DERIVATIONS AND RATIONAL POWERS OF IDEALS

CATALIN CIUPERCA

ABSTRACT. If A is a commutative noetherian ring and ¢ is a derivation on A, we study
the integral closure, coefficient ideals, and rational powers of the ideals I of A satisfying

§(I)C I.

1. INTRODUCTION

Let A be a commutative noetherian ring and 6 : A — A a derivation on A. We say
that an ideal I of A is d-invariant if §(I) C I, where () is the ideal generated by all the
elements §(f) for f € I. The study of these ideals was initiated by Seidenberg [11] and we
refer the reader to his original paper for some classical results regarding d-invariant ideals.
In particular, if the ring A contains a field of characteristic zero, Seidenberg proved that
all the associated prime ideals of I are d-invariant and I has a primary decomposition with
d-invariant primary components. More recently, a study of Miranda Neto [§] obtains several

interesting results about J-invariant ideals.

While the d-invariant ideals have been studied extensively since their introduction, the
current results in the literature do not address the properties of their integral closures or
other related closures. On the other hand, in the context of rings, a well known theorem of
Seidenberg [10, Section 3| shows that if D is a derivation on the quotient field of a noetherian
domain A containing a field of characteristic zero and D(A) C A, then D(A) C A, where A

is the normalization of A.

The rational powers I, of an ideal I are generalizations of the integral closures I™ of the
power ideals of I (2.1). If A contains a field of characteristic zero, 0 is a derivation on A, and
I is an ideal of A, it is the main aim of this paper to study the behavior of the ideals 6(1,).
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In Theorem we prove that if I is d-invariant, then I, is d-invariant for every rational

a > 0. In particular, the integral closure of a d-invariant ideal is d-invariant.

In Corollary 2.5 we prove that the following are equivalent: (a) 6(1) C I; (b) §(1,) C I,
for every rational a > 0; (c) 6(I") C I" for some integer n > 1. Further refinements of these
equivalences are obtained in Theorem and Corollary For an arbitrary ideal I, we
show that

[:5(I)CI*:6(I*)C...CI":6(I")CT:6(I)C I, :6(1,)

for every integer n > 1 and every rational o > 0. Moreover,

I1:6(I)=1n:6(I")
for every integer n > 1. In particular, if I™ is d-invariant for some n > 1, then I is 6-
invariant. The main results are obtained by applying Seidenberg’s theorem [10, Section 3] to
various Rees-like algebras. Some properties can be recovered by using a different approach

that involves the use of the Rees valuations of the ideal I ([2.6]).

We also show that there are examples of monomial ideals [ in a polynomial ring K[ X7, ..., Xy
with 6(T) € 6(I), where § = 9, is a partial derivation (Remark [2.8). Moreover, for the ideal
O(I) generated by all the partial derivatives of the elements of I, the inclusion d(T) C 9(I)
also fails in general, even for monomial ideals (Remark [2.13).

From a different perspective of looking at integral closure, in Section [3| we consider the
coefficient ideals associated with an arbitrary ideal in a noetherian domain A. Using the
approach of Corso, Polini, and Vasconcelos in [3|, for each j = 1,...,d = dim A, the j-th
coefficient ideal of I is defined by Itjy = {a € A | ht(R g at) > j} where R = A[It,t7!].
Under some mild conditions on the domain A, the coefficient ideals give a filtration between

I and its integral closure I
ICILiy Cly-1y C...C Iy C1,

where (g recovers the Ratliff-Rush ideal Uy,»1 (1" : I™) of I [9]. The construction of the
coefficient ideals is of such a nature that one may view the integral closure I as the 0-th

coefficient ideal Iqy.
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We look at the behavior of these ideals under derivations and show, in particular, that if I
is 0-invariant, then all the coefficient ideals Ir;; (1 < j < d) are d-invariant (Corollary .
This property, as mentioned earlier in this section, is also satisfied by the integral closure
1. More generally, we are able to prove that if I and J are ideals of a universally catenary

domain A such that I + (1) C J C I, then §(I;;,) C Jgyy for every j = 1,...,d.

Throughout this paper, all rings are commutative with identity. For a ring A, a derivation
d: A — Ais a Z-module homomorphism that satisfies the equality 0(ab) = ad(b) + d(a)b for
every a,b € A. We denote by Der(A) the A-module of derivations on A.

2. DERIVATIONS AND RATIONAL POWERS OF IDEALS

If A is a subring of B, the set of all elements x € B that satisfy an equation of integral
dependence 2" + a;2" ' + - - - +a,, = 0 with coefficients a;, € A is a subring of B, the integral

closure of A in B.

2.1 (Integral closure and rational powers of ideals). For an ideal I in a noetherian ring A, an
element z € A is said to be integral over [ if it satisfies an equation of integral dependence
2"+ a;x" 4 4a, = 0 with coefficients a; € I’. The elements that are integral over I form
an ideal I of A, which we refer to as the integral closure of I. A different way to think about
the integral closure of an ideal I is by using the (extended) Rees algebra R = A[It,¢!]. The
integral closure of R in A[t,t7!] is R = @pezl™t", where I" = A for n < 0.

If a= § is a rational number with p and ¢ positive integers, the a-th rational power of an
ideal I is defined by I, := {x € A | 27 € I*}. Tt can be seen that the definition depends only
on the quotient p/q. Moreover, I, is an ideal of A that is always integrally closed, I, C Iz
for « > 8, and I,Ig C 1,15 for every a,3. When o = m is a positive integer, we have
I, = I, so one may view rational powers as generalizations of the integral closures of the
powers of an ideal. Moreover, (I™) 1= I for every positive integer n. We refer the reader to

[7, 10.5] for a more detailed account of the rational powers and their properties.

Remark 2.2. For a positive integer a, denote R, = A[It®, t71] = @pezVut™ and let R, be its
integral closure in A[t,#']. First note that V,, = ITa! for n > 1, where [ ] is the upper ceiling

function. Then R, = ®nezKnt" is a graded ring and K, = n/a for every n > 1. Indeed,
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it f € K, then f*"* € K,,t", hence f%"* satisfies an equation of integral dependence
(fetm)s + ay(fot"*)* 1 + ... + a, = 0 with a; € R,. By taking the homogeneous part of
t-degree nas in this equation, we may actually assume that a; € I™t"* for i = 1,...,s.
Writing a; = b;t"* with b; € I™ produces an equation of integral dependence of f over I,
hence f € In». Conversely, if f € Iz, an equation of integral dependence of f* over I" gives
an equation (f")® + byt"*(f¢"*)5~ + -« + bt"** = 0 with b; € I, which shows that ft"
is integral over R, = A[It* ¢t~']. Thus f € K,,.

Remark 2.3. The study of the integral closure of an ideal I in a noetherian ring A can often be
reduced to the case when A is an integral domain. In general, z € I if and only if z € m
for every minimal prime ideal p of A (|7, Proposition 1.1.5]). It follows immediately from
definition that a similar property holds for any rational power of I, that is, x € I, if and

only if z € (I(A/p)), for every minimal prime ideal p of A.

The next result is a consequence of Seidenberg’s theorem [10|, Section 3] applied to the

algebra R, = A[It* t71].

Theorem 2.4. Let A be a noetherian ring containing a field of characteristic zero, § €
Der(A), and I a 0-invariant ideal of A. Then I, is d-invariant for every non-negative

a € Q. In particular, the integral closure I is 6-invariant.

Proof. We first note that we can assume that A is an integral domain. Indeed, every minimal
prime ideal p of A is also d-invariant |11, Theorem 1], so ¢ induces a derivation d, : A/p —
A/p. The ideal I(A/p) is dp-invariant and, if the theorem holds for integral domains, it
follows that

0(La)Afp C 0p((1(A/P))a) € (1(A/p))a
for every minimal prime ideal p. By Remark [2.3| this implies that §(1,) C I,.

We now assume that A is an integral domain. We start by writing @ = % with N, a
positive integers. Let R, = A[It%,t71] = @,czV,t" and denote by R, the integral closure
of R in Aft,t71]. Then R, = @nezKnt" is a graded subalgebra of A[t,t~!] with K, = A for
nSOandKn:[% for n > 1.
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Applying § coefficient-wise, the derivation § : A — A extends to a derivation on Alt]
and, through the quotient rule, to a derivation on Q(A)(t) which we denote D. Since [ is
d-invariant, we have 6(I%) C I¥715(I) C I*, so all the powers of I are d-invariant. This
means that D(R,) € R, and from Seidenberg’s theorem [10, Section 3| it follows that D
maps the integral closure of R, in its quotient field to itself. But D(A[t, t7']) C Alt,t7!], so
that D(R,) C R,. From this we obtain D(K,t") C K,t", or equivalently, §(K,,) C K,, for

all n. Since I, = In = Ky, the conclusion follows. O

Corollary 2.5. Let A be a noetherian ring containing a field of characteristic zero. Let I

be an ideal of A and 6 € Der(A). The following are equivalent:

(1) o(1) € I;

(2) 0(1,) C I, for every rational o > 0;
(3) 8(I) C I for every integer n > 1;
(4) 6(I™) C I for some integer n > 1.

Proof. Since the rational powers of I and I are the same, the implication (1)=(2) follows
from Theorem applied to the integral closure I. We obtain (4)=(1) by applying the
same theorem for v = 1 to the ideal I" and using the fact that (I")1 = (I"). =1. O
2.6 (Derivations and Rees valuation rings). Let A be noetherian ring containing a field of
characteristic zero, § € Der(A), and [ a d-invariant ideal. We will use the Rees valuations of

I to show that §(I™) C I™. This will also establish the implication (1)=>(3) from Corollary
2.5

Following the same type of argument used at the beginning of the proof of Theorem [2.4]
we can assume that A is an integral domain. We then extend the derivation d to the quotient
field Q(A) of A and construct the Rees valuations of I as follows. If I = (ay, ..., as), for each
ilet S; = A[I/a;] and S; the integral closure of S;. The set Rees(I) of the Rees valuations of
I consists of all discrete valuation domains (S;),, where i varies from 1 to s and p varies over
all the prime ideals of S; minimal over a;S;. We refer the reader to [7, Section 10.2] for a

detailed description of this construction. Let V' = A[I/a], € Rees(I), where a € I. We claim
that (V) C V. It is enough to prove that §(A[I/a]) C A[l/a]. Indeed, by Seidenberg’s
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theorem [10, Section 3], 6(A[l/a]) C A[I/a] and through the quotient rule 6(V) C V. As
All/a] = Up>o(I™/a™), let f € I™. Then

5( f ) 6(f)a" —na"~1o(a)f

ar a®n
Since 6(f) € I"'6(I) C I"™ and 6(a) € §(I) C I, it follows that §(f/a™) € I*"/a*", and
therefore 6(A[l/a]) C A[l/al.

Since §(I) € I and §(V) C V, it follows that 6(/V) C IV, for if x = ), a;v; with
v; € V, then 6(z) = >, 6(a;)v; + >, a;0(v;) € IV. Moreover, for every n > 1, 6(I"V) C
["'WS(IV) C IV,

Finally, from [7, Theorem 10.2.2], for every n > 1 we obtain

(I c (] sI"V)nAc () I'VnA=Tw

VERees(I) VERees(I)

For computing concrete examples in polynomial rings, we will often use the following

immediate observation.

Remark 2.7. Let A = K[X3, ..., Xy be apolynomial ring over a field K of characteristic zero

and 0 = aixj (1 <j <d). Let I be amonomial ideal with [ = (X;”ml, . ,X;”“mk, Miga 1y - - M)
where nq,...,n; > 1 and the monomials m; (1 <+ < s) are not divisible by Xj;. Then
6(I) = (X;.”_lml, . 7X;-Lk71mk,mk+1, ey M)

Indeed, X;‘i*lmi = %(5()(]"77%) for 1 <i <k and m; = 6(X;m;) for k+1 < i <'s, and
the inclusion D follows. The other inclusion can also be checked immediately by considering

d(m) for arbitrary monomials m € I.

Remark 2.8. We have seen already in Theoremthat if §(1) C I, then §(I) C I. It is worth
mentioning that a more general result of the type “if (1) C J, then (1) C J” does not hold.
In particular, it is not always true that 6(1) C m, as one can see in the following example.
Let K be a field of characteristic zero, A = K[X,Y] with the derivation § = 8% A — A,
and I = (X?, X2Y,Y?). Note that [ = (X3, X2V, XY Y*). From Remark [2.7]it follows that
5(I) = (X2, XY,Y*) and 6(I) = (X2, XY,Y3). The ideal §(I) = (X2, XY, Y*?) is integrally

closed and we can see that Y? € §(I) \ §(I).
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Remark 2.9. In general, §(I) is not contained in §(I). In particular, if I is integrally closed,
then 6(7) is not necessarily integrally closed. Consider for example the ideal I = (X,Y) in
K[X,Y] (char K = 0) and the derivation § = X?3% + Y22 Then §(I) = (X% Y?), which

is not integrally closed.

Remark 2.10. The ideal I can be é-invariant even when I is not. For example, let I =

(X%,Y?) in K[X,Y] (char K = 0) and let 6 = X(;% + :2). Then I = (X2 XY,Y?) and
§(I) = X(X,Y), so I is é-invariant. On the other hand, we also have §(I) = X(X,Y), so I

is not d-invariant.

We now present several results regarding derivations of integral closures and rational
powers of arbitrary ideals. For polynomial rings and partial derivatives, the following result
was proved in [2, Theorem 4.3]. Essentially the same proof works in the case stated below.

For convenience, we present a brief outline of it.

Theorem 2.11. Let A be a noetherian ring containing a field of characteristic zero. Let I

be an ideal of A and 6 € Der(A). Then, for every a € Q with o > 1, we have

0(1y) C Iy 1.

Proof. With the same type of argument used at the beginning of the proof of Theorem [2.4]

we can assume that A is an integral domain.

Write o = N/a with a, N positive integers and let R, = A[It*,t7}] = @,ezVot™. Let
Ra = ®nezK,t" denote the integral closure of R, in A[t,t1]. After extending the derivation
d to Q(A)(t), consider the derivation

D= 16 QUA)(1) — QA1)

As already noted in Remark , v, = I'%1, so that (V) € Vi_e. This means that
D(R.) € R, and since D(A[t,t7']) C A[t,t], by Seidenberg’s theorem [10, Section 3]
we obtain D(R,) C R, or equivalently, §(K,) C K,_, for every integer n. On the other
hand, as explained in Remark we have Ky = In/, = Io and Kn_o = I(N—a)ja = la-1,
so (1) C Iy 1. O
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Example 2.12. For a derivation § and an ideal I, we know that 6(I") C "~ 1§(I) C ™!
and Theorem shows that §(I") C In=1 for every n > 1. It is perhaps worth noting
that the inclusion §(I") C I"~1§(I) does not hold in general. We present an example
where §(I2) ¢ I5(I). We need to start with an ideal I such that I? # (I)%. For this,
we take [ = (X2,Y3, Z") C K[X,Y,Z] where K is a field of characteristic zero, an ideal
that appears in [7, Exercise 1.14, Section 1.8], and § = & First note that (XY?Z6)% =
(YZ)(X2)O(V3)1B3(ZT)7 € 1%, Then XY2Z¢ € 12,50 Y2Z% € §(I2). On the other hand, I =
(X2,Y3, XY?, XY Z2, XZ4 V223, Y 25, Z7), 6(I) = (X,Y2,YZ% Z%) and Y228 ¢ T5(1).

The computations were also checked with Macaulay2 [4].

Remark 2.13. Regarding Remark even if we consider the ideal 0() generated by all the
partial derivatives of the elements of an ideal I in a polynomial ring K[Xj,..., X4, it is
still not necessarily true that d(I) € d(I). This fails even for monomial ideals. Consider
again the ideal I = (X2,Y? Z7) C K[X,Y, Z] from Example 2.12 where K is a field of
characteristic zero. Since (XY Z2)5 = Z°(X?)3(Y?)2Z7 € I%, we have XY Z? € I. Thus
YZ*% = aiX(XYZZ) € 0(I). On the other hand, using Remark , we obtain 9(I) = 0y(I) +

Oo(I)+03(1) = (X,Y?, Z%) and therefore O(I) = (X,Y?%, 25 Y Z3). Then YZ? € 9(1)\ O(I).

The following results improve the conclusions obtained in Corollary

Theorem 2.14. Let A be a noetherian ring containing a field of characteristic zero and I

an ideal of A. Let 6 € Der(A). Then

C1:6(I);
I, : (1) for every rational o > 0;
m§(I) C I (1Y) for every integer n > 1.

Proof. (a) Let f € I :6(I) and let 6 : A — A be the derivation defined by d¢(g) = fd(g).
Then 6;(I) C I and from Theorem [2.4| we obtain (1) C I. Thus f&(I) C I.

(b) As above, for f € I : (1) consider the derivation 6; = f -8 : A — A. Then §;(I) C T
and by applying Theorem for the ideal I we obtain d7(I,) C I,. Since the rational
powers of I and I coincide, this shows that fd(I,) C I, for every f € I :§(I).
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(c) For zy,...,zp41 € I denote &; = 1 -+ x;_1Xi41 - - Tny1. Then we have

n+1

(n+ 1)0(z120 - - Tpy1) = Z 8 (a2;)

n+1 n+1
i=1 i=1
n+1

—Zl‘z +(5 1’1.%'2 .Z‘n+1),

50 (2129 - - - Tpr1) = o1ty 2:0(2;). For f € I™ : §(I™), we then obtain

n+1 n+1

nf5(:1:1x2 cee $n+1> = Z Q?Zf(S(Lfl) € Z Illn g InJrl.
=1 i=1
Since this holds for arbitrary x,...,z,1 € I, it follows that fo(I"*!) C 11 O

Corollary 2.15. Let A a noetherian ring containing a field of characteristic zero and I an

ideal of A. Let § € Der(A). Then

(a)
(b)
()
(d)

I:6(I)=1m:56(I") for everyn > 1;
I 5(I") C 1 :6(1) for everyn > 1;
1™ is §-invariant for some n > 1, then I is - mvariant;

If
If I is integrally closed for some m > 1, then I : §(I) = I"™ : §(I") for every n > m.

Proof. (a) The inclusion I : 6(1) C I™ : §(I") follows directly from Theorem (b). If we
apply Theorem m (b) to the ideal I" for a = 1 we also obtain

Im:5(Im) C (1)1 2 6((I™)1),

3=
3=

and since (I™)1 = I, the proof is finished.

1
n

(b) From part (a) and Theorem [2.14] (a) we have
sy C T (1) =T 6(T),
which also proves part (c).
(d) From parts (a), (b) and Theorem [2.14] (c) we have

sy crmtt.samh c...cr:6(I)=1m:6(IM).
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Since I™ is integrally closed, the conclusion follows. 0

3. DERIVATIONS AND COEFFICIENT IDEALS

3.1. We begin by describing a slight modification of a construction detailed in the work of
Corso, Polini and Vasconcelos [3, p. 216]. Let R be a noetherian domain of dimension d
with quotient field K = Q(R). For each integer j = 1,...,d + 1, define RY) = {z € K |
ht(R :g x) > j} so that we obtain a chain of rings

R=RY“YcCcpRDc.  cRr®cpr®=K.

Also recall that an Sy-ification Sa(R) of R is a birational extension of R that is minimal
among the finite birational extensions that satisfy the (Sy) property of Serre as R-modules.
If R has an Sy-ification, then it is unique and Sy(R) = R® [6, Proposition 2.4]. We also
note that the Sp-ification Sy(R) exists for a large class of rings R. It exists, for example,
when R is a universally catenary domain such that the extension R C R is finite, where R

is the integral closure of R in its quotient field [5, 5.11.2].

Theorem 3.2. Let R C S be a birational integral extension of noetherian domains with
quotient field K. Additionally, if R # S, assume that R is universally catenary. Let ¢ :
K — K be a derivation such that §(R) C S. Then §(RY) C SYW for every j =1,...,d+ 1.

Proof. Let @ € RY) set I = (R :g a),and let x € I. Since ra € R we obtain ad(z)+zd(a) €
S, and therefore zad(z) + 2?0(a) € S. But za € R and §(z) € S, so that 226(a) € S. If we
denote J := (z* | x € I) C R, this shows that

(3.2.1) JS6(a)) C S for every a € RV,

By [7, 4.8.6 and B.5.1], for every prime ideal ) of S we have ht Q = ht(Q N R). Since
ht J = ht I > j, this implies that ht ) > j for every prime @) O JS, so ht JS > j. From
(3.2.1)) it now follows that §(RW) C SU), O

Remark 3.3. The assumption that R is universally catenary is only used to conclude that

ht @ = ht(Q N R) for every prime ideal @ of S. For S = R this assumption is not needed.
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Remark 3.4. The original construction in [3] considers the chain of rings given by {z € R |

dim(R/(R :p x)) <d—j} (1 <j<d+1), where R is the integral closure of R in K.

Remark 3.5. If R is a noetherian domain containing a field of characteristic zero and ¢ :
K — K is a derivation with §(R) C R, by Seidenberg’s theorem [10, Section 3] we know
that 6(R) C R and therefore §(RY N R) C RY) NR. Moreover, if R has an Sy-ification, then
Sy(R) = R? is a finite extension of R, and therefore RY) C R for j > 2.

Remark 3.6. For a derivation § on K, while Seidenberg’s theorem shows that §(R) C R
implies 6(R) C R, a more general result of the type “if R C S is a birational extension
and §(R) C S, then §(R) C S”, does not hold in general. A counterexample can be
constructed from the ideal I = (X3 X?Y,Y*) C A = K[X,Y] (char K = 0) considered
in Remark 2.8 Let R = A[It,t71], 6 : Q(A)(t) — Q(A)(t) the derivation induced by the
derivation § = ;& : A — A, and S = A[6(I)t,¢t"']. We have already seen in Remark
that 6(1) = (X2, XY,Y*), so I C §(I). This implies that 6(I") C I"*§(I) C §(I)* for
every n > 1, so 6(R) € S. On the other hand, from the same Remark we know that

Y3 e 6(I)\ (1), s0 Y3 € §(R) but Y3t ¢ S.

3.7 (Coefficient ideals). Let A be a noetherian domain of dimension d and let R = A[It, ¢ !]
be the extended Rees algebra of I.

As in 3], using the construction in the context of extended Rees algebras, for j =
1,...,d+ 1 define
Iy ={a€ A|at € RUTVY,
which produces a chain of ideals

I = [{d+1} - I{d} c...C I{l}.

We refer to Ij; as the j-th coefficient ideal of I. We can also define Iy := 1, the integral
closure of I. If R has an Sy-ification S5(R), we have S5(R) = R C R, hence Iy C Iy =
I

The Ss-ification of R exists, for example, when A is a formally equidimensional analytically
unramified local domain. Under these assumptions on the ring A, if [ is an ideal primary

to the maximal ideal of A, it is proved in [1, Theorem 2.5] that Iy, is the largest ideal
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containing I such that eo(I) = eg(If13) and e; (/) = e;(L{13), where e, ..., eq denote the
Hilbert coeflicients of 1. More generally, in |3, Theorem 4.2], it is proved that Iy is the
largest ideal containing I such that e;(I) = e;(Ig;3) for i = 0,..., 7, and therefore the ideals
Ity coincide with the coefficient ideals introduced by Shah in [12]. (Note that [3] uses a

different notational convention for the coefficient ideals.)

The following is an immediate consequence of Theorem [3.2]

Theorem 3.8. Let A be a noetherian domain of dimension d, 6 € Der(A), and I and J
ideals of A such that I + (1) C J C I. Additionally, if I # J, assume that A is universally
catenary. Then §(I;y) C Jijy for every j =1,...,d.

Proof. First note that §(I") C I"'§(I) C J" for every n > 1. Then, for the integral
birational extension A[It,t™'] C A[Jt,t7'] and the extension of the derivation § to Q(A)(t),
we have §(A[It,t71]) C A[Jt,t7']. For a € I, we have at € (A[It,t'])U*D, and hence, by
Theorem , §(a)t € (A[Jt, 1)U e, §(a) € Jyy. O

Applying Theorem for J =1 + 0(I) we obtain the following immediate consequences.

Corollary 3.9. Let A be a universally catenary domain of dimension d, I an ideal of A and

6 € Der(A). If §(I) C 1, then 6(Ijy) C (I+0(1))y for every j=1,...,d.

Corollary 3.10. Let A be a noetherian domain of dimension d, § € Der(A), and I a §-

invariant ideal of A. Then Iy is d-invariant for every j =1,....d.

We now recall same elementary properties of the Veronese subring of a graded ring.

3.11 (Veronese subrings). If S = @®,¢zS, is a graded ring, for k > 1 let S = @,z Sk, be the
k-th Veronese subring. There is a one-to-one inclusion preserving correspondence between
the set H(S) of homogeneous prime ideals of S and the set H(S™") of homogeneous prime
ideals of SI. If ¢ : H(S) — H(S™) is defined by p(P) = PN SH and v : H(SH) — H(S)
is defined by ¥(Q) = /@S, then ¢ and v are inverses of each other. In particular, if T
and J are a homogenecous ideals of S and S respectively, then ht I = ht(I N S™*) and
ht J = ht(JS).
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Before proving an analogue of Theorem for coefficient ideals we need to establish the

following.

Proposition 3.12. Let A be an noetherian domain of dimension d, I an ideal of A, and

R = A[It,t7']. Then, for j =1,...,.d and every m > 1, we have
(Im){j} = {CL cA | at™ € R(j+1)}.

Proof. We can identify the extended Rees algebra R(I™) of I"™ with RI™ = @,z ™™,
For at™ € A[t,t7'],let J = (R :x at™) C R and £ = (R"™ i1 at™) € RI™. Note that
L£=7nRM, so by we have ht £ = ht J. Therefore, for a € A, we have at™ € RUHD
if and only if at™ € RI™ (Hl), or equivalently, a € (I™)y3. O

Theorem 3.13. Let A be a noetherian domain of dimension d, I an ideal of A, and § €

Der(A). Then, for j € {1,...,d+ 1} and n > 2, we have
(")) € (" gy

Proof. As done before, we extend the derivation ¢ to a derivation on Q(A)(t). Let R =
A[It,t7'] and consider the derivation D = t7'6 : Q(A)(t) — Q(A)(t). Since D(R) C
R, by Theorem we have D(RUTD) € RUTY which by Proposition implies that
5(M)y) € "y -

REFERENCES

[1] Catalin Ciupercd, First coefficient ideals and the Sa-ification of a Rees algebra, J. Algebra 242 (2001),
no. 2, 782-794, DOI 10.1006/jabr.2001.8835. MR1848972

[2] , Integral closure of strongly Golod ideals, to appear in Nagoya Math. J., DOI
10.1017/nmj.2019.22.

[3] Alberto Corso, Claudia Polini, and Wolmer V. Vasconcelos, Multiplicity of the special fiber of blowups,
Math. Proc. Cambridge Philos. Soc. 140 (2006), no. 2, 207-219, DOI 10.1017/50305004105009023.
MR2212275

[4] Daniel R. and Stillman Grayson Michael E., Macaulay2, a software system for research in algebraic

geometry, Available at https://www.math.uiuc.edu/Macaulay2/|
[5] A. Grothendieck, Eléments de géométrie algébrique. IV. Etude locale des schémas et des morphismes

de schémas. II, Inst. Hautes Etudes Sci. Publ. Math. 24 (1965), 231 (French). MR0199181


https://www.math.uiuc.edu/Macaulay2/

14 C. CIUPERCA

[6] Melvin Hochster and Craig Huneke, Indecomposable canonical modules and connectedness, Commu-
tative algebra: syzygies, multiplicities, and birational algebra (South Hadley, MA, 1992), Contemp.
Math., vol. 159, Amer. Math. Soc., Providence, RI, 1994, pp. 197-208, DOI 10.1090/conm/159/01509.
MR1266184 1[10]

[7] Craig Huneke and Irena Swanson, Integral closure of ideals, rings, and modules, London Mathematical
Society Lecture Note Series, vol. 336, Cambridge University Press, Cambridge, 2006. MR2266432
B B [6 B 10

[8] Cleto B. Miranda-Neto, Tangential idealizers and differential ideals, Collect. Math. 67 (2016), no. 2,
311-328, DOI 10.1007/s13348-015-0134-2. MR3484022

[9] L. J. Ratliff Jr. and David E. Rush, Two notes on reductions of ideals, Indiana Univ. Math. J. 27 (1978),
no. 6, 929-934, DOI 10.1512/iumj.1978.27.27062. MR0506202

[10] A. Seidenberg, Derivations and integral closure, Pacific J. Math. 16 (1966), 167-173. MR0188247
BB .G I

, Differential ideals in rings of finitely generated type, Amer. J. Math. 89 (1967), 22-42, DOI
10.2307/2373093. MR0212027

[12] Kishor Shah, Coefficient ideals, Trans. Amer. Math. Soc. 327 (1991), no. 1, 373-384, DOI
10.2307/2001847. MR1013338

[11]

DEPARTMENT OF MATHEMATICS 2750, NORTH DAKOTA STATE UNIVERSITY, PO BOX 6050, FARGO,
ND 58108-6050, USA

Email address: catalin.ciuperca@ndsu.edu

URL: https://www.ndsu.edu/pubweb/~ciuperca



	1. Introduction
	2. Derivations and rational powers of ideals
	3. Derivations and coefficient ideals
	References

