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ABSTRACT
It is shown that partial self-fertilization can be introduced into neutral population genetic models with

recombination as a simple change in the scaling of the parameters. This means that statistical and
computational methods that have been developed under the assumption of random mating can be used
without modification, provided the appropriate parameter changes are made. An important prediction
is that all forms of linkage disequilibrium will be more extensive in selfing species. The implications of
this are discussed.

THE tremendous advances in methods of polymor- type frequencies, thus avoiding the complications of
diploidy (Ewens 1979). The standard coalescent hasphism detection, especially directly at the sequence

level, are in the process of rejuvenating population ge- usually also been studied in what is essentially a haploid
setting, but it has recently been shown that diploidy andnetics (Chakravarti 1999). To fully take advantage of

the flood of polymorphism data, it is clear that new nonrandom mating can be incorporated with surprising
ease (Nordborg and Donnelly 1997; Möhle 1998).models and methods of analysis are needed. In particu-

lar, there is a need for theory that incorporates recombi- In this article, I show that a similar, strikingly simple
result holds for the more general class of genealogicalnation, so that phenomena such as linkage disequilib-

rium can be investigated. Although multilocus models models that allow recombination, and I discuss the im-
plications of this for the analysis and utilization of poly-have a long history, most of this work concerns small

numbers of loci, whereas sequences, in which each base morphism data.
can be seen as a locus, consist of very large numbers of

RESULTSloci. Indeed it can be argued that the current focus on
linkage disequilibrium in the sense of a measure of I first review how the standard coalescent has been
correlation between pairs of loci is a relic of classical extended to allow recombination and selfing separately,
two-locus models. and then show how both may be included simultane-

Furthermore, to be useful in analyzing data, theory ously. The discussion of recombination is based on the
must be formulated in an appropriate statistical frame- “ancestral recombination graph” described by Grif-
work. Many well-known results in population genetics fiths and Marjoram (1997), but the results apply
are expectations over evolutionary realizations, whereas equally well to the alternative formulations of Hudson
data typically reflect a single such realization (Don- (1983) or Wiuf and Hein (1999). The coalescent with
nelly 1996). Models based on gene genealogies, in selfing is described in Nordborg and Donnelly
particular the neutral coalescent, have played an impor- (1997), and a more formal treatment is given in Möhle
tant role in developing theory suitable for analyzing (1998).
data (Hudson 1990; Donnelly and Tavaré 1995), and, Recombination: The standard coalescent is based on
although the standard coalescent does not include re- the simple argument that, looking backward in time,
combination, it can readily be generalized to do so each gene copy can be seen as “picking” its parent ran-
(Hudson 1983). domly from among the copies that were present in the

Classical frequency-based models tend to be limited preceding generation (note that this requires neutral-
to small numbers of loci to keep the dimensionality of ity). Thus lineages can be traced back in time: whenever
the model manageable. For the same reason, random two lineages pick the same parent, a coalescence event
mating, in the sense of random union of gametes, is occurs, and the number of lineages is reduced by one,
usually assumed. This makes it possible to describe the until eventually a single lineage, the most recent com-
model in terms of gamete frequencies rather than geno- mon ancestor (MRCA), is found. Recombination is

readily introduced into this framework: looking back-
ward in time, a recombination event in a given lineage
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Figure 1.—Illustration
of the coalescent with re-
combination. Two different
genealogical graphs for two
segments (labeled black
and white) are depicted.
Note that the colors are sim-
ply labels denoting ancestry;
thus gray segments are an-
cestral to both black and
white, whereas “dotted” seg-
ments are ancestral to nei-
ther. In both graphs, the
first (most recent) event is

a recombination event that creates two separate lineages for the black segment, and in the graph on the left, this induces
different genealogical trees on either side of the breakpoint. However, in the graph on the right, the recombination event ends
up being entirely undetectable, because the two products coalesce back together before either coalesces with another ancestral
lineage.

of the breakpoint, the other being ancestral for the ing (random mating), two lineages currently on the
same island pick their islands in the preceding genera-segment to the right of the breakpoint (Figure 1).

More formally, consider n chromosomal segments of tion independently of each other, just like lineages occu-
pying different islands. Real coalescences thus occur atlength r M, sampled from a large diploid of size N

monoecious (hermaphroditic) individuals. The popula- rate 2 3 1/2 5 1 for each pair, as in the standard
coalescent.tion is assumed to evolve in discrete time according

to the neutral Wright-Fisher model, but the standard However, if the population is partially selfing, so that
a fraction s of all zygotes are produced through self-diffusion (continuous) time scaling is employed, i.e.,

time is measured in units of 2N generations, while fertilization and a fraction 1 2 s through outcrossing,
then two lineages currently on the same island (i.e., inN → ∞. When this is done, each pair of lineages can be

shown to coalesce at rate 1, so that, in the absence of the same individual) do not pick islands in the preced-
recombination, the total number of ancestral lineages ing generation independently of each other. Instead,
decreases back in time as a pure death process with rate with probability s, they automatically pick the same is-
k(k 2 1)/2, where k 5 n, n 2 1, . . . , 1. However, land, and with probability 1 2 s, they pick islands inde-
with recombination, the number of lineages may also pendently of each other. If they pick the same island,
increase (cf. Figure 1). Letting R be the scaled recombi- the probability is again 1/2 that they pick the same
nation rate, obtained by holding R 5 4Nr fixed as parent and coalesce and 1/2 that they pick different
N → ∞, each ancestral lineage undergoes recombination ones and remain distinct. Continuing back in time, it
at rate R/2, so that the total number of lineages in- is easy to see that two lineages starting on the same
creases at rate kR/2. Because the coalescence (death) island will, in a small number of generations, either
rate is quadratic and the recombination (birth) rate is coalesce or end up picking islands independently of
linear, the process is guaranteed to coalesce to a single each other. The former event occurs with probability
lineage, the “ultimate” MRCA, in finite time. However,
the genealogy at each point is described by an embed- s/2

s/2 1 1 2 s
5

s
2 2 s

; F
ded standard coalescent, and every single point may
well have coalesced to its MRCA before the ultimate

and the latter with probability 1 2 F. Thus, each time
MRCA is reached.

a pair of lineages pick the same island, the total probabil-Selfing: The simplest way to think of a diploid popula-
ity that this event results in a coalescence istion of size N is as a haploid population of size 2N

subdivided into N islands of size 2. If time is rescaled 1
2

3 1 1
1
2

3 F 5
1 1 F

2
.in units of 2N generations as described above, then,

looking backward in time, each pair of lineages “co-
On the diffusion time scale, the rate at which each pairalesces” into the same island at rate 2. Whenever this
picks the same island is 2, as we have seen, and thehappens, there are two possibilities: either the two lin-
amount of time spent by two distinct lineages on theeages pick the same of the two available parents, or they
same island is negligible, so the total rate of coalescencepick different ones. The former event, which occurs
for each pair becomes simply 1 1 F.with probability 1/2, results in a real coalescence,

Thus, the coalescent with partial selfing looks like thewhereas the latter event, which also occurs with proba-
standard coalescent, but with a rate of coalescence thatbility 1/2, simply results in the two lineages temporarily

occupying the same island. If the population is outcross- is 1 1 F times faster. Alternatively, if time is rescaled in
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units of 2N/(1 1 F) generations (the so-called “effective combination rate.” Again, an important consequence
of the second formulation is that methods and resultspopulation size”; cf. Pollak 1987), the process looks
derived for outcrossing can be reused if Q is replacedexactly like the standard coalescent. The latter formula-
by Qs and R by Rs ; R(1 2 s).tion has the important consequence that all statistical

These results correspond to the classical “forward”and computational methods that have been developed
intuition that recombination will be less effective infor the standard coalescent can be used without modifi-
eliminating linkage disequilibrium in selfing organismscation by simply rescaling the mutation parameter. For
because more individuals are homozygotes. Indeed,example, a computer simulation written to generate
Golding and Strobeck (1980) showed that the resultsrandom samples with a certain mutation rate Q from
hold for the expectation of various squared pairwisean outcrossing population can also generate equivalent
linkage disequilibria in a two-locus infinite-allelessamples from a partially selfing one by simply replacing
model. The present results thus confirm and consider-Q with an “effective mutation rate” Qs ; Q/(1 1 F).
ably extend their results. Related arguments have alsoNote that, with selfing, consideration needs to be
been used to derive an “effective recombination rate”given to whether both copies are sampled from each
in the context of strain evolution in malaria parasitesdiploid individual or not, because, as we have seen, pairs
(Dye and Williams 1997).within the same individual instantaneously coalesce with

Because of the confusion about “effective populationprobability F. This corresponds to the well-known in-
size” in population genetics, it is worth emphasizingcrease in the frequency of homozygotes in partial selfers
the generality of the results. Introducing the “effective”and is easily taken into account (Nordborg and Don-
rates of mutations and recombination, Qs and Rs, respec-nelly 1997).
tively, does not merely cause the expectation of someRecombination and selfing: Given the two separate
functional to behave as in the outcrossing model; rather,processes, the behavior of the coalescent with both re-
it causes the full coalescent process to behave identicallycombination and selfing can be understood with just a
(for a more rigorous formulation, see Möhle 1998). Bysingle additional insight. As illustrated in Figure 1, a
the close relationship between coalescent and diffusionrecombination event has absolutely no effect on the
processes, the results should also hold for relevant diffu-genealogical graph if the two pieces containing the
sion models (e.g., Ethier and Griffiths 1991).break point coalesce with each other before either of

them coalesces with another lineage (Hudson and
Kaplan 1985). It is evident from Figure 1 that this is SIMULATED EXAMPLES
not an unlikely event for small samples; in fact, the

I use standard Monte Carlo simulation methods toprobability that a given break is eventually “healed” by
illustrate the implications of the results. The principlecoalescence in this manner can be shown to be
behind the simulation is simple: generate a random
graph according to the chosen recombination model,p(n) 5

2(n 2 1)
3non 2 1

k 5 1 k21 then “drop” mutations onto the graph according to the
chosen mutation model at rate Q/2 along the branches.

z
2
3

1
g 1 log(n)

as n → ∞ I have assumed that both types of events occur at points
picked uniformly from a real interval. This corresponds

in the standard model (see the appendix for proof). to the classical infinite-sites mutation model (Kimura
However, much more striking is the fact that, with 1969); by analogy, it is natural to refer to the recombina-
selfing, a fraction F of all recombination events are tion model used here as “infinite-sites.” The assumptions
healed instantaneously. This follows directly from the may be reasonable for DNA sequences, because the
argument presented above: the two recombinants obvi- probability of an event per generation per base pair is
ously occupy the same individual and thus coalesce in- very low. However, it should be emphasized that the
stantaneously with probability F. In other words, the ideas developed in this article are quite general and
ancestral recombination graph with partial selfing looks allow a wide range of models (some mutation models
like the outcrossing version but with a rate of coales- are discussed in Donnelly and Tavaré 1995).
cence that is 1 1 F times faster and a rate of recombina- Figures 2 and 3 show summary statistics for two sam-
tion that is 1 2 F times slower (as noted above, some ples generated with the same per base pair mutation
additional considerations apply if both copies are sam- and recombination parameters but assuming either out-
pled from the same individual). Alternatively, if time is crossing (Figure 2) or 95% selfing (Figure 3). I have
rescaled in units of 2N/(1 1 F) generations, the process furthermore assumed that the per base pair rates of
looks like the outcrossing version but with a recombina- recombination and mutation, r and u, respectively, are
tion rate that is (1 2 F)/(1 1 F) 5 1 2 s times slower. equal. This is of course not true generally, and will
There is thus no longer a single “effective population certainly vary greatly between genomic regions, but a
size” that recaptures the original model, but it is possible one-to-one ratio nonetheless seems to be reasonable for

both Drosophila (Hudson 1987) and humans (Clarkto accomplish this by also introducing an “effective re-
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Figure 2.—A simulated sample of n 5 50 sequences from Figure 3.—A simulated sample of n 5 50 sequences, from
an outcrossing (s 5 0) population, summarized in two popular 50 different individuals, in a highly selfing (s 5 0.95) popula-
ways. The sample was generated as described in the text, with tion, summarized as described in the legend to Figure 2. The
Q 5 R 5 40. Under the assumption that u 5 0.01, this corre- sample was generated using the same method as in Figure 2,
sponds to a sequence length of 4 kb. The top plot shows assuming the same per base pair parameters, so that Qs 5
estimates of u, obtained using moving averages with a window 40(1 2 0.95/2) 5 21 and Rs 5 40(1 2 0.95) 5 2.
size of 1 kb, and two different estimators, ûW (Watterson
1975) and ûT (Tajima 1983). The bottom plot shows all pair-
wise linkage disequilibria that have probabilities ,5% under

DISCUSSIONFisher’s exact test with Bonferroni correction for multiple
comparisons (Sokal and Rohlf 1981). Darker color corre-

Effects on the level of polymorphism: Consider firstsponds to lower probability.
the estimates of u, shown in the top plots of Figures 2
and 3. These estimates are commonly thought of as
measures of the “level of polymorphism.” The expecta-et al. 1998). Because the model is formulated in terms

of the total rate parameters Q and R, it is also necessary tion of the estimators is u 5 0.01 in Figure 2 and us 5
u/(1 1 F) ≈ 0.005 in Figure 3: an almost twofold differ-to decide what these parameters mean in terms of actual

physical distances. The number of base pairs corre- ence. However, the estimates in this pair of samples
do not differ nearly as much: indeed, for part of thesponding to a certain total mutation rate Q is of course

Q/u. In the examples, I have assumed u 5 0.01, which sequence, u is estimated to be higher in the selfer than
in the outcrosser. It is important to realize that this isis approximately correct for Drosophila, but probably

an order of magnitude too large for humans (Li 1997). not unusual. Estimators of u are well known to have
extremely large variances, mostly due to the randomnessHowever, the simulated samples could equally well be

thought of as originating from organisms more like of the underlying genealogy. With respect to this “histor-
ical” or “evolutionary” variance, a population samplehumans than like Drosophila if one were to multiply

the scale on the axes representing physical distance in from a single nonrecombining locus is essentially a sam-
ple of size one (Donnelly and Tavaré 1995; DonnellyFigures 2 and 3 by a factor of 10 and divide the estimates

of u by another factor of 10. 1996). Recombination improves the estimates, because
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it breaks the sample up into different genealogical trees
(the graphs underlying the data in Figures 2 and 3
consisted of 144 and 9 distinct trees, respectively), but
these trees are still strongly correlated (Pluzhnikov
and Donnelly 1996).

The predicted difference between comparable selfing
and outcrossing species is thus impossible to detect with-
out data from many loci and is likely to be often ob-
scured by other demographic factors in any case. The
fact that samples from selfers often seem to yield consid-
erably smaller estimates of u is probably best explained
through founder effects and/or selection at linked loci
(Cummings and Clegg 1998; Liu et al. 1999).

Effects on linkage disequilibrium: Consider next the Figure 4.—A simulated recombination graph for a sample
correlations between the genealogical trees along the of five segments, with R 5 2. The dotted line shows the total

tree height for each chromosomal position. The crosses alongchromosome. The bottom plots of Figures 2 and 3 show
this line indicate points where a recombination event inducedthe pattern of linkage disequilibrium between all pairs
a new genealogical tree. These embedded trees are shownof polymorphic sites as a function of their probability
next to their region and are drawn to scale with respect to

under Fisher’s exact test. While the relationship be- each other. From left to right, the tree topology changes
tween the pairwise linkage disequilibrium coefficient between the first and the second trees, whereas the last three

trees have identical topologies but very different branchand correlations in tree topologies is not understood,
lengths. This particular realization was selected for clarity.it is clear that both decrease with recombinational dis-

tance. The patterns of pairwise linkage disequilibrium
differ strikingly between the outcrossing and selfing

of selfing by rescaling the mutation rate. Figure 4 showssample: in the former, strong linkage disequilibrium is
a particular simulated graph for a sample of n 5 5essentially only in evidence within distances of ,500 bp,
segments, with R 5 2. The graph consists of four embed-and it completely vanishes over the entire 4-kb region,
ded trees. In general, the expected number of embed-whereas in the latter, no decay with distance is evident
ded trees will increase with R and n, but the distributionwithin the 4-kb region. In contrast to the pattern dis-
is not known: Griffiths and Marjoram (1997) showcussed above, this difference between outcrossing and
that the expected logarithm of the number of trees ishighly selfing samples is to be expected (M. Nordborg,
asymptotic to R(log 2)(log n) as n → ∞; an expressionunpublished simulation results). That this should be so
for the expected number of recombination events thatis perhaps not surprising in light of the fact that whereas
affects the graph can be found in Hudson and Kaplanthe effective mutation rate is reduced from 40 to 21 (a
(1985); and expressions for the expected numbers af-factor of almost 2), the effective recombination rate is
fecting the graph in different ways have also been ob-reduced from 40 to 2 (a factor of 20). Available data
tained (C. Wiuf, personal communication). In any case,from outcrossing (e.g., Clark et al. 1998; Long et al.
four trees is not an abnormal number for n 5 5, R 5 2.1998) and highly selfing (reviewed in Cummings and

Imagine first that the graph in Figure 4 comes fromClegg 1998; Liu et al. 1999) organisms are in general
a species with the “Drosophila” parameters used in Fig-agreement with this predicted difference in the decay
ure 2. Then R 5 2 corresponds to a physical distanceof linkage disequilibrium.
of 200 bp, and mutations should be added with Q 5 2.Given that linkage disequilibrium seems to vanish
In other words, the expected number of segregatingover a scale of 500 bp in Figure 2 but shows little sign
sites in the sample would only be approximately four,of vanishing over 4 kb in Figure 3, it is worth asking
and there is obviously no hope of ever reconstructingover what scale it would vanish in the latter case. A
the four embedded trees. In a very practical sense, therough answer can be obtained by noting that, in Figure
data have no tree structure.2, 500 bp correspond to R 5 5, and that, in Figure 3,

If we instead assume the “human” parameters de-Rs 5 5 corresponds to R 5 100, which in turn corre-
scribed above, then R 5 2 would correspond to 2 kb;sponds to 10 kb. Linkage disequilibrium would thus
however, there would still only be an average of fourvanish over a scale of 10 kb for the parameters in Figure
segregating sites. Thus each tree would correspond to3. This ignores the fact that the number of polymorphic
a larger chromosomal region, but there would still notsites would also change, which affects the power to de-
be enough polymorphism to reconstruct them.tect linkage disequilibrium.

To increase the power to infer the underlying genea-The relevance and number of trees: Another, quite
logical graph, the ratio between the mutation and re-illuminating, way of thinking of the effects of selfing on
combination rates needs to be increased. This cannotlinkage disequilibrium is to consider the underlying

graph as given and then interpret it for different rates be done by simply changing the population size, because
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it appears in both numerator and denominator. It can linkage disequilibrium mapping may, in some circum-
stances, work much better in partially selfing speciesbe done by changing the mating system, however, be-
like Arabidopsis, rice, barley, or Plasmodium falciparumcause
(Conway et al. 1999) than in outcrossing ones like hu-
mans or Drosophila.Qs

Rs

5
Q

(1 2 F) R
. (1)

Estimating the selfing rate: Milligan (1996) sug-
gested that sequence data could be used to estimate

Imagine that the graph in Figure 4 comes from a selfing the long-term mating system, essentially by comparing
population with the parameters in Figure 3. Then the estimates of u within and between individuals. Nord-
recombination rate of 2 used in generating Figure 4 borg and Donnelly (1997) showed that this suggestion
would be the same as that used in generating Figure 3, was incorrect; almost all the information utilized by the
and the corresponding region would therefore be 4 kb proposed estimators comes from the increased fre-
and Qs 5 21. The expected number of segregating sites quency of homozygotes, which reflects only the mating
would be 44, the data would look like those summarized pattern of the last couple of generations. However, the
in Figure 3, and there would be considerable informa- model used ignored recombination, and it is obvious
tion about the embedded trees. from comparing Figures 2 and 3 that there is informa-

The relevance of the recombination model: The ex- tion about the selfing rate in the pattern of linkage
ample just presented calls into question whether the disequilibrium. This pattern does reflect the long-term
recombination model is appropriate for outcrossing or- mating system as linkage disequilibrium builds up and
ganisms with large population size. Like most models decays slowly. From Equation 1 we see that a rough
of recombination in population genetics, the one used estimate of the long-term mating system can be obtained
here assumes that recombination is a point event and by simply dividing an estimate Q̂ by an estimate R̂, assum-
that the probability of such an event between two points ing some external knowledge of the ratio between the
decreases linearly to zero as the distance between the per-base pair probabilities of mutation and recombina-
points decreases to zero. Yet it is well known that recom- tion. Available data do suggest that the ratio Q̂/R̂ is at
bination is mechanistically tied to gene conversion. Ig- least an order of magnitude higher in highly selfing than
noring this is reasonable when modeling distances large in outcrossing species (Cummings and Clegg 1998).
enough for the effects of gene conversion to be negligi- Better estimators could no doubt be found (following,
ble (Andolfatto and Nordborg 1998). However, the e.g., Griffiths and Marjoram 1996); however, it is
average gene conversion tract in Drosophila seems to worth considering whether any inference of this type
be on the order of 300 bp, and the graph in Figure 4 would be robust to the effects of population structure,
has four different trees within 200 bp. which is likely to be an important factor in most partially

Similarly, it is worth questioning whether the assump- selfing organisms.
tion that the probability of recombination is indepen- The power of coalescence arguments: Finally, the re-
dent of the actual sequence is reasonable for such small sults of this article strikingly demonstrate the potential
distances. Many types of recombination heterogeneity power of coalescence arguments. To study recombina-
pose no problem from a mathematical point of view, tion in a classical diffusion setting, a minimum of three
but the lack of data to guide the modeling does. dimensions are needed even if random mating is as-

Implications for linkage disequilibrium mapping:There sumed. With partial selfing, the minimum dimensional-
is currently tremendous interest in using linkage dis- ity is increased to nine. The results of Golding and
equilibrium to map genes. The results presented here Strobeck (1980) were obtained using a system of 16
might seem to indicate that this would not be possible identity coefficients and a considerable amount of alge-
in outcrossing organisms, because linkage disequilib- bra. Mutation models appropriate for modern data re-
rium is only expected between extremely tightly linked quire infinite-dimensional, measure-valued diffusion
sites. Yet linkage disequilibrium has been used repeat- processes (Ethier and Griffiths 1987). In contrast,
edly to map human diseases. At least part of the explana- by looking backward in time, a general result becomes
tion lies in the fact that the linkage disequilibrium plot- obvious.
ted in Figures 2 and 3 is unconditional, between random
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