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ABSTRACT. Let (A, m,k) be a d-dimensional (d > 1) quasi-unmixed
analytically unramified local domain with infinite residue field. If I is
an m-primary ideal, Shah defined the first coefficient ideal of I to be the
largest ideal Iy1y containing I such that e;(I) = e;(I{1y) for i =0, 1.
Assume that A is (S2) and let S = PBnezlat™ be the Sz-ification of the
extended Rees algebra S = A[It,t™']. We prove that I, = (I"){; for
every n > 1. One of the consequences is a procedure of computing first
coefficient ideals.

INTRODUCTION

Let (A, m, k) be a quasi-unmixed local ring and let I be an m-primary ideal
of A. Shah [15, Theorem 1] proved that there exists a unique ideal Iy, the
first coeflicient ideal of I, that is maximal among the ideals containing I for
which the first two Hilbert coefficients are equal to those of I. The structure
and properties of these first coefficient ideals have been extensively analyzed
by Heinzer, Lantz, Johnston, and Shah ([15], [7], [8], [9])-

The purpose of this note is to find a procedure of computing first coef-
ficient ideals. We do this by proving that for a large class of rings, ("))
is exactly the homogeneous part of degree n of the Ss-ification of the Rees
algebra R = A[It]. This reduces the problem to the computation of the
ring of endomorphisms of the canonical ideal of R. The construction of the
So-ification of a Rees algebra has also been studied by Noh and Vasconcelos
in [14].

In the first section we establish the notation and introduce the main
concepts. Section 2 contains the main result of this note. Let (A, m, k) be a
d-dimensional (d > 1) quasi-unmixed, analytically unramified local domain
with infinite residue field that satisfies the condition (S3), and I an m-
primary ideal. Then the homogeneous component of degree n > 1 of the So-
ification of S = A[It,t™'] is equal to (I")g1y. If ht I > 2 a similar statement
holds for the Ss-ification of R = A[lt]. The last section contains some
applications of this result and an explicit way to compute first coefficient
ideals.
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1. PRELIMINARIES

1.1. The (S2) property of Serre. Let A be a Noetherian ring and let M
be a finitely generated A-module. We say that M satisfies Serre’s (S2)
property if for every prime ideal p of A

depth M, > inf{2,dim M,}. (x)

We say that the ring A satisfies (S2) if it satisfies (S2) as an A-module (no
embedded prime ideals and htp = 1 for all p € Ass(A/xA) for any regular
element x € A). In the literature there is another definition for the (S2)
property where the condition (*) is replaced by

depth My > inf{2 htp}. (%)

In general (sx) implies () and if M is a faithful A-module, (x) is equivalent
to ().

1.2. Remark. [6, (EGA) 5.7.11] Let A< B be a finite extension of rings.
If B satisfies (S2) as an A-module then B satisfies (S3) as a ring (irrespective

of the chosen definition). The reverse implication is also true if, for example,
B is local and catenary (therefore equidimensional).

Following [10] we now define the Ss-ification of a Noetherian domain.

1.3. Definition. Let A be a Noetherian domain with quotient field Q(A).
We say that a domain B is an Ss-ification of A if:

(1) AC B C Q(A) and B is module-finite over A,

(2) Bis (S2) as an A-module, and

(3) for all bin B\ A, ht D(b) > 2 where D(b) ={a € A|ab € A}.

1.4. Remark. ([10, 2.4]) In general, the Ss-ification of a domain might not
exist, but if there is one, then it must be unique. Denote
C:={beQ(A) | ht D(b) > 2}.

Note that C' can also be written C' = ({4, | htp =1}.

Then A has an So-ification A if and only if C' is a finite extension of A, in
which case A = C. It is also easy to observe that A is a finite extension of
A inside the quotient field, minimal with the property that it has the (S)
property as an A-module. In many instances we will see it in this way.

1.5. Remark. If A is a universally catenary, analytically unramified do-
main, then A has an Sp-ification ([6, (EGA) 5.11.2]).

1.6. Remark. ([10, 2.7]) If (A, m, k) is a local domain and w is a canonical
module for A, then A< Homy(w,w) is an Se-ification of A.

For more results about Se-ification we refer to [1], [2], and [10].

1.7. Coefficient ideals. Let (A, m, k) be a local ring and I an m-primary
ideal. For sufficiently large values of n, A(R/I") is a polynomial Pr(n) in n
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of degree d, the Hilbert polynomial of I. We write this polynomial in terms
of binomial coefficients:

Prtmy = o) (" 5T a5 e c1teatn

The coefficients e;(I) are integers and we call them the Hilbert coefficients
of I.

In [15] the following theorem is proved.

1.8. Theorem (Shah). Let (A,m, k) be a quasi-unmized local ring of di-
mension d > 0 with infinite residue field and I an m-primary ideal. Then
for each integer k in {0,1,...,d} there exists a unique largest ideal Iy
containing I such that

e,(I) = ez(I{k}) fOT’ 1= O, 1, ey k.
The ideal Iy is called the k-th coefficient ideal of I.

I1py is the integral closure of I and if I contains a regular element, then ¢4
is the Ratliff-Rush closure of I.

1.9. For an ideal I of a local domain A, the blowup B(I) of I is the model
B(I)={A[I/x]p|0# x € I and P € Spec(A[l/z])}.

B(I) is the set of all local rings between A and Q(A) minimal with respect
to domination in which the extension of [ is a principal ideal. For the basic
facts on models we refer the reader to [18, Chapter VI].

In [7, 3.2] the first coefficient domain D; of I is defined to be the inter-
section of the local domains on the blowup B(I) of dimension at most 1 in
which the maximal ideal is minimal over the extension of I. By [8, Theorem
3.17] it follows that Iy = ID1NA. It is also observed that since k is infinite
one can choose an element a of I such that each of the local domains in B(I)
with maximal ideal minimal over I is a localization of the same affine piece

All/a].

1.10. Remark. As noted in [8], the conclusion of [8, Theorem 3.17] makes
sense even for not necessarily m-primary ideals, so one can consider Iy =
IDy N A as the definition for the first coefficient ideal of I when I is not
necessarily m-primary. Our results will be valid in this more general context.

2. THE So-IFICATION OF A REES ALGEBRA

Throughout this section R = A[lt] and S = A[It,t~!] will denote the
Rees algebra and respectively the extended Rees algebra associated to the
ideal I of a Noetherian domain A.

2.1. Lemma. Let A be a Noetherian domain that has an Ss-ification A.
Then for any monzero element a € A

a(m {Ap| p minimal over (a)}) N A= aAn A
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Proof. Denote by p1,p2, ..., p, the minimal prime ideals over the ideal gen-
erated by a. Let z = ab € A with b € N{Ay,| i = 1,...,n}. For each
i € {1,...,n} there exist ; € A and s; ¢ p; such that b = r;/s;. Since
(81,82, ..., 8n) € p1 UpaU---Up, there exist ty,ta,...,t, such that

S:=1181 +tasa+ -+ tpsn €p1Up2U---Up,

and we can write
_hirpttora - F g

st +lasa+ o+ lasn
Then ht(a,s) > 2 and (a, s)b C A which implies b € A. O

2.2. Remark. Let A be a Noetherian domain and let I be an ideal in A.
If p1,...,p, are prime ideals of A, then

ﬂAp ﬂ IAy,).

Let a € N} T Ap,. For each i € {1,...,n} there exist r; € I and s; ¢ p; such
that a =1;/s;. Asin 2.1 we can find r € I and s ¢ U_;p; with a = r/s.

2.3. Assume that S = A[It,t1] has an Sy-ification S. Then S is a graded
subring of Q(A)[t,t~!]. We thank the referee for suggesting the following
proof.

Given a prime ideal p in S, let p* denote the prime ideal generated by the
homogeneous elements of p. If p is not homogeneous, then htp = htp* + 1
[3, 1.5.8]. Consider the S-module

M S

ht p*<1

Clearly S’ C N{Sy | htp =1} = S. The subset Z := {p € Spec S | ht p* > 2}
of Spec S is closed under specialization and by [6, (EGA) 5.10.10] it follows
that depth S}, > 2 when ht p* > 2. On the other hand, by [3, 1.5.9]

depth Sl’3 = depth Sp = depth Sp« +1 > 2

if htp* = 1, but p is not homogeneous. So for any prime p with htp > 2
we have depth S{J > 2, which means that S’ satisfies the (S3) property as an
S-module, hence S’ = S.

For any open set U O {p € Spec S | ht p* < 1} there exists a homogeneous
ideal a C S such that hta > 2 and {p € SpecS | htp* < 1} C D(a) C U
where D(a) = {p € SpecS | p 2 a}. Indeed, if U = D(b) for some ideal
b C S, we can take a = q] N ...q; where qi,...,q, denote the minimal
primes of b. By [6, (EGA) 5.9.3] it follows that

S = limI'(D(a), Op(q)) (a homogeneous, hta > 2)

a

where T(D(a), Op(a) = Npe ey Sp-
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But if a is generated by the homogeneous elements f1,..., fr € 5, then

k
I'(D(a), Op(a) = ) S
i=1

which implies that T'(D(a), Op(q) is a graded submodule of Q(A)[t,t™!].

Then the same is true for S.

Note that in the case when A has a canonical module one can also show
that S is a graded submodule of Q(A)[t,t!] by identifying S with the ring
of endomorphisms of the (graded) canonical module of S (1.6).

So we can write S = ®nl,t" with the components I, contained in the
quotient field of A. We now prove that if A has the (S2) property, then
these components are actually ideals in A. If A is integrally closed this is
obvious since S C S = @I"t" (I" = A for n < 0).

2.4. Lemma. Let A be a Noetherian domain that has an Sa-ification A.
We also assume that S = A[It,t=1] has an Sa-ification S = Dpezl,t" where
I, CQ(A). Then I, C A for all n.

Proof. For a an ideal in A we will denote o’ = aA[t,t~] N A[It,t71].
Let z € I,. Then there exists a height 2 ideal J of A[It,t~!] such that
Jat™ C A[It,t71]. Consider c(J) the ideal of A generated by the coefficients
of all the elements of J. It is easy to see that ¢(J)z C A. We also have
JA 7Y C e(N)A[t,t7Y], so J C e(J)A[t,t71] N A[It,t71] = ¢(J) which
implies ht ¢(J)" > 2. Let p be a minimal prime over ¢(J) such that htp =
ht ¢(J). Then
2 <hte(J) <htp’ =htp =hte(J)

where the equality ht p’ = ht p is a result proved in [13, page 121]. We now
have ht ¢(J) > 2 and ¢(J)z C A, implying that z € A.

O

We now prove the main ingredient necessary to reduce the computation
of the first coefficient ideals to the computation of the canonical ideal of the
Rees algebra.

2.5. Theorem. Let (A,m, k) be a quasi-unmized, analytically unramified

local domain with infinite residue field and positive dimension. Let S =
BnezInt™ be the Sa-ification of S = A[It,t']. Then

InNA= ")y foralln>1.
In particular, if A has the (S2) property, then I, = (I")(1y for alln > 1.

Proof. Choose an element a of I as in 1.9. To simplify the notation we will
denote by A1(C) the set of height 1 prime ideals of a ring C'. By the main
theorem of [8] we have:

(I") gy = a" () { Al /alylp € As(AlI/a).a € p}) 1 A
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One easily verifies that

AlI/a], = A[l /a]lat, (at) ™ parz/aljat,ar)-1] O Q(A) = (Sat)psa. N Q(A).
Therefore we have

(I")y 2 0™ ([ {(Sa)a N Q(A)lg € A1(Sur),a €q}) N A
D a"(((){Sansla € A(Sar),a €q}),, NQ(A) NA

D a"(([){Sqla € A1(S),a € q}),, NQ(A)) N A.
On the other hand,

N{Sala€Ai(S)} =S =+ At + A+ Lt + Lt® + -,
(I")1y 2 a™(Sa NQ(A)) N A
— (U2t (a0 Qray) na

k
a
k

:an(g%)mAQInmA.

To prove the other inclusion let us observe first that if ¢ is a minimal prime
of t71A[It,t7'] = t71S then Sq N Q(A) is a local domain whose maximal
ideal is minimal over the extension of I. Moreover, every local domain in
B(I) whose maximal ideal is minimal over the extension of I can be obtained
in this way.

Using again [8, Theorem 3.17] we obtain

(I"){l} = I"(ﬂ {Sq\q minimal prime over tilS} N Q(A)) NnNA
- t_”(ﬂ {Sqlq minimal prime over t_IS}) NA.
Using Lemma 2.1 we now get
(In){l} - tT"SNA= I,NA

and the proof is finished. O

Shah [15, Theorem 4] has proved that (I");;y = I" for all n if and only
if the associated graded ring Gr(A) has no embedded prime ideals. By
a result of Brumatti, Simis, and Vasconcelos [4, 1.5], if ht I > 2 this is
equivalent to the fact that R = A[[t] has the (S2) property. Our statement

is a generalization of Shah’s result since R and S have the same homogeneous
components in positive degree, an observation which is proved below.

2.6. Proposition. Let (A,m,k) be local domain with the (S2) property,
R = A[It] and S = A[It,t7']. Assume that R and S have the Sa-ifications

R and S respectively.
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i) [f]?i = @p>o0lpt" then S C Bpezlnt™ where I, = A for n < 0.

ii) Ifht I > 2 and S = Gpezlnt”, then R C &p>olnt™.
Consequently, if ht I > 2, then R and S have the same homogeneous com-
ponents in positive degree.

Proof. i) Let S = @®J,t" be the So-ification of S and take ft" € §, feA
and n > 0. Then there exists a height 2 ideal J of A[It,t~!] such that
Jft" C A[It,t71]. Let J* be the ideal of A[It] generated by the elements
g € A[It] such that there exists by, ... , b, with

Y bt +geJ CAILE.
j=1

Note that for any such generator g of J* we have gft" € A[It], i.e.
JTft" C A[lt).
Since J C (t71)+JTA[It,t~!] we have ht((t~1)+J T A[It,t~!]) > 2, hence

ht JTG(A) > 1. The algebra S = @J,t" is a finite extension of S so there
exists k such that J,,; C I® for all s > 1. Then I*A[It] ft" C A[It], so

(JT + IFA[It]) ft™ C A[It].

Since ht J*G(A) > 1 we obtain that ht(J™ + I*A[It]) > 2 and therefore
ft" € R.

i) If S = @I,t" is the Ss-ification of the extended Rees algebra then
@n>0ln/In+1 has the (S1) property. By a straightforward generalization to
filtrations of [4, 1.5], T := @p>0l,t" has the (S2) property and therefore RC
@n>0lnt"™. (Once one observes that if P is a prime ideal of T' = &,>01,t",
then P D It implies P O ®,>0l,t", basically since I,, C I", the argument
for the I-adic filtration given in the paper mentioned before can be followed
word by word.) O

2.7. Remark. Note that the first part of Proposition 2.6 implies that if
Al[It] is (S2) then A[It,t1]is (S2) and therefore G;(A) is (S), which is the
other implication of [4, 1.5].

2.8. Remark. If a Noetherian domain R has an Ss-ification E, then for
every multiplicatively closed subset T of R, T ~1R is an Ss-ification of T~1R.
Indeed, TR is Sy over T~ R, module-finite, and for every element s/t €
TR, D(s/t) = D(s/1) = T~'D(s) C T~1R has height at least 2.

If we apply this observation to the ring A[It,t~1] with T = A\ p where p
is a prime ideal of A, by Theorem 2.5 we get that (1)1} = (I{1})p-

2.9. Remark. It is known that if I is an ideal in A, then = € T if and
only if there exists a height 1 ideal a of A such that az™ C I™ for all m.
We obtain a similar conclusion for first coefficient ideals, but only in one
direction.
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Let (A,m, k) be a quasi-unmixed, analytically unramified local domain
with infinite residue field and I an ideal of height at least 2. Then there
exists an ideal a in A of height 2 such that

a(I™)y € I™  for all m.

In particular, if x € Ijy, then there exists a height 2 ideal a of A such that
az™ € I"™ for all m.

Since R is a finite extension of R = A[It] there exists a height 2 ideal J
of R such that JR C R. Let x € (Im){l}. Then zt™ € E, so Jxt™ C R. We
now have ¢(J)xz C I"™ and ht¢(J) > 2. Indeed, if there exists a height one
prime ideal p in A with ¢(J) C p then ht pA[t] N A[It] =1 and

J C JA[] N A[It] C e(J)AJt] N A[It] C pA[t] N A[TH]

contradicting the fact that ht J > 2.

However, the existence of a height 2 ideal a such that ax™ C I'™ for all
m does not imply that z € Iy} as the following easy example shows. Let
A =k[z,y] and I = (23,y%). Then R = A[It] is a Cohen-Macaulay ring and
by Theorem 2.5 we have I;;3 = I. On the other hand, (=, y)zimy?m C ™
for all m > 1, but z2y? ¢ Iy = (23, 3).

If I is an ideal in a Noetherian ring we define I*™" to be the intersection
of the primary components coresponding to the minimal prime ideals over
I. Let us recall that an ideal I is called equimultiple if £(I) = ht I where
(1) = dim Gy (A)/mG(A) is the analytic spread of I.

In [14, 2.5], Noh and Vasconcelos proved that if A is a Cohen-Macaulay
ring and I is an equimultiple ideal of positive height such that A[It] has the
(S2) property, then all the powers I™ are unmixed ideals. Using a technique
employed in [12] by Huneke (see also [11, exercise 10.11]) we will extend this
result.

2.10. Proposition. Let A be a quasi-unmized, analytically unramified local
domain with the (Sa) property and let I be an equimultiple ideal of height at
least 2. If R = Gn>0lnt" is the Sa-ification of the Rees algebra R = A[lt],
then

Proof. Since ((I) = £(I") and I, = (I")g it follows that it is enough
to prove the statement for n = 1. We may also assume that ht [ < dim A,
otherwise there is nothing to prove. Let I = (JiN---NJg)N(Jpr1N---NJyp) be
an irredundant primary decomposition of I, where v/J; = p; and p, ..., px
are the minimal primes of I. Then "™ = J; N ---N Ji and to simplify the
notation denote it by J.

Suppose there exists a prime p in A such that J, ¢ (I{l})p and choose
one minimal with this property. Then localize at p and in this way the
problem reduces to the case Supp(Jy1y/If1)) = {m}. Indeed, if q C p,q # p,
then Iy C Jq C (I{13)q = (Iq){1y which by [8, Proposition 3.2] implies
(Jo)(1y = (Ug)q1y- By Remark 2.8 we then get (Jg13)q = ([{1})q- The ideal
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I is still equimultiple and ht I < dim A since the prime p was not minimal
over I (Jy, = Iy,). Since Jy1}/I{1y has finite length there exists n such that

m™Jgy C Iggy. Then for any z € J we have m"z € Ify, so m"zt € R.
We have dim A > ((I) = dim R/mR > dim R/mR N R = dim R/mR, thus
htmR > 2. But m" Rzt C R which implies that zt € R, i.e. x € I ;. O

2.11. Remark. Note that the assumption I equimultiple can be replaced
by the condition

{(I,) < dim Ay, for all primes p D I,p not minimal over I,

and the conclusion still holds.

3. COMPUTING FIRST COEFFICIENT IDEALS

The purpose of this section is to present a procedure to compute first
coefficient ideals using the canonical ideal of the Rees algebra.

Let A = k[X1,Xo,...,X,](n > 2) and m = (Xq,...,X,,). Then for an
m-primary ideal I one can define I{1y in a similar way since \(A/I") =
AMAm/I"Am). As usual denote R = A[It].

Let wgr be the canonical ideal of R. Since wg is a monomial ideal (in t)
of R = A[It] C A[t] we can write

wp = U1t* R+ Ust* ™M R+ - + Upt*T" 1R

where Uy, Us, ..., U are ideals in A.

In [9], following an idea of K. Smith, Heinzer and Lantz prove that if
I' is a monomial ideal in a polynomial ring, then Iy, is also a monomial
ideal. Using Theorem 2.5 we are able to generalize this to any grading on
the polynomial ring. The proof is obvious once one identifies I;y with the

homogeneous component of degree 1 of R.

3.1. Proposition. Let A = k[X1, X2,...,X,] be a polynomial ring and I
a graded ideal of A. Then Ifyy is also a graded ideal.

3.2. Proposition. Let A = k[X1,Xs,...,X,] and I an ideal of A. For
i€ {1,2,...,k} denote

Vi = (U™ UpI™ T2 4o 4 Upg) Ui
where Uj = 0 for j > k. Then for all m we have
(™) =VinVan -0V
Proof. By Theorem 2.5 and Proposition 2.6, a € (I™);1y if and only if
at™ € R. We also have
R Hompg(wr,wr) = (Wr :Q(r) WR)-
But at™ € (wg :g(r) wr) if and only if
at™ Ut T C (Ut + Ugt®™ 4 - 4 UptS TR 1) A[TH]
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foralli=1,2,...,k, ie.

al; C (U™ 4+ Up ™2 4o 4 Upg) =V
foralli=1,2,... k. O

For a procedure to compute the canonical ideal of an affine algebra we
refer the reader to [17, Theorem 6.3.4].

3.3. Example. Let A = k[z,y], [ = (2%, 2%y, 2%*,¢®), and R = A[It].
Using the procedure mentioned above, a computation with Macaulay 2
shows that:

wr = (U1 + U4t3)R C R, where

Uy = (2%*, 255, 2%y8, 23y1°) € A and

Uy = (212416, 21 1y18 210420 29422) C A,
Then

Iy = [(U) : D] N [(ULT* + UL) : Uy

= (2%, 2%y%, 2%yt 0y, ).

Using one of the methods presented in [17] one could check that A[lf,1]
has the (S2) property and therefore R = A[l{1yt]. Note that R is not a
Cohen-Macaulay ring (depthR =2).

We now consider an ideal which is not primary for the maximal homoge-
neous ideal (using the definition adopted in 1.10):

3.4. Example. Let A = k[z,y,2] and I = (23,53, zyz). In this case

wr = (Uy + Ust)R, where

Uy = (yz,zz) CA and

Us = (zy°2,2%yz) C A.
Then

Iy = (U + Up) : ] N [(ULT? + Us) = Uy
= (2°,y°, 2yz, 2°y?)

In this case A[lf)t] is a Cohen-Macaulay ring (it has depth 4), so R =
Allyt].
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