functions, then the gap voltage can
be taken directly from the inner product of (16) with the appropriate
weighting functions.

III. RESULTS

To validate (16) and (18), we choose to model a thin-wire antenna
with radius a and length L. Ēs in (1) is represented using two different
thin-wire EFIEs. The first EFIE is the expression with the analytical
derivative presented by Stutzman and Thiele [3] for a wire orientated
along the z-axis. The expression is written as

−Ēs =
−1

4πjωε0

∫ L/2

−L/2

Ī(z ′)
e−j β R

R5

×[(1 + jβR)(2R2 − 3a2 ) + β2a2R2 ]dz ′ (19)

where R =
√

(z − z ′)2 + a2 , β = 2π/λ, L is the length of the an-
tenna, and a is the radius of the antenna.
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Fig. 2. Convergence of input impedance for L = 0.47λ and a = 0.005λ.

Fig. 3. Percent change of input admittance convergence for L = 0.47λ and
a = 0.005λ.

We solve (1) using the MOM. In particular, Galerkin’s method [3]
is implemented with triangular functions used as both weighting and
basis functions. The length of the dipole was chosen as L = 0.47λ and
a = 0.005λ. The number of segments N was varied from 4 to 90 to
compare the convergence of the input impedance ZA = RA + jXA

of the antenna with a traditional delta source and the Gaussian source.
The δ-gap was chosen such that δ = L/N .

The results shown in Fig. 2 show that the real part of ZA for the
traditional delta source, the Gaussian source, and the RGF source con-
verge very nicely. The reactance of ZA for the sources converged to
zero in a similar manner. The results shown in Fig. 3 show that, for this
particular example, the RGF source converges almost twice as fast as
the traditional delta source and the Gaussian delta source. This means
that an accurate solution to the problem is obtained in half the time
needed for other sources. This result is especially important for prob-
lems with a large number of unknowns. The percent change referred
to in Fig. 3 is the change of input admittance for a particular value of
Nk when compared to the value of Nk−1 . For this example, N took
on the values (4, 6, 8, . . . , 20, 30, 40, . . . , 90), as shown in Fig. 2. As
such, the fourth iteration in Fig. 2 is comparing the percent change of
the input admittance for N = 10 and N = 12 calculations.

The next EFIE is the reduced kernel presented by Harrington [6]
and is used in Mininec Broadcast Professional [10]. The problem we
evaluated is a dipole of length L = λ, a = 0.0254λ, and a source
frequency fo of 1 GHz. Using N = 60 segments, the real and imaginary
parts of the current excited by the traditional delta source, the Gaussian
delta source, and the RGF source are shown in Fig. 4, along with
measured results reported by King [14]. We can see from Fig. 4 that the
RGF source represents the current at the source location as well as the
Gaussian delta source. We can also see in Fig. 4 the inaccuracy of using
the traditional delta source to model the current at the source location.
It is especially important to model the current at the source location
accurately when evaluating the near fields of thin-wire problems.

Fig. 4. Induced current for L = λ, a = 0.0254λ, and fo = 1 GHz.

Fig. 5. Gap field for L = λ and a = 0.0254λ.

The gap fields for the delta source, the Gaussian source, and the
RGF source are shown in Fig. 5 for L = λ, a = 0.0254λ dipole with
N = 20. We can see that the RGF source has a smooth uniform field
distribution over the entire δ-gap.

IV. CONCLUSION

A novel numerically stable RGF source has been presented. It is de-
fined in the range of the EFIE operator, provides twice the convergence
speed as previously developed delta sources, and shows the accuracy
found in measurements. These advantages yield a greatly reduced com-
putation time and more accurate near field calculations.
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Estimating Maximum Radiated Emissions From Printed
Circuit Boards With an Attached Cable

Shaowei Deng, Todd Hubing, and Daryl Beetner

Abstract—The common-mode current induced on cables attached to
printed circuit boards can be a significant source of radiated emissions.
Previous studies have shown that coupling from electric and magnetic field
sources on circuit boards can be effectively modeled by placing equivalent
voltage sources between the board and the cable. The amplitude of these
equivalent sources can be estimated by using closed-form equations;
however, estimates of the radiated emissions from these board-cable
geometries have required full-wave simulations, and full-wave simulation
results depend on the exact cable length and placement, which are not
normally fixed during radiated emissions testing. This paper develops
a closed-form equation to estimate the maximum radiated fields from
a voltage source driving a board relative to an attached cable over a
ground plane. This equation is evaluated for various cable and board
geometries by comparing the calculated results to full-wave simulations.
The maximum radiation calculated by using the closed-form expression
generally predicts the peak full-wave simulation results within a few
decibels for various board sizes and cable lengths.

Index Terms—Antenna model, common-mode current, maximum radi-
ated emissions, printed circuit board (PCB).

I. INTRODUCTION

The common-mode current induced on cables attached to printed
circuit boards (PCBs) can be a significant source of unintentional ra-
diated emissions [1]–[3]. The signal traces, integrated circuits (ICs),
and heatsinks on a PCB produce electric and magnetic fields that cou-
ple to these cables inducing common-mode currents. The maximum
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radiated emissions from a typical PCB with attached cables due to
common-mode current can be numerically calculated using a full-wave
simulation. However, this type of simulation requires extensive com-
putational resources and does not calculate the maximum emissions,
but rather the emissions expected from the precise configuration mod-
eled. Alternately, expert system algorithms for estimating maximum
radiated emissions from PCBs employ closed-form calculations that
anticipate the maximum possible radiation [4], [5]. In this way, sources
and coupling mechanisms that cannot contribute significantly to radi-
ated emissions can be systematically eliminated, and attention can be
focused on the features of a given design that may be the source of
electromagnetic interference (EMI) problems.

Previous attempts to estimate the maximum radiation from cables
attached to circuit boards with traces, ICs, and heatsinks have shown
that it is possible to start with a complex board geometry that has
various structures driven by differential-mode signal voltages (VDM ),
and use relatively simple static-field modeling techniques [6], closed-
form estimates [7], or transverse electromagnetic cell measurements [8]
to represent that board with a simple board–source–cable model, as
shown in Fig. 1. For a electric field coupling, the magnitude of the
equivalent common-mode voltage source (VCM ) is determined by the
self-capacitance of the traces or heatsinks and by the board dimensions.
For magnetic field coupling, it is a function of trace or component
currents, and current-loop geometries on the board [9], [10].

In order to estimate the maximum radiated emissions, it has been
necessary to model the board–source–cable geometry using a full-wave
technique or employ relatively crude closed-form estimates based on
dipole source models. In this paper, a closed-form equation is devel-
oped to predict the maximum radiation from the board–source–cable
geometries likely to be encountered in radiated emissions tests. The
accuracy of the closed-form equation is evaluated for various board
sizes and cable lengths.

II. MAXIMUM RADIATION ESTIMATION

Consider the simplified structure of a board with an attached cable
in a typical electromagnetic compatibility (EMC) test environment, as
shown in Fig. 2, where a voltage source is located between the cable and
the board. The cable is 1 m long and attached to an infinite ground plane.
This structure is essentially an unbalanced monopole with the source
located some distance away from the ground plane. For simplicity, it is
assumed that the attached cable has negligible diameter and the current
distribution on the cable is sinusoidal. This is a good approximation
when the cable diameter is considerably smaller than the wavelength.

The radiated field from the monopole is proportional to the peak cur-
rent and also proportional to the monopole length at frequencies where
the monopole is much smaller than the wavelength [11]. Due to the
sinusoidal distribution of the current, the peak current in the monopole
obtains its maximum value only when the effective length of the struc-
ture above the ground plane is a quarter wavelength or longer. The
current at the source location is also limited by the effective length of
the board. Thus, the maximum radiated electric field is significantly af-
fected by the cable length lcab le and the board size, if the cable length or
the effective board length is shorter than a quarter wavelength. When the
cable length and/or the board size are larger than a quarter wavelength,
the peak current in this antenna is capable of reaching its theoretical
maximum, and so is the corresponding radiated electric field.

The maximum possible radiated electric field for this board–source–
cable antenna model can be estimated by comparing the emissions
from this structure to the emissions from a thin-wire monopole above
an infinite ground plane. The radiated electric field strength from this
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